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INTRODUCTION

THE object of this work is, in the main, to present to mathematicians an

account of theorems in combinatory analysis which are of a perfectly

general character, and to shew the connexion between them by as far as

possible bringing them together as parts of a general doctrine. It may

appeal also to others whose reading has not been very extensive. They

may not improbably find here some new points of view and suggestions

which may prompt them to original investigation in a fascinatmg subject.

Little attempt has been hitherto made either to make a general attack

upon the territory to be won or to coordinate and arrange the ground that

has been already gained. The combinatory analysis as considered in this

work occupies the ground between algebra, properly so called, and the higher

arithmetic. The methods employed are distinctly algebraical and not arith-

metical The essential connecting link between algebra and arithmetic is

found in the circumstance that a particular case of algebraical multiplication

involves arithmetical addition. Thus the multiplication of a' and a^, where

a x-andy are numerical magnitudes,, involves the addition of the magnitudes

o^'and V When these are integers we have the addition which is eftective in

combinatory analysis. This link was forged by Euler for use m the theory

of the partitions of numbers. It is used here for the most general theory of

combinations of which the partition of numbers is a particular case. The

theory of the partition of numbers belongs partly to algebra and partly o

the higher arithmetic. The former aspect is treated here. It is remarkable

that in the international organization of the subject-matter of mathematics

"Partitions" is considered to be a part of the Theory of lumbers, .-hich is

an alternative name for the Higher Arithmetic, whereas it is essentially a

subdivision of Combinatory Analysis which is not considered to be within

the purview of the Theory of Numbers. The fact is that up to the point

of determining the real and enumerating Generatmg Functions the theory

is essentially algebraical, and it is only when the actual evaluation of the

coefficients L the generating functions is taken up th.U the -thods and

ideas of the Higher Arithmetic may become mvolved. Much has been

accomplished in respect of various combinations of entities bet.-een .hich

Terare no similanties. Such researches are only included in this treatise
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wlicn they urisr ;us particular cuscs of a gt-nenil theory which is concerned

with entiticH Ix'tweeii which there may be any innuber ofsiniihirities.

Ijiiplace wjiM the first mathematician to employ enumerating genemting

functions. He recpiirefj them for his n»st^arches in the Theory of Probabilities,

He may be sjiid to have invented the methofi of generating functions. The

Theory* of Probabilities is to a large extent concerned with and dependent

uf)on the eniimemtion of combinations subject to conditions, and almost

every theorem in combinatory analysis hsis its appliaition to that theorj-.

In the noUition of I^aplace, which is not adhere<l t^) here, if F (x) be a

number which dejHnds upon the integer .r a generating function

x-i)

is constructed, and L;iplace is frequently able to carry out the sunnnation

and to thus present the value of F{x) for all integral values of .r as the

coefficient oft' in the expansion of a definite and compict function of t. He
further considers a number F{XjX.....Xn) which depends upon the orderwl

succession of integers .r,, .ro, ...j„ and constructs the genemting function

SS...Si?'(x,a:,....r„)<f.<.T-...f*«,
X, r. x„

each ./„ being sunuiu-d from zertt to infinity s<» that when the series is

siiimnable the number F(x^a;i...Xn) is given as the coefficient of

in the liscending expansion of a function of /,, L, ... ^„ which does not involve

the magnitudes .r,, x^, ... ./•„ explicitly.

The principal genemting function in this work is derived fn>m that of

Li]»lace by substituting for the product tf't.f: ...t^« the symmetric function

Stf'tf'...t:;^,

which is written for brevity (.r,jj...j'„).

The great advantjige of this method is that the algebra is freed from all

consideration of the magnitudes /,, ^,. ... /„ and the attention is concentrated

upon the succession of numbers j-,. Xj, ... x„ which appear, to the exclusion «)f

other magnitudes, in the magnitude F(.r,.T.,...x„) which is under examina-
tion. It folL.ws as a matter of c<turse that the summed or com|«ict form of

genemting function is also a symmetric function and am be treated hy the

powerful methcKls which appiTtain t^ symmetric function theor}'.

The nt'Xt |)oint to notice is that the imixtrtation of a symmetric function

genemting functicm arises in cjuite a natuml manner. It is in no way forced

into the theory. It is shewn in Section I that the general theory of com-
bination is essentially involved in the algebra of monomial symmetric
functions. Every midtiplication of monomial synmietric function.s, the result

being exhibited >is a liiirar function ..f such functions, inv(»lves a theorem in
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combinations. In many cases the suiuint'd fonn of generating function can

be written down from reasoning in which intuition is largely drawn upon.

The method of symmetric function differential operators admits of the handling

of the generating function in a most satisfactory manner. The simple

circumstance that it is possible to design a ditierential operator which has

the effect of transforming the fimction (wiXz-.-J^n) into another precisely

equivalent to it, but with the magnitude a;^ missing, suffices to establish the

important and dominating role that the differential calculus can assume in

Combinatory Analysis.

An important part of the subject is studied as a Theory of Distributions

and much that in idea is valuable and suggestive has been derived from a

little book, Whitworth's Choice and Chance.

In Section II the simple theory of symmetric functions is extended so

that the point of departure is no longer an integer but the partition of an

integer, and we have to do not with the partitions of a number but with the

separations of a partition. This extension is of much import to the theory

of distributions and also enables many theorems of algebraical reciprocity to

be derived in an intuitive manner. It also leads in Chapter I of the Section

to a law of algebraic expressibility to which special attention may be directed.

In proceeding from the Partition to the Separation quite new notions come

to the fi'ont. Thus the idea of Groups of Separations has no analogue in

Partitions, A formula is established in Chapter II analogous to that of

Girard (sometimes erroneously associated with the name of Waring) which

permits the expression of a sum of powers as a linear function of the

separations of any partition of the number which is the exponent in the

sum. A pair of symmetric function tables which enjoy row and column

symmetry is established for every partition of a number. Hammond's

operators d, D are given an extended field of operation and, in the enlarged

theory, are shewn to be important instruments for multiplying and evaluating

the symmetric functions that present themselves. In Chapter IV binomial

coefficients are treated as symmetric functions denoted by partitions with

zero parts, and the formation of symmetrical Tables involving them is

explained.

Section III is devoted to certain points in the Theory of PermutJitions

that are of value in theories of combination or distribution. The enumeration

of Combinations and Permutations is treated from the high point of view

supplied by the Theory of Symmetric Functions. In Chapter II a theorem

is established which I have ventured to term "a Master Theorem," from the

masterly and rapid fashion in which it deals with various questions otherwLse

troublesome to solve. Many illustrations of its power are given. In particular

in Chapter III it is shewn to supply instantly the solution uf the generalized

" Probleme des Rencontres." In finding expressions for the sum uf powers of

binomial coefficients it is singularly effective.
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In ChupUr \ the reader is intnKlnced t<» "Lattice Ponimtations." They

are in themselves inU>restinK but are «»f iini>.rtiince prineii)ally because they

are shewn in Vohime II N. supply the key U> the sohitions of certain questions

which involve the amin>(einent, under j^ven conditions, of numbers in spaces

of two and three dimensions; numbers not ammged at points in a straight

line hut at the crossing? pcunts «»f lines which compose lattices in two and

three dimensions. This connexion with lattices determined the nomenclature.

The notion of the Indices of Permutiitions present<'fl itself in the same

c«»nnexion and in ChapU-r VI the question is disctissed without p}\rticular

rt»ference to the Indices of Lattice Permu tuitions. This is carried out in

Volume II when the enlarged theory of partitions is under view.

Section IV is entirely devoti'd to the compositions of numbers. The

word "compoaiticm " is use<i in a ditferent sense from that assigned to it in

the higher arithmetic. Following Glaisher the word connotes a partition

in which account is taken of the order of occurrence of the parts. Thus

the jMirtiticm a, b, c of the number a + b + c would have six compositions

«/>r, arb, bac, bca, cab, cba, involving the parts a, b, c. Attention may be

«lniwn to the developments which arise from the consideration of what I have

termed "Simon Newcomb's problem " in Chapter IV. The new symmetric

functions /»p^..., ap^r.,, present themselves and are briefly discussed. They

upp'ar in analysis for the first time, and in addition to themselves possessing

elegjiut pr()|x.'rties they give practicjilly the complete solution of the problem

under examination. In Section V the subject of the perfect {xirtitions of

numbers is dealt with .is a neceasi\ry preliminary to the discussion of

arrangements up«»n a chess boanl. Th«^ latter, as involving conditions to

!>«• sjitistie<l by the numbei-s apjK'aring in a row or in a column, are of the

Magic S«juare nature. We here see a new and interesting role of the

Uit^eR-ntial Calculus. At first sight the o|X'rations of that calculus appear

to be remote from the enumerati(m of amingements in two dimensions. In

fact the whole subject of Magic Squares and connected arrangements of

numbers appears at first sight to (Kcupy a p<wition which is completely

is4>Iat4'd from other de|)artments of pure mathematics. The object of

Chapters II and III is to est^iblish connecting links when' none previou.sly

exist4Hi. This is accouiplisht'd by selecting a certJiin difi'erential opemtion

and a certain algebnuod function ; shewing that the o|)i'nttion upon the

fimrtion can bo dis.s<'cted into a numl>er of distinct opemtions. ojvch of which

may lx» given a gmphical represeutJition. When the operations and the

funrtions are suitJibly ch«»sen these gniphical representations have the form

of the ftrTangement.H which we desin.' to enumerate. As the simplest example

we may choose the o|H>ration ^ an<l the function of*. We observe that if

x" be written out in the form xtj:...j- the op««ration is equivalent to writing

unity for mw of the .r's in all possible ways and a(l<ling the results together.
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We obtain nx^~^ because one x can be selected in // ditferent ways. So

operating n times successively with 3- we dissect the operation into n !

distinct operations and these give rise to n ! distinct diagi-ams. For consider

a square of n- compartments ; we may place a unit at the intersection of the

rth row and cth colunm to indicate that when -,- was operating for the rt\\

time one process was to substitute unity for the cth x counting from the left.

So we obtain n ! diagrams which possess the property that n units appear

one in each row and one in each column. We thus by the operation upon

the function enumerate the diagrams with this property.

The " Probleme des Rencontres " already referred to above can be discussed

in the same manner. The reader will be familiar with the old question of

the letters and envelopes. A given number of letters are written to different

persons and the envelopes correctly addressed but the letters are placed at

random in the envelopes. The question is to find the probability that not

one letter is put into the right envelope. The enumeration connected with

this probabilit}' question is the first step that must be taken in the solution

of the famous problem of the Latin Square. The question is to place n

different letters a, h, c, ... in each row of a square of n- compartments in such

wise that, one letter being in each compartment, each column involves the

whole of the letters. The number of arrangements is required. The question

is famous because, from the time of Euler to that of Cayley inclusive, its

solution was regarded as being beyond the powers of mathematical analysis.

It is solved without difficulty by the method of differential operatoi-s of which

we are speaking. In fact it is one of the simplest examples of the method

which is shewn to be capable of solving questions of a much more recondite

character.

In Section VI the Theory of Distributions is directly applied to the

enumeration of the Partitions of Multipartite Numbers.

The second Volume is devoted to various generalizations of the Theory of

Partitions and to discussions which arise therefrom.

In the present Volume there appears a certain amount of original matter

which has not before been published. It involves the author's preliminary

researches in combinatory theory which have been carried out during the

last thirty years. For the most part it is original work, which however owes

much to valuable papers by Cayley, Sylvester, and Hammond.

To the original papers reference is made in regard to

:

Section I. Qiiarterly Journal of Mathematics, No 85, 1886, " The Law of Spumetrv and

other theorems in Symmetric Functions."

Section II. Proceedings London Mathematical Society, Vol. XIX. 1887, "Symmetric

Functions and the Theory of Di^^tributions.'

ab
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Amsnean Jounui/ of MnthemcUiea, V.)l. XI. et »*eq. 1888-1890, " Memoirs on

a New Theory nf Syimnetric Functioiia."

.^. ti.Mi III. VhH. Tratu. II. S. 18fM, a, "A cerUin cUsh of Generating Functions in the

Theory of NiimberH."

Tnint. Ciiinh. I'hil. Sin-. Vol. xxi. No. xviii. "The Problem of Derangement

in the Theory of I'cnnutAtionM.'

(/nnrnnr{]f Juunifi/ of Mat/irnuitins, No. 131, I90i, "The suniH of the Powers

of the Binomiul Coefticient^."

MeMTitgn- of Mnthtttuttirji, New Seriws No. 281. 1894, "Self-Conjugate Per-

mutations.''

American Journal of Mathemaiir*, Vol. xxxv. No. 3, 1913, "The Indices of

PermutfttionM and the derivation therefrom of functions (»f a single variable

nwotriftteti with the F'enniitjitions of any assemblage of objectii,"

Section IV. Pkil. Trann. IL S. 1893, a, " Memoir on the Compositions of Xuniben*.!'

/V(i7. TrmiJ. R. S. 1907, A, "Stwond Memoir on the Comi)ositions of

Niuiil»ers."

Section V. Messenger of Mathnnatirs, Vol. XX. 1891, "The tlieor)- of j)crfoot j>artition8

an<t the comjHwitions of nmltijwirtite numbers."

Trail*. Camh. Phil. Sor. Vol. XVI. Part iv. 1898, "A new method in Combina-
tory Analysis with applications to Litin Squares and associated (luestions."

/V«i7. Trout. H. S. Vol. 15)4, a, 190(), "Con)binatorial Analy.sis—the foundations

of ft new theory."

s,.. ti,.,, VI Trans. Camh. Phil. .Sitr. Vol. xxii. No. 1, "On Comi)ound Doiuunemtion.

"

P. A. M.

Januari/ lUlTi.
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SECTION I

SYMMETRIC FUNCTIONS

CHAPTER I

ELEMENTARY THEORY

1. The theory will be developed with particular reference to the

combinatory analysis and the theory of the partitions of numbers.

A partition of an integer number n is understood to be any collection

of positive integers whose sum is equal to n. The order in which the

integers are written out is immaterial, but we may decide, for convenience,

to take the integers in descending order of magnitude. This will invariably

be done and the integers will be termed " parts " of the partition. The parts

will in general also be enclosed in brackets ( ). The sum of the parts,

viz. the number n, will be called " the partible number " or the " weight of

the partition." A partition which has m parts is called an »i-part partition.

Ex. gr. (432), (6111) are partitions of 9 and are 3-part and 4-part

respectively.

It is usual to indicate repetitions of the same part by exponents, so that

(6111) is written (61^).

For the present we shall only be concerned with partitions of positive

integers into positive parts ; zero not being included as a possible part. At

a later stage we shall have to consider partitions of positive integers, zero,

and negative integers into positive, zero and negative parts.

2. A partition of a number ii may be regarded as specifying a

distribution of n similar objects into a number of parcels, each parcel com-

prising one or more of the objects. Thus (482) specifies a distribution of

9 similar objects into three parcels which contain 4, 3 and 2 of the objects

respectively, and since however we permute the parcels the partition is not

affected we may say that the distribution is of similar objects into similar

parcels. It is sometimes convenient not to regard the succession of

descending integers as a partition of a single (i.e. unipartite) number, but as

being itself a multipartite nuinbcr which specifies a numboi- of objects which

M. A. 1
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an- nut all similar. Thus wc may nganl (VA2) ;ts dciioLiiig 9 objects. 4 of

one kiml". 3 of a secoml, 2 of a thinl.

3. Th<- svmiiK'trii- rmiciions, that now coiiu- uiulcr consi<lcration, arc

alKi-brair. ritiniial aii<l iiif<'Kral. Any such function of » «juantitics

a,, flu. ... o„

whirh nniains umhaii^'c*! h<»w<vcr iho.m- .juantiti.s may be interchanged or

iK'nnut^l is termed a symmetric fumtiMn of the ii ijuantities.

Wr writ."

(., - a,){x - a,) ...(.!• - a„) = j» - «,.r»-' + a^x"-' - ... + (-)"«„

identiailly. s«) that

a, + 0,+ ... +<7,. = la, = ff,.

a, a., . . . o„ = 1 a, a, . . . a„ = r/„
;

and it appears that the (juantities «,,ff2, ...rt„ arc symmetric hinctions of

the quantities eu It will be observed that these symmetric functions of the

(juantities a, on the sinister of the identities, are each of them specified

or given by a single term, since to obtain the remaining terms we have

merely to interchange the (juantities in a .sufficient number of ways. For

this rejuson the S notation is expressive. In general we may have under

view the symmetric function

ila/"' a./"... al'',

the whoh" function consisting of a number of terms similar to the one

attached t<» the sign of summation; in each term we may take pi, pi, •• p,

to hi' in df.Hcending onler of magnitude, but the quantities a, therein

appearing, will be any « selected therefrom in any pennutjition.

It thus ap|)eare that the succession of numbers pip,...p» in descending

onler of magnitude is a sufficient specification of the .symmetric function

and. if

/), + /),.
-4- ...+/), = ?/•,

we may regard the function tis denoted by the partition (/>i;>j ... /' > "f the

number ii<. We shall accordingly speak of a symmetric function

{Pilh-P»)
of the quantities ou

The simple symmetric functions a introduced above are called elementary

and, .since they are denoted by the partitions

(l).(l»).(r),. ..(!"),

thev are wmietimes ca1K'<1 unitarv svmnutric functions.
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As repetitions of parts may occur a more general form of symmetric
function is

s of course being limited by the number //,

It is frequently convenient to regard // as Ix.iug indefinitely large, and
then we may write

(1 - ttia;) (1 - a.,x) (1 - a.x) . . . = I - a, a; + a.j-.-^ - a,^-' + . . .

.

Further put

I 1

(1 - ttix) (1 - a„x) (1 - a^x) ...~ l-ajX + cu,af'-aiX' + ...

= 1 + hix + Lx^ + h^x" + . .
.

,

and we find by expanding the left-hand side in siscending powers of x and
subsequently equating coefficients of like powers of ,/•

h, = Xocl + "laia, + 2a, a,a, = (3) + (21) + (1''),

= (4) + (31) + (20-f(2P)+(ia

wherein it will be noted that hg is the sum of a number of symmetric

functions, each of which is denoted by a partition of the number .s and that

in fact hs is the sum of the whole of such symmetric functions ; /»« is called

the " homogeneous product sum " of weight .s of the <juantities a.

4. The symmetric functions h are related to the symmetric functions

a in a simple and important manner : for, writing — x for x in the relation

1 — OiX + a^x- — a-jX^ + ...

it becomes equivalent to

1 — h^x + h^af — h-iX'^ + ...

a relation derivable from the former by leaving x unchanged and simply

interchanging the symbols a and h.

It follows at once that any relation connecting the quantities (/ with the

quantities h remains a valid relation after the interchange of the symbols

ft and h.

We can forthwith express hg in terms of the quantities d : in the relation

1

1 — ttiX + (uxi- — a-iX^ + ...

1 +//,.<• + A ...*--|-/':,.r-f- ...
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il IS iiK-ifly iMCf«8.iry U. rxiKiiid th.- I. li lian.l si, I, l,v iIk imiltinuinial

theorem t«> Hnd

und theiUM' by iiitcrrh.iiip- of symbols

" = -'-»-"x,:^n!ig *?"'= ''••

Thesi- simplr symmefric fiinclioiis an- so imjwrtaiit in the general theory

of Distributions, and in combinatory analysis generally, that a further study

of thiir btaiitifiii pmix-rl its will })c n(r.ss;iry at a later stage of the work.

The simple formiihe are

}i., = a'] — a.,,

A, = a} — 3a;a2+ 0.5 + 2a,a3- a,.

and these are readily written down currente ailaino because the numerical

value of the coefficient of any a product is equal to the number of per-

mutations of which that j)roduct is susceptible.

5. The symmetric functions, next in ortier of simplicity, which now

present themselves for consideration, are the successive sums of powers of

the (|MMnlities a,, o,, ... a„, viz. in the usual notation

s^ = lo = o, 4 a., + ... +a„ =(1),

8, = ':id' = di-i-od+...+al =(2),

g„ = la"' = o"' + a.r + . . . + a;;* = (m).

These arc one-]jart synnnetric functions from the |Mirtition |)oint of view.

We may then proceed to consider the sums of the two-part, three-part. etc.

symmetric functions of given weight, and it is convenient to denote by

>%.,, where ;)^7,

the sums of thosr synnnetric functions which have a weight /) and 7 parts.

Thus we have

^« =(21),

S„ =(31) -I- (2').

S„ =(4P)-»-(321)+(2'),

etc.
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Thu function Sp,^ is examined as follows

:

Write f(ii') = (1 - a,u) (1 - a,a:) ... (1 - a,,*-),

and observe the identity

'i _ .MJ) (i _ 3l_^
. .

.
fi _ -4.

) J.^jE±i)
l-a^xj\ \-a.,x) \ l-a„a,7 f\x)

The left-hand side may be written

T _ /: ^ °i .fc.'V "h^ fcn^ °^^ ,

^ "^
1 - a^x ^ ^ "

(1 - a,x) (1 - a.,x) ^ "
(1 - aja;)(l - a.,A-)(l - a^x) '

wherein the coefficient of (-)"'f'" is equal on expansion to

^in,m + ^m+\, rn ^ + ^m+2,vi ''" + • • • + ^mA-p, m ^- + • • • ,

n being siipposed indefinitely great.

Moreover the right-hand side is by Taylor's Tln-orem

"^
^f{x) dx "^ ^'

2 !/(«;) (Zar"
"^

• •
"^ ^

' m \f(x) rfa:'«
"^ ' '

'

'

whence, equating coefficients of like powers of ^,

S,, + S,,x + S,,x- + ...=-j^^^^,

1 dy

1 d"7'

Now /(a) = 1 - ttiX + ttoX^ - dsX' + ...,

d'^f , „ f , {m^\Y. (m-f-2)!

Hence /''"^+1^„ ^^('"^-^'^\n -^

'S',^,,, -h *Sf,„+i,,„^- -I- ^,«+.2, m-<- + .

•
•
=

1 -a^x^a..x?-a~^x'-^ ...
'

and we have only to expand the right-hand side by the multinomial theorem

to reach the result

B =s (- V"+"<+<--i - i LJ_Z \Jl_L ^ a.T'^^aS' a^'...,^^.^•'---^ ' p,\p,\p,:...

where p^ + />. + p^+ =/^'^

p, + 2p., + 3/>i + ...^ v.

From this we deduce, when m = 1,
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which is the (Jiranl* foriimlii for the expresHioii of the one-part syimiietric

functions ill terms of the eleineiiLjiry functions.

Observe that the formula, from which the expression for.SV»n was derived,

yields, by clearing of fractions and subsequently equating coefficient's of like

powers of x, the relation

and, herein putting w< = 1, wi- obtain the Newtonian relation

The f..rinula givi-n above for S^^m •« <Jnt' generalization, of Oirard's well-

known result, out of njany that will appear as this w(.rk proceeds. From the

formula for «„ we find

.V, = a,,

s^ = a'i - 2a..,

s^ = (i] - 3a,0;i-f-3(/3,

s^ = a\ - 4«i[r/. + 2^/:; + 4«,r/., - 4a4.

and it must be noted that, regarding an a product

as being denoted by the partition (1'''2^'3''' ... ) of iv, the expres.sion of s^,,

by means of the elementary functions a, involves every partition of u'.

6. WV- mav now express ({„. by moans of the one-|j;irt functions s.

Vnr

l..g;(l -a,.r)(l -o,.r)(l -a,.r)... ]=!( - our - ^<x-x' - ^a'a^ - ... ),

or log ( 1 - a^x + Otsc* — atX^ + ... ) = — s,.r - ^So.r' — ^ Sj.r"' - . . . ,

ur 1 - a, a: + a.,a^ — o,./-* -»-...= exp ( - s,.t — h s..r= - J s^x' — ...);

and now txjKinsion of the right-hand side, the use of the multinomial theorem

;ind ((MiUMirison of nK'fficients, yields

" -' ' \'\2'\'Af'...p,\pJp,]...'

whenin />, + 2j>. + 'Ap^ + ... = io.

We can also express the one-|)ari functions .v in terms of the homogeneous

pr.Mluct sums h, for

,i-.,.xi-«U(i -<-,..)...
-'+'"" + '''•'' + ''"'+•••

so that, Uiking logiinthms,

s^x-k- i»,.J* + Js,a;» + . . . = log ( 1 4- A,.r -I- h.,.r' + A,.!-* +...);

• Oirard. Invention SnurrUe rn VAIgfhrr, .\ni8t«rd*m. 1C29. The formula is often erroneouBly

ascribed to Waring wlio gave it without |)roof in 1782.
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and expanding the right-hand side, applying the umltinouiiul theorem and

comparing coefficients, we find

o = % (_)fc-i
(^-'^y-'^

_ hf'hf'hf^^ .... where p, + 2p,+ ...= w,

also pi + p..-\- ... - k:

Moreover

1 + Ji^x + lux- + h.,.v' + . . . = exp (s,x + ^s.,x- + J.s-a^'' + • • •

)

leads similarly to
ol>i 0P2 oPr>

7 _ •^
-S

i &2 '^3 •••

which should be compared with the expression of a„, in terms of the one-part

function.

7. Symmetric functions having two parts, three parts, etc. in then-

partitions are readily expressible in terms of the functions .sv; for it is easy

to see that

by ordinary algebraic multiplication, \, fi, v being all different, and thence

but a modification is necessary when there are any equalities between the

numbers \, fi, v, .... Ex. gr.

In actual practice 'there arc easier ways of calculating the nwu.y-part

functions and the general formula is of little importance.

From the above it is clear that, of a given weight w, there are as u.any

monomial symmetric functions of weight w as there are partitions of the

number w; and that there are (1) as many a products of weight n:(2) as

many h products of weight w as there are partitions of the number ...

A table may be constructed exhibiting every monomial function of a given

weight in terms of the a or of the h products of the same weight. Convj^rsely

every a product and every //, product of weight iv may be exhibited as a

linear function of the monomial symmetric functions of weight u:



CHAPTER IT

CONNEXION WITH TIIK THK(»|{V OF DISTHIBrTIONS

8. Tlu' reiwit'i- is jussuiiied to be acquainted with the elementary

theor}- of thi' junnutations and combinations (.f any number of letters or

thin^ not necessjuily all tjfthe «ime sort.

Distribution is the separation of a series of elements into a series of

classes; in the general problem the thin>(s to be distributed may be of any

species, viz.: there may be » thin^ of which p are of one kind, g of a second,

r of a third, etc., where /; + g + r +.,. = // ; it is then convenient to speak of

the things as "objects (»f tyj)e (pqr...)" so that the objects are defined Jis to

sjx'cirs by a particidar partition of the number » ; again, the clixsses into

which the objects are t(t be distribut«>d may be of any species, and this

consideration leads us to speak of "classes of type (pi^jr, ...)" where

;>, + 7, + r, + ... = «, the number of classes ; the partition (;)i9,r, ...) of the

numbi'r n^ here defines the classes in regard to species, indicating p, classes

of one kind, 7, of a second, 7-, of a thinl, etc.

If no attention be paid to the arrangement of the objects in a class,

whati'ver be the species of the objects the distribution is .said to be one int4i

" parcels "
; each parcel is a class ot unarranged objects.

It howcvtr jM-rmutatioiis are permissible amongst objects in the same
class, the distribution is said to be one into "groups "; each group is a cliuss

»)f arranged object.s.

Two chief problems may Ix- enunciated as follows:

I. Tt» deti-rmine the numb«r of distributions of (»bjects (»f tvpe (jiqi\..)

into |)arcels of type (;),7,r, . .
.

).

II. To determine ihr numbi-r of distributions of objects of ivpt- (p(p\..)

. int4. groujwof ty|X'(/>,7,r,...).

Further wi- may di.scuss each of these probUiiis when thi- distributions

are subject^-d U> e« itiin restrictions.

In general the numb«T of <.bject,s distributed n will not be less than the

number of classes m,. Thr partition of a number n into ni parts is clearly
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the theory of the (iistiibutioiis of objects of type (n) inU) parcels of type (m),

no parcel being empty ; in fact the objects are all sinnlar and the classes are

all similar. The theory of compositions in which the parts are pennutable so

that for instance (21) and (12) are different compositions of 3, is clearly the

distributions of objects of type (/?) into parcels of type (1'"), no parcel being

empty. The perm.utation of objects specified by (pqr...) is the distribution

of such objects into parcels specified by (Ip^i-^''+). In general, unless other-

wise specified, empty parcels are out of the question.

From the definitions it will appear that when the parcels and objects are

equinumerous the group merges into the parcel, since then no permutation

or arrangement is possible within the parcel. This also happens when the

objects are all similar whatever be the number of the classes.

The permutations of objects of type (pqr...) which were shewn above to

be the distribution of objects of type {pqr...) into parcels of type (P+9+'-+-)

may be also described as the distribution of objects of type (pqr...) into the

group of type (1). In general however the parcel and group theories are

quite distinct, the identity of theory being only at certain points.

The Distribution Functions.

9. Let P{(pqr...),(piqiri...)} denote the number of ways of di.stri-

buting objects of type (pqr...) into parcels of type (piqiVi...), where

p+ q + r + ... =n, ^i + g'l + n + . . . = n, and n^n^.

Now take the number P{(pqr...), (^i^ir, ...)] as the coefficient of the

algebraic symmetric function (pqr...) and we define as follows

:

Definition. The Distribution Function of n (.bjects into parcels of type

(piqiVi...) is the algebraic expression

XP{(pqr...),(p,q,r,...)].{pqr...),
n

the suunnation being for eveiy partition (pqr...) of the luunlx'r u.

Similarly let G [(pqr...), {p,q,r^...)\ denote the number of ways ..f dis-

tributing objects of type (pqr...) into groups of type (p,q,r,...) and w.-

define as follows

:

Definition. The Distribution Function of h objects Ini.. ^roiips n| i\[«-

(jo, 5-1 ?',,..) is the algebraic expression

^G[{pqr...\ {p,q,r,...)\.{pqr...),

n

the sununation being for every partition (pqr...) of thf number n.

Thus the Distribution Functions are linear functions of the monomial

symmetric functions of weight n, and depend upon the assignetJ pai-tition

(pi^jT, ...) of the number /<,.
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Theory of the Distriiutiun into ParceU when the number of parcels is equal

to the number of objects. Ex. gr. nt=n.

10. W'f fonsiflcr the h(»iM<tgeii«*uus pnKluct sums /»,, h.j, h-. ... iind in

particiil.u the jUtMhu-t

/V, /',/,/' r,
••••

Take a simple case. If wf had u jjnxluct liji. appertaining to the four

«|iiuiit itiis 7 yS, 7, h we may writ^e it

a* + /9' + 7* + S'

+ 0^/9 + a/S^ + 0^7 + ay + o'S + aS^ + yy7 + /9y + /9^3 + ySS' + y S + 78^

+ a-/9^ + a-y" + a^"^' + /9'7' + ^'h'' + 7'^a^

+ a'^y + a-'/3S+ a'^S ^^a'y + /t?-'aS + /3'-'78+ 7=0/8+raS+r/36 + S-a/9 + 5-^07+ ^^^37

-\-a(iyh

multiplied by

i a' + /9' + 7« + 8' \

I
+ a»/3 -I- a/i* + a-'7 + 07'^ + a^g + ah"- + ^-y+ ^r + ^'^ + ^^- + r 5 + 7S' [

•

I + 0/87 + crySS + 078 + /3y8 J

Seeking herein the coefficients of a'^yh, a term which arises when the

multiplication is carried out, we find that the term is formed in eleven

ways, viz.

c^^.^yB a'y.^-S a'B.^'y a'ff' .ayS

0-737.0/88 0-/88.0/87 0-78. 0/3"- /S"-ay.a"B

/8^o8 . 0-7 /8-'78 . o'' 0/878 . o-'/3

\\i- have clearly here a distrilmt imi ut the .seven (juaiitities

a. o, a. /8, (3, 7, 8.

into seven |>arcel.H, four of which are (»f one kind and tlu- remaining three of

H second kind; ex. gr. in the first pnMhut a*^./3yB we have the quantities

o. 0, o. /8 placiHJ in four similar |)aix;els since any permut^iticm of the four

«|Uiintities o, o. a, (3 is jK-rmissible ; ami similarly we have the quantities

/9, 7. 8 in three similar |Mirc-els differing in kind from the fr)rmer four parcels

since |)ermut.ations are not jH-rmitted between the quant itii's a, o, o, /8 and

the quantities /8, 7. 8.

Hence in obtaining the jxtrtion lla'/8'78of the prodtict /<,/»3 we have in

reality di.stributed objects of tyjM' (321») int^> parct-ls «.f tyi)e (43) in 11

dit^t-nnit ways. We have in fact found that

/'
;(321V). (43); = 11.
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Moiecwcr we see that every other term of the .syinmetric function (32P)

appears after multiplication with the same coefficient 11. In other words, if

the product hjt.~ be developed in a series of monomial synmietric functions,

the function (321-) will appear with the coefficient 11.

Thus one term of the distribution function

where 'p hq+ r \- ... =1 , is

11 (321^.

From this reasoning it appears that

1. P [{pqr...), {^^)] .{pqr...) = }uh,

where p-\-q-{-r+... = 1.

By parity of reasoning we see that in general

P\{pqr...\{p,q,r,...)\.{pqr...) = h^,Ji,^Ji,^....v

We have merely to multiply out the product ll„^ h,,^ /<,-,... so as to obtain

a linear function of monomial symmetric functions in order to amve at a

complete account of the distribution of n objects, of whatever type, into

n parcels of type {p\qii\...).

It will be seen later that actual multiplication is not necessary for

the attainment of this end.

This result is so simple as to be quite satisfactory.

11. Having thus shewn the power of symmetric functions in solving

a notable problem in "Distributions," we at once proceed to obtain an

elegant algebraic theorem as an immediate consequence of intuition in the

Theory of Distributions.

We will denote parcels by capital letters and objects by small lettere, so

that one distribution of objects of type (321-) into parcels of type (43) is

shewn by the scheme

A A A A B B B
a a (I h h r d

'

If we now change the capital letters into small ones and the small lettei-s

into capital ones we obtain the scheme

A A A B B C D
a a a a h h 6

'

which denotes one disti-ibution of objects of type (43) into parcels of type

(321=); and since we may always operate in this manner we ixscertain that

there is a one-to-one correspondence between the distributions of objects of

type (43) into parcels of type (321- ).

Henee P I(32r0, (43)] = P {(43). (32P)}.
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The n'as<jning i.s tvidnitly (juit*- j^i'Moml ; scj th.it al.so

It is clear thiit when, as in the present instance, the number of objects is

equal Ut the number «»f jMirrelH so that always one object is in each parcel,

we are at liberty Ut regani an object jus attached U) a parcel or a parcel Jis

attached to an object. The fact is that in this particular c;use of distribution

the notion of a " parcel " is not ••.s.sential and indeed has the effect of

obftcurin^ the true jx)int of view. We should regard the parcels ;i.s being a

second set of objects so that we have two sets of objects before us. We are

concem«Hi with the inin)b<>r of ways of making n |)airs of objects by taking,

for each pair, one object from each set. The interchange of object and

jMrcei is thus intuitively valid. The n jMiirs of objects may be looked upon

jis a single set of n two-fold objects and as such we may be concerned with

the similarities that present them.selves in the two-fold objects. Such

similarities may, as in the cjuse of one-fold objects, be specified by a pirtition

of n, my {p,q,}\...). We may .say that the particular distribution that has

been reached is of type (pn(f,j'.,...). Each distribution will in this manner be

associated with a partition of ??. Altogether we have before us three

{lartitions of the same number, viz. : those specifying each set of objects and

that specifying the distribution.

•'^'"t.-e P\(pqr...).{p,q,r,...)}

is equal to the coefficient of the sjmimetric function {pqr...) in the develop-

ment of the .'ilgebmic function

we reach at «»nce a theorem of symmetry in the algebra of synmietric functions

which is now stated.

First Law of Kiyinmetry.

12. In a Table which e.\pre.s.ses products hj^h^hf... in terms of mono-
mial .symm»-tricfunctions(;j,9,r,...)forall partitions (/x/r...) of the number //,

the C(»efficient of the symmetric function (/>,g,r, ...) in the expression of

h^h^h^... is tMjual to the n.» Hicieiit ot the .symmetric function (pqr...) in the

exprnssion of h,.Ji.,Jir,..., when- (p/r...), (/;,9,r. •••) are any two partitions of

the nundx-r »."

This interesting law of .synunetry apjjjirently amnot be proved with»>ut

soiiM- (iifficidty in any other way and is a g<»(Ml example of the power of the

notions of the Theory of Distributions in establishing elegant theorems in

algebra. From th«' Table above mentioned we can by solving a number of

linear e<juations expn'ss the monomial .synnnetric functions in terms of the

products Ap,/i„A,,..., and the Element«r\' The(»ry of Determinants shews that

th«' synnnetrioid chamct«'r of this s«'cond Table f»)llows necessarily froni the
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symmetry of the Hi'st Tabic. Thus in such a table the coefficient oi' the

product hp^hq^hri-.. in the expression of the symmetric function (pqr...) is

equal to the coefficient of the product hjji,jh, ... in the expression of the

symmetric function (pi<ji>\.,.), where (pqr...), (/>j7,r,...) are cmij two

partitions of the number n.

It is however not necessary to rely upon the Theory of Determinants for

the proof of the symmetry of the second Table ; later on in this work another

proof will be given with the assistance of differential operators.

A restr-icted Distribution.

13. We pass on to consider the Distribution subject to the restriction

" that parcels of the same kind must not contain more than one object of

a particular kind"; we mean that if one parcel A is attached to an object a

no other parcel A is to contain an object a.

In the unrestricted distribution we considered the terms of hp^Jiq^, A^,, etc.,

all written out at length and observed that we might regard any one term

of Apj as representing a distribution oi p^ objects into similar parcels. In the

case before us these p)^ objects nmst be all different—no two must be alike

—

and so we reject from hp^ all terms except those in SoiiOt.,...ap^. In like

manner the functions hq^, h,-^, ... reduce to 2aiao...a^, , Sai02...a,.,, ...

respectively. In other words hp^ , h,n ,/?,-,, ... must be replaced by ap^ , ciq^ ,a,.^, ...

respectively, and the resulting distribution function is

"p. «'/.«'-.••••

Theorem. The Distribution function for the distribution of objects of

type (pqr...) into parcels of type (piqin...), subject to the restriction that

no two similar objects shall appear in similar parcels, is

If no two similar objects can appear in similar parcels it follows that no

two similar parcels can be attached to or associated' with similar objects.

Hence in the scheme we may replace capitals by small letters and small

letters by capitals.

We accordingly hnd that there are as many ways of distributing objects

of type (pqr...) into parcels of type (piqiVi...) as of distributing objects of

type (piqi r^ ...) into parcels of type (pqr...)—both distributions being subject

to the restriction that two similar objects are not to appear in similar parcels.

Thus when the symmetric function product ttpO^a,.... is expressed in terms

of monomial synnnetric functions the coefficient of (piqiV^...) is equal tt) the

coefficient of d^^' /'...) when ap^a,j^u,^... is so expressed.
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We ihu.s reach thi-

Stcond Luir of Sijinmetrif.

14. 111 a Taljlr which ex presses jjr»Hliicts (»1 ekiiuiiLary syiiimetric

InnctionH a^(i^(/r... in tcnns of iiionoinial ayininetric functions (jt),7,r,...) for

all |«irtition.s (ptfi-...) of the nniMber », the coefficient of the syniniotric

fuMcti<in (y>i7,/"|...) in the expression i)f tij,(i,i(i,— is ec{ual to the coefficient of

the Hyiiimctric function (ywyr...) in the exjiression of a|,^a,,^(lr^ ..., where

(/>7''...), (y'lVir,...) arc <nii/ two jKirtitions of the number n."

The inverse Table which expresses the monomial syn)metric functions in

U'rms of the pro<iucts a ,,(i .^a ,. . . . is, from what h;us been said above, also

symnietricjil.

The reiuicr will readily j^'ather from the above that we may make a more

general restriction still ^^ntrn the distribution.

If w(! delete from the fimclions //^,j, /^^j, //,.,. ... all terms which contain

any of the lettei-s a,, a., a,, ... more than t times we shall obtain functions

which may be written

tpi I <7, . ^/ ,
•

• •

,

corres|M.ndiM^' fo the restriction that not more than t similar objects can

ap|Har in similar parcels. Parity of reasoning then establishes that

^P\ ^7l 'r, • • .

is the Distribution Function for such a distribution and that the coefficient

of
/^,i

^^, f
,

, . . . in the expression of the .symujctric function (pqr...) by means of

/,. L, t,, ... is e(pial to the coefficient of the t,,t,,t,.... in the like expression of

the synmietric function (yjiY,/-, ... ). We are thus led to the

Iiiclii.sire Ldir of Si/iiiiiietri/.

15. "In a Table which expresses products tpt^tr... in teniis of

njonomial symmetric functions (;),r/,r,...) for all partitions {pqr...) of the

nuujlM'r n, the coefficient of the symmetric function {ptqiVi...) in the

expressittn of tpt^tr-.. is equal to the coefficient of the symmetric function

(/x/r...) in the expression of t,.J,j^tr,..., where {pqr...), (yj.ry.r,...) are any
two jMirtitions of the number u."

The inverse Tables naturally enjoy the same symmetry.

The Inclusive Liw of Symmetry involves the Fii-st Liw when t= x and
the Seconfl I.Jiw when / = I.

Theori/ nf the btstrihution into Parcels specified 6_y (1'") when m < ik

16. In this case no two of the parcels are alike.

Sup|)08e that the number of objects is six and that there are three

jNircels of different col.>urs— s»iy red, black and white.
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Red Black White

K Ih K
K K fh

L h.. K

It is clear that the parcels, in some order, will contain cither 4, 1, 1 or

3, 2, 1 or 2, 2, 2 objects respectively, since an empty j)arcel is out of the

question. When a ])arcel contains ;> objects the objects will be denoted by

one of the terms of which the function //^, is composed.

Hence when the parcels contain, in some order, 4, 1, 1 objects respectively

we are concerned with the product hi1i\ and since moreover ^4/11/11 has three

permutations we are concerned with the term ^hji\; similarly when the

parcels contain, in some order, 8, 2, 1 objects we have the term 6liji.,hj and

when the parcels contain 2, 2, 2 objects, the term fi^.

Hence for this simple case the distribution function must be

The reasoning is of general application and establishes the fact that the

Distribution Function of??, objects into Parcels of type (1"*) is

where S/jtt = ?^ -tt = ni.

This function is the coefficient of x"^ in

{hiX + h^' + Ityjr^ + . .,)"*.

Theorem. " The number of ways of distributing objects of type (pqr...)

into exactly in different parcels—that is into parcels no two of which are

alike—is equal to the coefficient of the symmetric function (jxjr...) in the

development of the function

where p + q + r -\- ... = Ipir — n ; Stt = m."

17. The number P {(j^^r...), (1"')}, whose generating function has been

found, can be evaluated.

We require the coefficient of (pqr...) j:" in the expansion oi u'", where

u = h^x + hnor 4- h-^a^ + . .

.

and ! + « = (!- a,x)-' (1 - a,.»;r> ( 1 - of,.r)-' . . . :

now w"' = (l + //-!)'"
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and thf ((Mthcicnt »>t (/wyr...) ./" in

(\-\-ur or (I -o,jr'(I -a,.r)-(l -Oa^r)-'...

("::t'ji'::t')('-::t')-^

8o that P{(p(jr...),{l'^)]

_ /p + 7;i — I \ / 7 + in — \\ n- + m — \\

~\ m-\ )\ m - \ )[ m- I
)"

/iii\ fp + III -2. f<i + /// - 2\ //• + in - 2\

~'\\)\ in -2 )[ m-2 )\ m-2 )-'

^UA '"--^ A m-3 )\ ,n--^ )
- ... to m terms.

Wo now make the restriction that not more than t similar objects are to

occur in any one parcel. With a previous notation wo requiro the coefficient

of (pqr...).r" in the development of

{t,x + t,a^ + t^af + ...r.

Putting '/ = /,./• + ^JJ" + t.,faf 4- ... we see that

l-a'+'a^+' l-/3'+V+' l-y+'ar'+'

I - cue I - p.v 1 —yx
and

':r"Vir -^ 'V2r " "-j

X 1 4-
/ ni.\ i //< + 1 \ ., .,

In this pnwiuct the coefficient u{
( pqr . . .) x'\ where p + tj 4- r+ ... = », is

r:.--;')-(T)e'^:::rva')e'"::T-y-}

xl('::7')-(T)r;;;:rv(:)r::r>-i

Hr:-7')-(T)c";;;:rva)('-^::r-V-l
X ;

and, since »'» = (! + "^'"-('j')^' +")'""'+( '^') (1 +11)-"-'-...,

we find that wr may ••iiimciatv as lujlows

:

Theorem. "The mnnher of disinhiiti<»ns oj ohjocts ot typo (/>fyr...) into

jwircels of tyiK' (I'"), subjoct to thi- restriction that not more than t similar

objects may appear in any one parcel, is

/• C/M- (

J

1 /• (/// - l) + ( , I F{in - 2) - ... to in tonus,
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where

^w=l('r-i')-(Tjr::!-V(2)e'n::r-V-i

M(':-")-(T)r:::-V(;')C"::rV'

''""'"')-(T)r^;::rv(2jr^;::rv-}. ,
»« -

1

X

18. In the particular case, t=l, the Distribution Function is the
coefficient of cc^ in

(cti« + (7,37- + (isaj^ +...)'";

and the number sought is

'm\ „. ,, /inJ^0»)-(';y(m-l)+QF(,„-2)-...,
where

^(•»>=ie':;:7V(T)rr!7X™)rr!rv-}

^ir:-7')-(T)r:;!7V(:')r:;!7'V-l

T'Ae Distribution into Groups of ti/pe (1'") ^yAere vkp.
19. Consider the expansion of

«i" = ^^" = («! + a^ + a^ + . .
.

)".

It consists of products of the quantities a,, a,, a^... of degree n, taken in
all possible ways, repetitions and permutations being alike allowable. On
this understanding the expansion consists of a number of terms each with
coefficient unity. Suppose any such term to be

aoaiaiaaOoOfoaj...

and place dividing lines in any vi - 1 of the n - 1 spaces between the lettere,

thus dividing the permutation into m compartments. This may bo carried
out in

To each of these ways corresponds a distribution of the objects included
m the permutation under consideration into m Groups, no two of which are
similar.

M.A.
2
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Hence the Distrilnitioii Function is

and S r;
!( p,)r. ..), (V")\.( pqr. ) =

(||^ _ j
) < i

an.l.ils.. G'Kpyr...). (1"')1 =

m

,m — 1/ p\q\r\...

wli.ir y) + 7+ r 4- ... =w.

It will he observed that the distribution function is the coefficient of x"

in the development of {-——
) ,

or of

wlienin A, = a\\

so that A, = {\); /1,= (2) + 2(P); yl3= (H) + 3(21) + 6 (P); etc.

The coefficient (jf x" in {AiX + -^12^;-+ A^.v^ + ...)'" is

V ^'^L A''' A''^ a''^

where ki + 2k^-\-'ik3-\- ...=n,

ki + k.2 + k3+ ... = m\

and this shews that we may associate the m functions which make up the

product A\< A'i^' A'!^' . . . in all their permutations with the m compartments.

It follows that, if the distribution is subject to the condition that not more

than t similar objects arc to appear in the same compartment or group, we
must delete from the e.xpressions of ^j, A.,, A^, ..., in terms of monomial

symmetric functions, all of those functions whose partitions involve numbers

greater than t Denote these deleted functions by

T„T„T„...;

and we find that the Distribution Function, for the supposed restriction, is

the coefficient of ;c" in the exj>ansion of

In particular when t=l, we are concirned with the coefficient of x» in

the expansion of

((/, j; + 2 ! (u.x' + 8

!

a^af' + ... )'".

If the restriction be that "a group must comprise similar objects" we are

concerne<i with the ('xpinsion of



CHAPTER III

THE DISTRIBUTION INTO PARCELS AND GROUPS IN GENERAL
The Distribution into Parcels of t,jpe {m) where m<n.

20. We are here concerned with the partitions of multipartite numbersmto exactly
^ parts This is one of the mam d.visions'of the subjecand much will be said about it later on in the work. At present it wil beconsidered merely from the symmetric function point of view.

Consider

to be written out at length in terms of

«i, OL.,, ots, a^,

If these products represent the objects distributed in a parcel it is clear
that the m parcels wiay, each of them, contain any term of

., ,.
fh + h,+ h,+h, + ...;

write then

1

(1 - ttioa;) (1 - a,ax) (1 - a^ax). .

.

1

(1 - aiaaf) (1 - aiaa-) (1 - cciaa.^)... (i _ a.a,a*'^)7r3^;«3^^^7(rr^^^^;;

x_^_„ 1

(1 - ala^') (1 - alaa^) ... (r^^'^f^^^^^yTyTcT^^^^ct^ct;^^

X
,

where in the sth algebraic fraction we have a denominator factor corre-
spondmg to every separate term of A,; ex. gr. if such a term be a- the
denominator factor is (l-aax»); we see that the distribution function is
the coefficient of a-^» in the development of the expression, n of course
being the number of the objects under distribution. The expression is
conveniently written

(1 + H\aa; + H},a^a^ + Hui^x" + ...)

X (1 + Hiax" + Hid'a^ + H-^a'af + . . .)

X (1 + Hiax' + Hia-af + Hia^x^ + . . .)

X

X (1 + Hi naf + Hi n?x^ + ZT^ a\c^ + . . .)

X
,

where of course Hi = h^ and the remaining functions H are for discussion.

2—2
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21. Jl' IS the homn^anciiu.s product sum, ;) together, of the whole ot

r

the tcnijs of h,.

Form the .Mjuiition whose roots :ire the several terms of /<,, viz.

where h=(^'^'l-^), and j. = //. = //, = A.

;

and let at denote the sum of th(^ Ath powers of its roots.

I>et also the partitions in ( ) and [ ], rcsijcctively, denote symmetric

functions of the roots of

./:» - a, a;"-' + a^a;"-- - . . . = 0,

of" - fhx'*-' + /t.,a;"-=' - . . . = 0.

We can establish the two results

{lc) = (-Y^^[kl

The first of these is well known ; in regard to the second take the identity

I

1 +

where >/,, ii.^, *r,,... are the roots of the equation

a;" - /j,a;"-' + h.x»-^ - . . . = 0,

and II is supposed indefinitely great.

Tx't p,, p:, ... pk h<' ••!*' /•*'! roots of unity, so that

^)(' ^^) (>-:)••

•|i*
I n' (i + "-'-'A (i + ^^) (i + ?i-"') ...

x^ X^

The coefficient of ^ in the sinister of this identity is the homogeneous
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product sum of order s of the quantities a}, a.J, aij, ...; it is thus equal to a-/,,

the sum of the Ath powers of the roots of

. =0.

Hence o"* = (-y"^+" [A'*],

leading to the relations

and so forth. The law is identical with that which obtains in the expression

of the elementary symmetric functions in terms uf the sums of powers, with

the exception that the signs are all positive when s is even.

The distribution function when multiplied out is

where St< = n, ^t = m;

and Hs = l(- )*(3p^+5p,+...) [iTl^Tl^'y^---

where p^ + 2p.^ + ^p., + ...=t.

As the symmetric functions in brackets [ ] refer to the roots of

a" - Aja;"-! + lux^-'- - . . . = 0,

the Distribution Function may be calculated in terms of h functions,

Ex. gr. The Distribution Function of 4 objects into parcels of type (2) is

Hi + HiH\ = i (A; + Aj - 2Kh, + 2AJ + h,L = Ii, + K

= 2 (4) + 3 (31) + 4 (2=') + 5 (2P) + 7 (P);

where the numbers 2, 3, 4, 5, 7 are in correspondence with distributions

aaa\a aaa\b aab\b aab\c abc^d abed

aa\aa aah\a abb\a aac\b abd\c ac\bd

aa\ab . aa\bb abc\a acd\b adbc

ab\ab aa\bc bcdla

ab\ac

2 3 4 5

or with the partitions of the multipartite numbers

(4), (31), (22), (211), (1111),

into exactly two parts.

* Compare Art. (3.
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The Distribution into Groups of type (in).

22. We have to take account in the distribution into Parcels of type(7n)

of permutations amongst the quantities a,, a>, a.j, ... which occur in the

denominator factors of the first written Wnin (A' (listrihuti<jn function. Thus

the present distribution function is

]__
(I -a,(i:r)[l —0L(tj){l — a.Mj)...

( 1 - ai[aa:=^) (1 - aia^)( 1 - oltw:^') ... (1 - 0,02 aa;2)''(l - a,of3aa,-2)2(l - OjOsCWJ*)*. .

.

^ 1

X

This may be written

( 1 + 7v'{ ax + K},a-w- + Kiahi? + . .
.

)

X (1 + Kiax" + Kia-x" + Kn^x^' + • -

)

X (1 + K\a<iP + Kia-a* + A'jja^'ar'' + ...)

X

X ( 1 + /r-; aa-* + A'^ a-x^ + K^ u^id^ + ...)

X

The denominator factors correspond to the terms of

A, +//f + //,' + ... +h\^ ...

and we have the functions A" for discussion.

Let x^ - kix'^-^ 4- Lx'"-^ _ . . . = be the equation liaving for its roots the

several quantities <if which /v'^ is the homogeneous product sum of order t.

Then /[•, = //; =7r;.

Further let o-, denote the sum of the <th powers of the roots of this equation.

If partitions in ( ) refer to .symmetric functions of the equation

.r" - iltx''-' + r/.a,"-* _ . . . = 0,

we have o-, = (a' + a', + a[, 4- . . .)" = (0" ',

so that A'j = ^,l(l)- + (2)*|,

A'; = ^,l(l)" + .-Ml)M2)« + 2(3)'l.

il so forth
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Hence finally, transforming to symmetric functions of the roots of the

equation

x^ - h,x'^-^ + }ujd>'-^ - . . . =

and denoting its symmetric functions by partitions in brackets
[ ],

Kl =
I,

\[IT +{-r^ [1? [2? 4- 2 [3p},

Ks =^{-y(?pA^v.+-) t^^" '[2F'[3]

where p^ + 2j^,, + ^}h + ...=t,

the Distribution Function is then

r, 12 fj

where ^Tt = n, %t = m.

It will be noticed that in this case we can as readily express the functions

K in terms of a as in terms of h functions.

Ex. gr. The distribution function of 4 objects into groups of type (2) is

= 2aJ - 2ala, + 2al = 2h\ - 2h\1^ + 2/t|

= 2 (4) + 6 (31) + 10 (22) + 18 (211) + 36 (1111)

;

where the coeflficients are in correspondence with the distributions

aaa\a 1 ; aaa\h 1 ; aah\h 3 ; aah\G 3
;

aa\aa 1 ; aah\a 3 ; ahh\a 3 ; aac\h 3
;

aa\ah 2 ; aa\hh 1 ; ahc\a 6 ;

ah\ah 3 ; aa\hc 2
;

ab\ac 4;

2; 6; 10; 18; 36;

the meaning, in the above, of ah\ah 3 being that, by permutations of objects

inside the parcels, three arrangements are obtainable, viz.

:

ah\ah, ab\ba, ha ha,

ha\ah being omitted because the parcels are similar and therefore intei--

changeable ; thus ha^ah and ahha yield one not two distributions.

ahc\d 6 , abed 4

;

ahd\c 6 achd 4;

acdih G ad\hc 4;

hcd\a C



lil distkihltkjn into i'.\i{( ei-s and [sect. 1

Distrihutioii into Parcels of type (viiiiu ... vir).

23. Fir-st siipjx)S(' r= 2, so that we are concerned with ?«, similar parcels

of one kind and vu similar jmrcelK of an<tther kind. Of the n objects we may

have 7H, obji'cts only distributed among the ?», similar parcels, one object in

each jwirci'l, juhI the niiiaining ii — vii objects distributed among the ?;i,

similar parcels; or we may have vi, + /c objects distributed among the 7«,

similai- parcels and // — ///, - k- objects among the ///,j similar parcels, where of

course k 1^ II — III, - iii.j. It thence f<tllows that the Distribution Function is

the cuefticient lA' ^t\"'fi!^'u-* in the product

Vr (1 + //. ^,./-' + //^ fii.i^ +...)( 1 + //^
H-..'" + Ih, nz,r^ +...),

and it easily also follows that the Distributitm Function of n objects into

jwircels <if type (m^m.,... m^) is the c<»eftici«iit of /i|"7i.^" ... /i"'M" in the product

As an exami)le cttnsider the distribution of 6 objects into parcels of

tyjH' (22). The coefficient of fiiup^' in the generating function is

=m + 2h,/u + hih-

= r, (G) + 14(51 ) + 26 (42) + 40 (4P) + 30(3^) + 64(321) + 104 (31
')

+ 87 (2=') + 140 (2n») + 232 (21*) + 390 (P).

Taking capital letters bo denote the parcels, we find that the arrangements

of () similar objects are shewn by

A ABB
(/(/(/ (/ (/ (/

a a a aua

an iKi a o

(I (I ao (1(1

(I (Id (t (la

viz.: they are 5 in number jls given by the formula. Similarly if the (»bjects

be of tyi)e (51) we have, jvs required, 14 arrangements

A A B B AABB A A BB A A B B A A B B
aab a o a a a </ naO al, an (/ (, „ « (,,, „^ ^ (,(, (/ im

aaii b (I (I II a b ikki mi ,iu a b a b aa aa a ub a aa
a<i«/ (/ b a (lb ii (Uto a aa b aa

and similarly all of the coefficients of tli.- function aie verified.

a ua u u6
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Distribution into Groups of type (nii'i/i., ... iiir).

24. The same reasoning that has just been applied to Parcels will

convince the reader that the Distribution Function is the coefficient of

/a;">"'^' . .

.

/i';''a"

in the development of the Geneiating Function

A' =00

11 ( 1 + A', /iia--^- + A';s; /ii.r'' + . . .) (1 + 7ix n^u." + Ks ^j:^ +...)...

. . . ( 1 + Ki fj.x" + K^ f4x^ + ...)

and we then find that the Distribution Function for 6 objects into Groups

(22) is

which is /«,« + 4//} h, - 4/i? 14 +m
or 5 (6) + 22 (51) + 51 (42) + 94 (41^ + G4 (3^ + 176 (321) + 336 (31

+ 258 (2») + 488(2-=P) + 936 (2P) + 1800 (1«),

and as before the reader will have no difficulty in verifying these coefficients

by means of the actual distributions.



CIIAITKK IV

TIIK Oi'KKATOUS OF THE TllKOltV OF DISTRIBUTIONS

25. It will bo ^mthired from the preceding chapters that the Theory of

Syimiietric FiinctioiiH is essentially and deeply involved in the Theorj' of

I)i8tributi(»ns. The two theories might almost be considered as identiciil

since relations in the former theory are interpretable as theorems in the

latter.

As an illustration I give interpretations of two formulas that have been

set forth in the foregoing chapters.

(1 ) Take the formula

where S«X, = n, and remember that, w hen SX = m, the right-hand side,

baken with positive sign, is the distribution function corresponding to the

distribution of n objects into parcels of type (1'").

Theorem I. " Considi-ring 7J objects of any kinds whatever the number
of distinct ways of distributing thent into an even number of parcels, no two

of which are alike, is inpial to the number of ways of distributing them into

an uneven number of such pjircels, except when the objects are such that no

two are alike ; in this case the former number is in excess or in defect of the

lattiT number by unity Jicconling as the nunibir of objects is even or uneven."

(2) Take the formida

(-)"//„ = S ^"^^/^^.^^ •

(/*7/S,*' ...

anil n'MK-niber that, when l\=7/j. the right-haml s'uU\ Uiken with |)ositive

sign, is the distribution function correH|)oiiding to the di.stribution of

71 objects into jMirrels of ty|)c (I'"), the distni)ution being subject to the

restriction that no paivel may contjiin two sinjilar objects.

Theorem If. "Considering v objects of any kinds whatever and dis-

tributiiHis subject t<o the restriction that no pjurel may contjiin two similar

objects, the numbrr ..f distributions into an even number of jxiix-els, no two
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of which are alike, is in excess or in defect by unity of the number of

(iistributions into an uneven number of such parcels according as n, the

number of objects, is even or uneven."

26. To further develop the Theory of Symmetric Functions it is necessary

now to introduce the differential operators of Hammond*.

HamTnond's Operators.

We consider the relation

(x - a,) {x-a,)...{x- an) = ^" - «i-'^'"~' + (^2^'"'- + (-)"««.

which connects the quantities a with the elementary symmetric functions a.

If we introduce a new quantity fju by multiplying each side hy x-fi

we find

(x - fjL){x- a,) {x - Oo) ... (x - On)

- a;«+i - {a, + fi) x" + {cu + 1x0^) x''-^ - {ih + fJ^fh)
x""-- + ...;

and if we suppose, for the old relation, the symmetric function equality

(pVpl'Ps' •) = 4> ("1. "2, "3, •) =
<f>

then, for the new relation,

{p'l^pl'p?...) + fi^^{p?-'pl'pl'---)+H''HpVp?-'p.'''-)+f^''^

=
(fi ((?, + fi, a.. + fjMi , cis + fxiio, ...)

id d d
where rfi = ^— + ai ;7— + ('2 7— + • •

•

a(t, aa.2 aa^

and {d\) indicates that the multiplication dj x tZj x rf, x ... is a symbolic

multiplication as usual in Taylor's expansion.

{d\) is thus an operator of order s and is in contrast to {d^ which will be

held to denote s successive operations of the linear operator di.

Writing further -(c^i) =A ^ve find, by a comparison of the coefficients

of like powers of fi,

D^^ipVpVpV) = {pV-'pl'pl' -)\ DpipVpVpl^ -) = {p1'P'^''^Pl' )-^

Ds{pVpl'pl'--') = ^-^

if s is not included among the parts jJi,jl>.2, JJ3, ...

;

and D,{s) = \.

* " On the Calculation of Symmetric Functions" by J. Hammond, M.A., Proc. Lond. Math.

Soc, Vol. XIII. p. 79. 1882.

" On the use of certain Difierential Operators in the Theory of Equations " by J. Hammond,

Proc. Lond. Math. Soc, Vol. xiv. p. 119. 1883.
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Thf (.'rtect fif I>, ujx)n any .syinnietric fuiictittn denoted by a partition is

ti> obliterate from such jMirtition a part s. It is usual to term the D's

obliteniting o|K'rators. It will be noticed that the oijemtore D obey the

coininutjitive law, viz.: 1)^,1),, = D,fDy,i\w\ in their combinations with constants

and with each <»llit r tiny al.s(» olny the other ordinary laws of algebraic

quantity.

\Vf will write in i^erit-ral

(/ d d
dA = J— +t^i T~ +"v J 1---.,

diiK diix+i duj.^.,

and then the operatui-s I) and (/ an- those with which we shall be princij)<ally

concerned.

27. Ltt us first study the effect of two successive operations of (/,.

A first ojMiatioii of il, \i\u>\\ an o[)erand /'yields a sum of terms siuiilar t^

du.+i

a seconii operation of </, ii])on this term yields a sum of terms similar to

"'dur+i V' da,+i)'

which is a^a, %^-+a.p--^;

the second term vanishing unless r+l=s. Ob.serve that the first tenn is

arrived at by .symbolic multiplication of Ur-, and iig-j and that the
dar+, dus+i

second term, when it is not zero, is arrived at by operating with Or-j

ujKin <'« J *-
. reganling the latter as a function of the .symbol of (piantity

(/, ojdj/.

It follows that we may write

{d,y = (dt) + d,fd„
the .symbol f indicjiting that rf, which precedes it operates upon rf, which
succeeds it on the aupp^)sition that thi> operand rf, is an explicit function of

the synibt)ls of quantity only and not of the <litVirential invei-ses. Since

fi, f rf, = rf, we have

((£.)' = (rff) + f/,;

ami grnerally {d,){d,) = (d,d,) + d,^,.

A like theorem obt.iins whi-n the o[)erand is an <iperator of any onler.

Thus uh)UK) = ~ (rf.)(rfr)=;^,(rf.rfo+ (^-^
j^

,
(r/.„dr-').
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Wo shall SCO that the algebra of these operators is parallel with the algebra

of symmetric functions, D^ corresponding to u^ or (1'), and (Ik to s^ or (\).

Thus the relation above {dif = {d\) + d^ may be written

wherein we disuse the bracket in the case of the B operators so that D\

denotes the operation A twice performed. This operator relation is to be

compared with the symmetric function relation

(2) = af-2«, = (l)2-2(P).

Also the operator relation

{d^){D,) = {dKD.)-\-{d,^,D,_,)

is to be compared with the relation

(X)(P) = (X, l') + (X+l, l"-)

in symmetric functions.

Now if we take the expression

d, - (f/._0 (A) + (^A-.) (A) - . .
. + (-)^-'(^.) {Dk-.\

and make use of the formula

we at once reduce it to { — Y~'^\Dk-

Hence rf, -(rf,_,)(A) +(f^A-.2)(A) - •• +(-r^A = 0;

and we compare this with Newton's Rule for the sums of powers of quantities,

viz.:

Sa - Sk-iOi + Sk-,(i-> - ... +(-)^XaA = 0.

We find that d,^D^,

d,= Di-2D,,

(^, =A-3AA + 3A.

d, = D\- WID, + 2A + -tAA - -i/),

,

and in general ^a = [X], Da = [P] where the brackets [ ] denote symmetric

functions of the fictitious quantities which are roots of the equation

1 - 2/-^A + y"D, - y-'D, + . . . = 0.

The differential operators corresponding to the other symmetric functions

in square brackets may be found. Thus, from a formula above,

and since I^Q^alf = a\,s^ — 6A^.^,

we see that (o?Af^^) = [X/i,].
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Moreover, the easily obtainable results

(di) = (dx)--dnK,

(dl) = (d^y - 3 (rfx) (^sa) + 2d,,

,

{d^dl) = (d,) (d^y - (d,) (d^) - 2 {d,) (d,^^) + 2d,+,^,

(d,dM =W (4) (d.) - (d,) (rf^+.) - (d^) (d,^.) - (d,) (c?a+m) + 2(i,+^+„

when compared with the expressions of 2£a^a2> Sato2 03» -«fa2a3> Sa^o^aJ,

by means of the sums of the powers of the quantities a, shew that the

similarity of the algcbnis of quantity and operation leads without doubt to the

result

^j^(di«...)=[xy» .»...].

The operators d\ form an algebraic group in the sense that their algebra

is wholly comprised within the limits of the group. This arises from the fact

d\ t df, = dK+^,

where the right-hand side depends merely upon the sum X. + /i and not upon

the actual values of X and /a.

28. Consider any linear function of the operators of the system, viz.:

it] = vi^dx + vudn + 7n^d-i + . .
.

;

and put Ug = n^ \- Ug_^ ; so that there arises a system of linear operators

Ui, U^, Ua, ....

We find u.^ = u^ f Ui = m\d2 + niiin^di + miniidi + mimids + ...

+ nu. nil d^ + mldi + m^m^d^-^- ...

+ msViidi + m^m^d^ + ...

+ iniinid^-\- ...

so that if we write u^ = viid + m^d^ + m^d^ + tiiid^ -\- ...

,

where symbolically dg is written c?*, we have

M2 = {m^d + m-id"^ + mgd^ + viid* +...)-;

and in general Ug = (m,cZ + m-^d^ + m^d^ + m^d* + . . .y

;

w« t M« = ^«+«

;

from which it may be gathered that the operators u^, u^, ?/,, •• 'ilso form

a group in the above stated sense.

Moreover (u^y = ( mj) + ti^

,

(u^y = (u\) + 6 («,«?) + 3 (ul) + 4 {u,u,) + u„

^"'^* = - (X!)^(M!r...^!m!...
^"^< •••>'

wherein l\ + nifi -f . . . =
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Hence by addition

1 + 1.+^''^ +^ + ...=11 (^^<->
2! 3!

•
,=0 (X!y(/t!r---^!wi!../

Observe that on the right-hand side the operators are of order s.

Now consider exp
( «i + s^ + o^ + . .

.

)

,

the bar over exp denoting that in the exponential expansion the nmltipHca-

tions of operators imply algebraic combinations and not successive operations.

A simple application of the multinomial theorem yields the formula

exp^u,+2i + 3, + --j ^ro'-(X!y(/.!r...^!m!...'

and thence the important result

exp u, = exp i^u, + ^^
+ - + ...

j ,

where on the left-hand side, on expansion, the multiplications, or powers

of Wi, denote successive operations.

Since u^ = niidi + m^di -\- ni^d^+ ...

if ih +|-! + 1; + •• = ^^1^1 + ^^^2^. + M,d, + ...,

we must have

exp (niidi + m-^d^ + m^d^ + • • •) = exp {M^dy + M^jl^ + M^d^^ -\- ...),

wherein the coefficients M are connected with the coefficients m in such wise

that, y being an arbitrary quantity,

exp {m,y + m,y' + m,y' +...) = !+ M^y^ M^y' + M,y' -I- . . .

.

To see how this is observe that

may be symbolically written

exp {m^d + mod" + rii.d' +...)=!+ M^d 4- M.d^ + M^d"" + ...;

and that we may replace the symbol d by an arbitrary quantity y.

We derive the relations Mg = 2 t,—7—

-

where l\ -\- nifju + ... = s

;

llm\ ...

so that the theorem assumes two forms.
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(i) If the coefficients m be arbitrary

cxp (/«if/, + in,,d^+ iih^h + •••)

= exp I ?/i,rt, H ni— "-t + ijj "3 + •• • j

"

(ii) If the coefficients M be arbitrary

exp {M^d, + ;!/.//, + il/,(/, 4- . . .)

= exp {3/,r/, - i ( 3/r - 23/,) ri, + J (if? - 3iV,3/, + 3J/,) rf, - . . .}.

As j)articnlar cases; we have

cxp rf, = exp
( ^1 +

2I
"*"

3"'
"*"

)
'

which is Sylvester's Theorem.

Als<

)

exp rf* = <-'xp f ^A + 2 ! '^.iA + .^. ^3A + • ••
j ;

cxp rfx = t'xp (rfx - ^rf-M + i^ - • • •)•

We say that an oix'rator is of weight \ when the effect of the operation

is to reduce the weight of the operand by the number \. The two operators

so far considered, viz. rf* nnd Z>a, Jire called linear-weight and obliterating-

weight ojx'rators respectively. In the sequel we shall arrive at partition

ojK-mtors and at this point we may proceed to the theory of pirtition-

oblitcrating ()|x'rators from a C(jnsideration of the mode of oj^eration of the

weight-obliterating operator upon a product of symmetric functions each of

which is symbolized by a partition. We shall thus advance, fis will be seen

in the seqtiel, a very important step in the theory of distributions and als<i

obtain a jx)werful means for the handling of symmetric functions.

Operation of JJ^ >'pon a Product of S)/m metric Functiuns.

29. L.t (t>„ .s= 1. 2, 3, ...m.

d( note a symmetric function, symbolized by a single partition, expre-ssed in

tcnns of the elementsiry functions a,, a.,, a,, ... ; and put

(f)
=

(p,(f).j4>,
... 4>m-

If to the (juantities a,, a.,, a,, ... a,„, from which the functions are derived,

we arid a new quantity /a, we have seen above, Art. 2t), that

<^, becomes (1 + />,/x + A/x^" -I- . . .) <^,

;

hence (
1 -I- />, /i -»- /A./x- 4- . .

.
) </>

= (!-»- 7),^-»-A/i'4-...)<^,

x(l4- Am + A/*'+-)<A.

X

x(i -\D,^l^D,^i?^...)4>,„.
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We may now multiply out the right-hand side and then equate coefficients

of like powers of /x.. We shall thus obtain on the left-hand side D^<f) suppose

and on the right-hand side a sum of products such as

wherein clearly (XyX^X^ ... \,„) is some partition of \ into m or fevjer parts.

Restricting attention for the moment to this particular partition of X, it is

obvious that we have a sum

the sign of summation extending to the whole of the permutations of the

factors

«^l> </>2; </>3, ••• </>»-•

We have a similar sum of products for every other partition of \ into w
or fewer parts ; so that we may write

i>.<^ = SS i)A,</>i . i)A.,</), . i)A3<^3 • • • DkAs </>..+! • • • <^m ;
s^ m

and the double summation is in respect of

(i) every partition of X into m or fewer parts
;

(ii) every permutation of every selection of 8 out of the m factors

</>l. <^2, <^3. ••• </>)«•

It will be noted that m;iny of the ])roducts will as a rule vanish because

unless the partition denoted by 6 contains a part p.

Hence the operation D^ is performed upon </)i<^o03 •• ^m by abstracting

every partition of X in all possible ways from the product, one piirt at most

being taken from each partition.

We may conveniently write

2i)A,(^l . D,,<i>, . 7)a303 . .
. IhA^ . 0.. + , . .

. i>,n

= i>(A,A.,A3...A,) </'l0J<^3 ••• 0m ;

and name D(a,a.^a3...a^) a partition-obliterating operator.

Then D^<l),(f).(f>., ... (}>m = (2i)(A,A,A3...A,)) <f>i<f>,(f), ...
(f),,,-

and i)A = --D(A,A2A3...A,),

the summation being in respect of everi/ partition of X ; for those partition

operators which have more than ni parts will not add anything to the result.

We have thus expressed the weight-obliterating operator ;is a sum of

partition-obliterating operators; and this is one step towards the generalization

of the Theory of Symmetric Functions in which numbers are rephiced by

partitions of numbers.

M, A. 3
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Kxaiupl.-

:

/>, = /)u. + Jhn) + />««. + />(.-»» + ^(i«.

so thjit if the o])* raiitl is syinbolized by a single pjirtition

/>, />,..

It has bmi uu-utiunrd that in MjMTating with a partition-obliterating

ojMrator u|)on a product, it is necessary to pick out the pjirtition from the

pnxlurt in all |)ossible ways, one part at most being taken from each factor.

It is this circumsUmce that makes the imrtition-obliterating operator a

valuabli' instrument in the Theory of Distributions.

30. Thr o|Mnition of 1)^ u\y(n\ a pnxluct of symmetric functions has

bi-en eoiuu'cted with the jKirtitions of \ and with every way of picking out

such partitions, one pirt from each factor, from the protluct. This hius

necessitated a summation in regard to all permut^itions of the factors of the

pnMluct. We can get rid of such |X'rmutations by associating \ with its

com|K)sitions (see Art. 8) instead of with its partitions. Thus supjx>se X. = 3

and the (tjH^rand 4>t<t>,<f>j4>i; we will preserve the order of these fact^jrs and

a«H<K'iate the miinlHr '.i with its comj)ositions into exactly four pirts (there

being four factors) where zero is admitted ;is a part. It is convenient to

nprcsrnt zero in this immexion by the symbol &> and then the operation

of />3 will be appaniit in the scheme

<^l <^2 <^3 04

''^ (o to (o

1 fi) (0

0) 1 0.

fit O) 1

2 « I

ibol (1) and then the

i>) <f>j <^.. 4>^

1 2 fO 0)

1 a, 2 (1)

1 CO fi) 2

r.> 1 2 M
ro 1 r.) 2

to (0 1 2

1 1 1 (O

1 1 fi» 1

1 ay

r.. 1

1

1

I

1

where for example the seventh row of figures indiwites that a part 2 is to be

deleted from </>, and a part 1 from 0,; <f>.,
and (^, being unatfected by the

symbol to. It will Im- noted that the ojxTation of 7^, is split up into 20 parts,

20 being the number of comjwsitions of ,S into exactly four jmrts, zero being
admissible as a jwirt. The symbol to has no effect ; it is merely introduced

in onler to shew the law.

(^tenerally the number «)f comjiositions of \ into exactly w j);irt-s, zero

juirts admissible and m | \, is equal to the coefficient of .r* in the eximnsi«)n of

(1 +a;-»-ar»+ar»-|- ...)"•

•hieh rv)
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This idea of associating the operation of A, with the compositions of X,

and so splitting up the operation upon a product <^i </)o ...
(f>,„

into

portions without any permutations of the factors of the operand enables us at

once to generalize the theorem.

For the theorem may be written

where the order 0i, 0.,. ••• (f>m remains unchanged and the summation is in

regard to every composition (XjAo ... X,„) of X into exactly in parts, zero being

admissible as a part. We now operate upon the representative term on the

dexter, viz.:

with D^ through the medium of the compositions of ^ into exactly m parts,

zero being admissible as a part. Thus

leading to

On the right-hand side there will obviously be

/7?i + X - 1\ fill + yti - 1\

{ X )[ >.
j'^™^'

for we have to associate every composition of X with every composition of ft.

In general we may write

I\D,D,...{4>,<f>,... <!>,„)

= 2^2 . . . D,^D,^D,^ . . . c^, . ]\^D^D,..^ ...(/,,.... i)^,,, i),„. i).,„ . • . 0,«

and the number of terms on the dexter is

/m + X - 1\ /m + yti - 1\ hn + i/ - 1\

31. So far we have been concerned with a system of operators for use

when symmetric functions are expressed in terms of the elementary symmetric

functions a,, a^, a^, ...; we must now find another system for use when

the functions are expressed in terms of the homogeneous product sums

^1, ^2, ^3. ••• •

We may evidently write

{x-(x,){x-a^){x-a.;) ...

= X'' - /i,a;»-i + {h\ - K) oc^--" - {h\ - 2h,h, + h,) x''-' +...

since we know the formula for expressing any a in terms of the quantities h.

3—2
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The intrcHluction <.f a new factor (.r-^)()n the left-hand side causes /i^ to

become

and thence any finicti..n 4> .«f A,, /',, h„ ... becomes

or <^ + {KS, + K'L-\-K'B,+ ...)4> + ^,{xS, + K"-B, + K'8,+ ...y<t> + ...

and ih.' multii)licati..ns of ..jKTiitors are algebraic as in Taylor's Theorem.

This e.\|iressinn nuist be written in the form

where A, = 8,

,

2! A, = (8?) + 28,,

t . 7/i . ;i . . .

.

and /A. + /"/i + »f + • • • = s.

I'^miii these relations we deduce

8. = A.,

S, = -(Aj-2A,).

8, = A^-.SA,A, + 3A3,

8, = - (AJ - 4Af A, + 2AH + 4A, A. - 4AJ.

8,= M.

where \s\ is formed from A, , A,,, A^, . . . in t ht' same way as (.s) from A,
, //,. /'i,

.

The intrwluction of the (juantity k causes

{\' fJL'" v" . . .)

to become

(\V''"--) + f*(^'V"""---) + «''(^'M'"~' ''"•••)+ K" (X' fi'" f"^' ...) + ..

.

;

and if
<f)
= (X'/i'" »'"•)

this is also (1 + «-A, + /f-A, + «' A, + ...XXV" »'"•••)

i

yielding the results A* (\'/i"'»''*--) = (^'"V"""-).

A^ (XV" «'"
• • •) = (XV"~' I'"

• • •).

A',A;A:...(\V"'j/"...)=1;



CH. IV] PARTITION OPERATORS 37

and if s does not occur among the parts X, /a, v, ...

A,(A.V"'^"---) = 0-

It will thus be seen that Ag when operating ui)oii a function, symbolized

by a partition, is precisely equivalent to D^.

The further conclusion is that there exists in regard to the // functions

a theory exactly parallel to that of Hammond in regard to the a functions.

Thus if'

(xy";.«...) = </>(/^,/'.,/'3, ...)>

we have the corresponding operator relation

(S18-a«...)-/!m!7;!... = </)(Ai, A,, A3. •••)•

Ex. gr. Since (21) = - ^h, + 5h,h, - 2hl

we have (B,S,) =-SA,+ 5A,A, - 2AJ.



CHAPTER V

AI'l'LICATIONS OF THK OPKRATORS d AND D

32. It will hiivf bi'i'H observed that every symmetric function foniiula

which involves the monomial functions {pqr...\ the elementary functions

(I,, a.t, Uj, ... and the jjower sums (otherwise one-part functions) *,, *„, s,, ...

gives a relation between the operators and ince versa. Thus

(2'") = ul. - 2a,„_,a,„+, + 2(/„,_.,rt„,+o - . . .
( - )"* 2ao„,

gives (rf.r) -//<; = />;-2A,._.z>«+, + 2D,,_,ik,^,-... (-)"'2Z)„„.

The operators may be applied to the calculation of the expression of the

function (X'/x"* »'"•••) in tenns of the elementary functions.

It must first be noted that if."? > m

Also if s = ///

/>„. 'V, '';.•.••• 'V-. = A,. (1^0(1^') .•.(!''"')= <';,,-,";,.,-, ... (';,„.-..

It follows from this that the function (\'/x"'i'" ...) is of degree \ when

expres.sc'd in terms (»f o,, u^, Os, .,., for clearly Ds{X'fi'"v" ...) = if a>\.

We may therefore write

( \V" J^" . .
.
) = S Pdp^ dp., . . . <ip^ + terms of lower degree.

Thence opemting with />a ^ve find

(\'->'" »/"...) = :lP(/p, - 1 Up.^ - 1 ... r//,^ - 1

,

or, in wonls, a unit diminution of suftix in the terms of highest degree in

(\'^"« „"...) gives immediately the complete expression of (V-'/*"*!/" ...).

Moreover suppose that we are given the expression of (X'~V" j/"
. . . ) and

that we make it homogeneous of degree X by introducing into the various

terms the proper {)ower of a,,, we see that a unit increjise of suffix throughout

the expression gives at once the whole of the terms of highest degree in the

expression of (X'/i"*!'"...).

Next suppose that

( *XV" »'"...)= S Pay, ap„ . . . up^ + terms of lower degree,
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the operation of D^ produces

indicating that we produce (X^ fi'" v"^ . . .) by making a unit decrease of suffix

in (KX'fM'^v^...) and subsequent division by c/J
'^.

Moreover starting with the expression of (X.'/x"'i^"...) we have merely to

make it homogeneous of degree k by introducing the proper power of (to into

every term and then make a unit increase of suffix to obtain the whole of

the terms of highest degree in the expression of (/cXV"'^" ••)•

Ex. gi\ Since

(3) = u\ — Sa^UiCi., + 3«oa:,

we find (53) = a\ (al — 3t/i «.,a. + 3«, Wj) + terms of lower degree.

33. If in the equation

we operate on the right-hand side Avith d^, d>, d^, etc. ... and on the left-

hand side with their equivalents

A, Dl-'^D,, i)J-3AA + 3A, ...

we obtain a set of differential equations of the first order all satisfied by /.

If K be an integer, less than %l\, none of whose partitions are contained in

we have a differential equation of the form

and thus, frequently, we are able to calculate / without reference to known

values of symmetric functions of lower weight. Thus if/= (3-)

d,f=0, d,f=0, dj=:0, dj=0,

and, without using dif= 0, we find

(3-) = al — 3«i«2a3 + Saia^ + tiaj — Sa.M^ — 3ai«5 -i- Sag.

The remaining equations may be employed when Tables of functions of

lower weight are available.

The operation of d^ = A alone naturally derives a Table of weight w — 1

from a given Table of weight w.

The operator a„ when performed on a function of weight n, or on a

function which does not involve an a with a suffix greater than n, reduces

to -j— ; and similarly the non-linear operator (d\d^d^ ...) reduces to

d d d

da,, ' da^ '- da^

when the operand has a weight \ + fi + v +
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IlmniHimd'it Proof of the Second Law of Symmetry.

34. It h.us hc.u shi'wn that there is a complete correspondence between

symiiM'tric Jiincti<tns and operational fominhus. Thus suppose that the two

syiiiimtric functions (;>vr...), (;),7,r, ...) of like weight are developed so as

to give
(/Kyr...)= ••• + ^";.,"7i"'-i • •

+ (")•

(;'i7.'*i •••) = ••• + A'a^,a,,ar... + (a).

W«' have to sht w that A ^ A'.

Thr Hrst equation ((/) leads to the operator formula

{ci^d,dr...)^... + AI),JJ,J)r,. .. + ...

an«l using each side of this on the opjKisite side of equation (</') we find

(... 4 An,J),J>r, ... + ... )(;'.7.'-. .. .) = {d^d,,dr.. .)(...+ A'cif^a^Ur. .. + ...).

Now the left -hand side is equal to A since

and the remaining operations cause {p^qiVi ...) to vanish. Also on the right-

hand

lid - ^ d d
^ ''

'^

ddp' duq' dur"

since the operand is of the same weight p-\- q + r + ... ; hence the right-

hand side is equal to A', the remaining terms of the operand vanishing

under the o|)eration. Accordingly

A=A\
establishing the theorem.

The retjuisite modifications can be made in the proof when there are any

equalities between either the parts ;>, q, r, ... or the parts p,, 9,, r,

35. To prove the reciprocal theorem, write

ayagar...= ... -\- B{p^q,r^ ...)+ (6),

"p. "vi«r, ••• = ... -\-B'{})qr...)-\- (6').

From e(|uation (6) we derive

D^l\Dr... = ...^-B{dp^d,^dr,. ..)+...

and ojK'rating as before on the relation {b') we find

B = B\

establishing the reciprocal theorem.
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36. We may now generalize these results.

Suppose that, of the same weight, we have two results

Equivalent to the first of these results we have

and since (^^^m^"-) = L __ /AV(AV f-^V...
l\m\n\... ~ l\m\n\ ...\daj \daj \daj

""

when the operand is aj^a™«" ..., a term of the same weight as the operator,

llmlnl... ^ '' "

and moreover D^ D'^! B^. . . . (X'^' /i'™'
y'"'

. .
.
) = 1

;

we find by operation of the operator identity upon the two sides of the

second of the two results in symmetric functions

As an example of this elegant theorem take from Tables the two formulas

(4) + (31) + (2^0 + (2P) + (P) = - a, + 2a3ai+ af - ^aM\ + «!,

a, + a,a, + a| + a,a\ + at = (4) + 5 (31) + 9 (2^) + 20 (2P) + 47 (1^).

Now multiply each coefficient in the first relation by the coefficient

immediately below it in the second relation so as to obtain the relation

Ixl+lxl+lxl+lxl+lxl=-lxl+2x5+lx9-3x20+lx47
or 5 = - 1 + 10 + 9 - 60 + 47,

which is true.

Similarly since (21)= a^cu —Sets,

a\ = 3 (21) + (3) + 6 (P),

= 3-3 = 0.

Applications of the Operatoi^s S and A.

37. If the student has grasped the method of employing the operators

d and D he will have little difficulty with those now under discussion.

The following results are easily verified :

^shm = hm-s, if s < m ;

^wh'JCh'l •.• = !, if /X + m/x + nv + ...=w.
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It fuUows fnmi this last result that if the symmetric function (iv) be

expressed in tenns of /«,, A,, I13, ... the sum of the coefficients in such

expression is unity. But that if any other symmetric function, symbolized

by a singN' partition, be so expressed the sum of the coefficients is zero.

It in thf •Mjnaf inn

(\V"'»'"-)=<^(/'.. /'•.-. /':., ••).

Wf upcratf ort tJn- right-hand sidr with S,, S.j, 83, ... and (ju the left-hand

side with tin- r(|uivalents

A,, -(Ai-2A,), A?-8A,A, + :U:„ ...

we obtain a set of differential equations of the first order all sjitisfied by
<f),

and thus it is just as easy tt> civlculate symmetric functions in terms of the

functions // jis in terms of the functions a. But it will be found that in

evei't/ case an // product presents itself in correspondence with every jijirtition

of the weight ; there are no cells empty in the sijuare table an(] every

syuiUKtrif function in bi-ackets ( ) isof degree G when expn's.sed in A,, h.,, h,,

New Proof of the First Law of Symmetry.

Taking the two relations

{pqr...) = ... -f AhJiJ,,^ ...,

(/;,7,r, ...)= ... + A'li^}i,Jir...,

the first gives rise to {8^8,,8r...)= ... + ylA^, A,^, A^, ...

and pt-ifoniiing the sides of this upon the opposite sides of the second relation

we find

A=A'
which establishes the direct theorem. For the recipiocal theorem write

h,,hji,.. . = ...+ Bip,q,r^.. .)+ ...,

li,,,h,,Jir, ... = ... +B'(p(p' ...)+ ...
;

from the first relation

\A.Ar--- = --- + JH^AA,. ..) + ...

and this, cond)ine(l \fith the second relation, gives

B = R.

If there be repetitional numbera in the partition we have merely to introduce

the apj)roprinte factorials aiid the proof proceeds in a similar manner.

General Law of Symmetry.

38. Suppose that we have any two fonnuhis of the .Siime weight
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The proof proceeds precisely as in the case of the functions Ui, a... Ua, ... and

we find

Ex. gr. Take any two formulas from the Tables such as

h, + h-A + H + hJii + h\ = 5 (4) + 12 (81) + 16 (2-') + 27 (2P) + 47 (1^),

(31) =-4>h, + 7hsh^ + 2/i| - 7M? + 2h\,

multiplying together the coefficients of corresponding terms we have

1 =-20 + 84 + 32 - 189 + 94

which is right.

Operation of D or A upon a product.

39. Example 1.

A (43) (2) (1) = {i).,,, + D,3,„} (43) (2) (1) = (3) (1) + (4).

Example 2. D, (1)" = Z)(^,^(l)« =Q (1)"-.

Hence at once the multinomial theorem, for if

(l)« = 2iJ/(\y"j/"...),

we have ly^ D"; D;' . . . ( 1
)" = M

and thence M
(\!)'(/ii !)-(!.!)«

the symmetric function expression of the multinomial theorem of algebra.

Example 3. The operators may be freely used for the purpose of

multiplying symmetric functions together. Thus suppose we require the

coefficient of (543) in the development of (321) (21) (21) ; writing

(321) (21) (21) = ...+^(543)+...

we find A = D,D,D, (321) (21) (21)

;

now write D, = i),32) + D^,n} + D^.^,^

,

.-. A(321)(21)(21)-(.21)(.l)(21) + (.21)(21)(.l)

+ (.21)(2.)(2.)

+ (3.1)(.l)(2.) + (3.1)(2.)(.l) + (32.)(.l)(.l)

(the dot indicating the part picked out)

= 2(21)(21)(1) + (21)(2)(2) + 2(31)(2)(1) + (32)(1)(1);
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jiiul since A = D(mi + i5(3ii)

,

AA(321)(21)(21) = 2(.l)(.l)(l) + (21)(.)(«) + («l)(-)(2) + (.l)(2)(.)

+ 2(.1)(2.)(.) + 2 (2.) (•!)(•)+ 2 (3.)(.)(») + (3. )(.)(•)

= 3(a) + 0(2)(l) + 2(l)(l)(l)4(21):

and sincf A = D,j) + /),...,) + /^dm .

/>J),A(321)(21)(21) = 3(.) + 6(.)(.)+2(.)(.)(-) = n.

Hence on mnltiplyinp out (321)(21)(21) we get one term 11 (543).

In like manner the other terms can be obtained.

'I'll'- inti^t iiiiiKMlaiit aj)j)licatit)ii of these ojK'ratoi-s is jxtstpuned to

St'Ctid?! \'.



SECTION II

THEORY OF SEPARATIONS

CHAPTER I

THE ALGEBRAIC THEORY

40. In the foregoing Section the Theory of Symmetric Functions and

the Theory of Distributions have been developed together up to an interesting

point. The theories have been mutually helpful but a new idea will now

lead to more interesting and refined developments in both theories. The

notion is to associate the Theory of Symmetric Functions not with a number

but with the partition of a number and to shew that the theory of Section I

is that particular part, of a more general theory, which is associated with

that partition of a number which is composed wholly of units. This leads to

a great advance in the algebra and the Theory of Distributions proceeds pari

passu— at one time being urged along by the algebra, at another time pulling

along the algebra after it. The relation of the theory of Section I to the

theory of this Section will become clear, and attention will be drawn to those

theorems which are quite general for every partition and to those which are

peculiar to certain partitions.

The Separation of a Partition.

41. A partition of any number is "separated" into "separates" by writing

down a set of partitions, each partition in its own brackets, from left to right

so that when all of the parts of these partitions are assembled in a single

bracket, the partition separated is reproduced. We thus obtain what is

called a " Separation " of the partition.

Thus of a partition (PiP^PsPiPs),

( PiP-^ ( P,p,) ( p,), ( PiP^pd ( P^p.l

are separations. The first and second of these are composed of separates

(PiP^), (PsPildh); {pipaPsXip^P^) respectively.

Just as we speak of a number, qua its partitions, as the partible number,

so we speak of a partition, qua its separations, as the separable partition.
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42. It is convenient to arrange the separates of a separation in descending

order of magnitude of weight or content from left to right. If these

successive weights be w,, w.^, w^, ... the separation is said to have a

" Specification
"

and it nuist ho noticed that both the separable partition and the specification

(if its St -panition arc " partitions of the same number."

The sum of the highest part of the separates of a separation is called the

" degree " of the sejwiration. Thus the separation

{Pxlh){lhl\){lh)

hjus a siKcification ( /», -f /).;, ;>, + ;)«, jh) and a degree ;>, + /), + /).,.

43. If the st'|)arat( H are some of thein repeated in a separation we have

the notion of " multijdicity." Thus if a separation be

(y,,...y.{;>,...y'(;)3...y>...

the inultiplieity is defined by the succession of indices

./i. js. J3

Admitting unity as a possible value of a J, it is ch^ar that every separation

has a "multiplicity"; the sum of the multiplicity numbers is ecjual to the

number of .separates which apjjear in the separation.

Evcrj' separation hjis the characteristics (i) weight, (ii) separable jjartition,

(iii) specification, (iv) degree, (v) multiplicity. There is also a sixth

chanictoristic which will be reached and considered presently. At present

the infjuiry must be into the number of scpjirations possessed by a given

partition. Let us have before us the whole of the separations of the partition

they are (^V).

(\»(/t), (X^')(\), (V)(^'), (V)*,

(\')(/.)^ (X)Ma^'). (X/t)(\)(/i),

WW.
We observe that the niunber of the separations does not de|)end upon

the absolut<> values of \ and pi but merely u|x»n the rep<^titional exponents

2 and 2 which present themselv(\s in the se|)arable partition. The next

remark is that sej){irati«»ns correspond to every pirtiiion of the " multipartite

number" (22). These partitions arc

(22), one part,

(21 )(()!). (12) (10), (20) (02), (11)\ two parts,

(20) (01)', (10)^(02), (11) (10) (01). three „

(lO)'(Ol)', four „
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nine in number. In fact we see from Section I that these bipartite partitions

correspond to the distributions of objects of type (22) into one, two, three and

four similar parcels respectively. The notion of multiplicity arises naturally.

It will be remembered that in Section I it was found that the considerati(jn

of a symmetric function

could be dealt with for most purposes by merely considering the numbers

X, fM, V, .... So for some purposes a partition

can be dealt with by restricting the attention to the repetitional numbers

ITI, TTo, TTg, ...
j

and we may say that the multiplicity of the partition is

I

TTiTTaTTs... |.

In the same notation we say that the multiplicity of a separation

(p,...)J^(jj,...y^(p,...yK.. is \jj,j,...\.

We find instances where it is only necessary to consider the multiplicity

of a separation. It will be observed that qua partition (XV") has a multiplicity

I

22
I

but qua separation a multiplicity
1
1 |.

It can now be asserted that the separable partition

ipJ'p^'Ps'...)

of multiplicity
|

TTiTr.^Tr.,...
j
has separations which are in one-to-one corre-

spondence with the partitions of the multipartite number

(TTiTTaTTa...),

and with the distributions of objects of type (TTiTTnTTj . . .) into parcels of type (m)

when m may have all integer values from 1 to Stt.

In the particular case of the separable partition (p") the number of

separations is equal to the number of partitions of the multiplicity tt.

Groups of Separations.

44. The separations of the partition (A.'>') were arranged above according

to the number of separates that made up the separations. There is a much

more important arrangement. If in the separations we strike out fi altogether

we are left either with (X-) or with (X)(X); similarly if we strike out X we

are left either with (/i^) or with (fi) (/x). In fact in any separation X considered

alone occurs in one of the separations of (X-) and
fj,

considered apart from X

occurs in one of the separations of (/u,-).
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Those separations which inv(j|ve both X an«i /x in identical separations

of (X'), (/i') respectively form a group. Tht-re are thus four groups associated

with

or, attending only to exponents, we may write these

r?r[(2),(2);, Grl(n(2)}, Gr\{2),{\% Gr [{\% {V)] •

and uc find for Gr {(2), (2)} (X>=), (V) (;*').

Gri(P),(2){ (X^^)(X), (X)-'(m').

Gr{(2).(P)j (X»(/.), (X')(^)',

Gr\{\%{V)] (X/mY, (X/i)(X)(/.), (X)M/i)=.

In the case of the separable partition (/)") there are as many groups as

there are seiwrations ; each group c(Mitains one separation only.

It is clear, in regard to a separable partition

that there will be a grou}) corresponding to every way possible of jissociating

a partition of tt, with a partition of tt^, and in general if P, denote the

number of partitions of tt, the number of groups of separations appertaining

to the separable partition

l\,p..p

The sixth characteristic of a separation is thus the group of separations

to which it belongs.

The usual Tables of Symmetric Functions comprise results such Jis

(8) = (i>^-8(i)(io + :i(P)

and the reader will observe that on the de.xter, to numerical coefficients

pres, each term is a sepamtion of the sejjanible partition (1*). In general a

Table of weight v) gives the expressions of all symmetric functions symbolized

by a single jwirtition of w iis linear functions of sejjarationsof the pirtition (l").

The theory of Section I is in fact bsised on the particular partition (!•*) of

the number ?/> and is thus a unitary theory. We are about Ui see that there

is a theory biused nyum any partition of w selected at plejisure and that there

is also a parallel Theory of Distributions.
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Generalization of tJie T/teori/ of Section I.

45. In Section I we considered the distribution of // objects into n parcels

and found that the Distribution Function of n objects into parcels of type

(i?i5'iri . . .), where /)i + qi + t\+ ... ^ n, is

Itpjlqflr^—
We analyse this result in the following manner:

Write Ci = (l)6i,

c, = (2)6, + (P)6^

C3 = (3)6, + (21)6,6, + (P)6?,

C4 = (4) 64 + (31) hA + (20 hi + (2P) h.Jji + (1^ b\,

and in general

the summation being for every partition of the number s.

Observe that, if 61 = 6„ = 63 ==... = 1, then c^ = /^s.

Consider the result of multiplication

in the product Cp,c,yjC,.j ... every symmetric function product that presents itself

is a separation (of some partition of weight p, + g-j + r, + ...) of specification

(i^i^'i^i---) j the partition of which it is a separation will become manifest on

inspection of the 6-product to which it is attached. Thus if the attached

6-product be

it is clear that it is a separation of the partition

(6-r'4^4'...);

hence P must be a linear function of separations of the partition

(5r'4^4^..)

each of which has a specification {plqlr^...).

It can now be shewn that the linear function P is also the Distribution

Function of n objects into parcels

{pi<hr,...)

when the distributions are subject to certain restrictions.

Recalling Section I, Art. 10 it will be seen that we considered the

particular case of distribution of objects of type (321-) into parcels of type (43);
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we wroto <lowii //, and //,, at length in terms of the quantities a, /3, 7, 5 and

found that term of the symmetric function (.S21-) which arose from the

multipliwition a'^x^yS; we 8upiM)sed the letters oaayS to be four objects

placed in similar parcels (one object in each parcel) of one kind and the

letters /SyS to be three objects placed in three similar parcels of a second

kind. In the present theory the product a»/3 being a term of the symmetric

function (81) would have the literal product 636, attached to it, and the

product ^yS b<'ing a term of the symmetric function (P) would have the

product b^ attached to it. The meaning of 63 here is clearly that we have in

the distribution three similar objects, viz. aaa in similar parcels ; and the

meaning of 6, which multiplies 63 is that one object ^ of a certain kind is

found in a parcel ; so also the product 6J attached to fSyS indicates that

objects of three different kinds are found in parcels; had the two objects ^, /9

been found in similar parcels 62 would have found a place in the 6-product.

From these considerations we see that the whole 6-product attached to

the term (f/:f'y8, which has been derived from the multiplication

a^/S X ^yS,

indicati's that the ct)rrespnuding distribution is such that if we agree to

write down a factor b^ whenever we observe s similar objects in s similar

parcels we shall obtain the product

b,bl

where (lU*) and (.S2P) are necessarily partitions of the same number.

In this particidar case therefore we see that the product 636) will appear

whenever a distribution is of the type (31*). (See Sec. I, Art. 2.)

In general if in any distribution of n objects into n parcels (one object in

one parcel) we agree to write down a factor

bt

whenever we t)b.serve ^ similar objects in ^ similar parcels, we of necessity

write down a 6-product

where (l.f.^..-)

is some i)arlitinn of //. Wv then .say that the distribution is of tyjx;

Thence it follows that P, the linear t'miction of symmetric function

j»ro«lMcts which is the coefficient of

*i «i '»

is the Distribution Function of n objects into parcels (;'i<7ir,...), the

distributions being all of them of type

(«r' «:%"'...).
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46. Suppose now that P is expanded so as to be a linear function of

monomial symmetric functions, viz.:

we will write (2h^i'>\---) in the more general form

and we then have

^.^<^ ' = • + l^OOJ^^J^...)} 6-6:^6^ ... + ...,

indicating that there are precisely 6 ways of distributing objects of type

into parcels of type ( pl'pl'^pl' ...),

the distributions being all of them of type

The reader will have little difficulty in grasping the nature of the type in

any particular case of distribution. Thus realizing a distribution as in

Section I such as

A A A \A A \B B \B \C G
aaa\hh\hh\c\cc

3 2 2 12
the type is seen to be (32^1).

It is seen intuitively that interchanging capital and small letters does

not alter the restricting partition ; hence there are also 6 ways of distributing

objects of type

{pVpl'Pl'--)

into parcels of type

the distributions being all of them of type

The effect of this reciprocity on the algebra is immediate, for we see

that if

we are at liberty to interchange the partitions

(pVpl'pl'---), (^('X^X^'...).

without altering the 6-product, so that also

cl\ci;cl;... = + ^O^W^K'.-)<'^?^;;' ••• + •••.

indicating a law of symmetry in symmetric algebra of great generality and

4—2
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inU-rcsL. Tht- ii»e;ining in gcnenil is that if wr t;ikf that linear function of

the separations of the symmetric function

each of which has n.cosaiily the sjx'cificiition

which arises from the pnxhict

and then express such linear function of separations as a linear function of

single partiti<Mi symmetric functions, the function

(\{'>i'>4\..)

will appear with a coi'fficient which will remain unchangcfl when in the

process the partitions

are interchanged.

We obtain special cases by giving the quantities 6,, 6.,, 63, ... the values

zero or unity. If we put each b equal to unity we have the First Law of

Symmetry of Section I, there being no restricting partition. If we put

ft^ = 63 = ... =0, merely retaining 6,, we have the Second Law and so on.

'i'he reader must notice that the theorem is in regard to any three

j)artitions of the same number and has to do with the separations of one of

those partitions ; it is further concerned with the separations of a certain

specification denoted by a second of those partitions ; these separations are

linearly connected in such wise that each separation hjis attached to it a

coefficient which indicates the number of ways of permuting the separates of

the separation, the only permuUitions allowable being those amongst .s^/x/ra^es

of the same content; this is clear because such coefficients only arise in the

powers

which make up the c-product.

Let us now fix the attention on the partition whose separations are under

consideration; these separations are of various s{x;cifications

and they occur in a number of linear functions P, each of which h;vs one

of the sjiid sjM'cifications, and moreover when the ftinctions P are developed

they give rise to a number of monomial functions

the theorem of symmetry or reciprocity derived from the distribution theory

now shews that the various monomials
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are, in some order, identical with the various specifications

and that writing the expressions P in any order verticall}^ and the corre-

sponding specifications in the same order from left to right we are

able to express the linear functions of separations P in terms of monomial

symmetric functions by means of a Table possessing row and column

symmetry.

Theorem. " Of a separable partition

the linear functions of separations P are expressible by means of monomial

symmetric functions whose partitions are identical with the specifications

of the separations, and a symmetrical Table may be thus formed.

Conversely by solving a number of linear equations or otherwise the

monomial functions are expressible as linear functions of the functions P and

the Table thus formed must, by elementary determinant theory, possess row

and column symmetry."

A theorem of expressibility now arises, a generalization of the fact that

all monomial symmetric functions are expressible in terms of the elementary

functions, or as we may say by means of symmetric function products each of

which is a separation of the partition (l""). The symmetric functions which

are expressible by means of products which are symbolized by separations

of a given partition are denoted by partitions which are identical with the

specifications of the separations of the given partition ; moreover if (pqr...)

be a specification of a separation of a given partition it is possible to arrive

at that partition by substituting

for p some partition of p

„ q „ „ <]

47. Hence the following

Theorem. " If a symmetric function be symbolized by

(pqr...)

and (PiP^Pi---) be any partition of/)

(q.q^q^---) » >. 7

(r^r.r.,...) „ „ r

the symmetric function (pqr...) is expressible by means of symmetric
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function piodiir-ts riicli of which is symbol izcd by a separation of the

partition

(y>,;;,;):,... 7, f/,ry,...r,r, ?•,...)."

Kx. ^'r. Thi- symmetric function (321) is expressible by means of

separutions of (1"), (21*), (2=P), (3P), or (321) but is not expressible by means

of separations of (2'), (3=), (41-'). (42), (51) or (G).

This is an important theorem in regard to algebraic expressibility. We
have now before us the complete separation Tables, Direct and Inverse, as

far as weight () inclusive. From each row of the Direct Tables the reuder

will be ;il)|t' fo enunciate a theori'm of distribution.
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GENERALIZATION OF GIRARD'S FORMULA

48. Turning back to the formula of Girard given in Section I, Art. 5, we
will give it a different form by writing S (V^) in place of s,,, the notation

indicating that the sum of the nth powers of the quantities aj, a,, a^, ... or of

Of, yS, 7, ... is expressed by symmetric function products symbolized by

separations of (1"). We then write the formula

i-r^"^sm = X
(-)^l^^

(ly. (1-^)/. (i3)i3 ....

Now, if we denote by <Sf (X,'/x"\..) the expression of s„ by means of

symmetric function products, each of which is .symbolized by a separation of

the partition

of the number n, we can establish the elegant result

= s i-r^'ff^. (J^y' (^y^ W-. .
.

,

where (J^^ {J,y^(J,yK..

is a separation of the partition {X^/jl"^...) and the summation is for eveiy such

separation.

We recur to the system of relations

c, = {2)h, + (r-)bi

c,={S)b, + {2l)hA + (l')bl

which we may look upon, from one point of view, as a transformation by

means of which the quantities c are transformed into the quantities b ; and

we may enquire if there exists a system of invariants of this transformation

;

whether in fact we can form a system of functions of c,, c.j, C3, ..., which, to

symmetric function multipliers pres, are equal to the like functions of
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6,, b.j, bj A complete syst<in <»f such functions does exist and they are

of fundamental importance.

In the first pliu-e the readtr will notic<' that c, is such a function. The

complrte system is found i\s follows:

(Jninted that the syuinntric functions on the dexter sides of the relations

refer to quantities a,, a.,, a,,, ..., we observe that the expression

1 + c, + Ca + C3 + . .

may Ix' brokin up into factors of the form

1 + a,bt + a% + oclb^ + ....

so that wo have the identity

1 +c, +c, + c,+ ... = 11(1 + at, + Q-6, + or'63 + ...),

a factor appearing for each of the quantities a which may be supposed to be

infinite in number.

We may also introduce an arbitrary (juaiitity /i, and write

1 + /iT, + /i-'c, + /xV:, + ...=11(1+ fiak + fJ^'ci'b.j + ^'or'63 +...).

Taking logarithms

log(l + ;xc, + /A-c, + /i'c, + ...) = 1 \oir{\ + fxabi + /x-a-6, + ^*aH),+ ...);

and expandini^

/iC, + fU,- (C2 - ici) + fl' (c, - c^c, + ^cj) + . .

.

= ,.(1)6, + ;.M2)(6,- i6i) + fi^{ii){b,-b,b, + i6?) + ...

;

and by equating coefficients of like pijwers of m we obtivin the complete

system of functions we are searching for. Thus for fi'

V / _ ^s/ - 1 (?^~_l) ' '
r'' - ih^^ (- )^'

-

•
(^^ ~^y- hi, /,/.

where / = ll\.

Hence in general

is an invariant function of the transformation for all integer values of I.

If c,,c,,c,, ... be elementary symmetric functions qu»i elements 71,72, 73, ...

the invariant function, when multiplied by "^IX and taken with negative sign

when 1l\ is even, is the sum of the /th powers of 7,, 7j, 7,, ...; moreover if

6,, 6,, 6,, ... be elementary symmetric functions of quantities /9,, /Sj, /9„ ...

and we write the symmetric functions as {Mirtitions ( )<., ( )^,( \, according

as they refer to the (plant ities o, yS or 7 we have

(a = (0.(/),.
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a simple relation which shews that in the original set of relations we are at

liberty to interchange the quantities a with the quantities /3 ; in fact they

may be written

Ci=(l)^rti,

c, = (S)pa, + {21)^a,a,+{l%al

To proceed, we have the identity

and we have to express the left-hand side in terms of bi, b^, bj, ... by means

of the relations connecting the functions c with the functions b so as to pick

out the term which involves

suppose that a term on the left-hand side involves the c product

>. V2 • • • '

in this the cofactor of il',6j^^... consists of products of symmetric functions,

each product being a separation of the function

if such separation be

we see, by applying the multinomial theorem separately to c^_', cj^;'..., that

the whole cofactor of
6l', 6^... is

j,ij,'...^''^''''^"-

the summation being for all the separations.

Hence the complete term

because 'Em = Sj.

Hence substituting in the identity and equating cofactors of 6j^'_ b'^ ...

we have

(-^f!L^.-^^ = ^^-^ffjr^.^^'^^^

(-)^^ f^T^ -S (M' x^ .
. = S (-)^j^^
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where {J.y^ {J.y- ...

is a separation of (X{' X,''...),

a.s wiis to hv shewn.

This ri iiiarkablt' result enables one to write down at once the expression

of'«„ in ti-nns of si-parations of any partiti(»n of ?j.

Ex. ^n-. 8, = S{<in%

an.l f^(2n') = iJ(2)Mlf-2(21)(2)(l)-(2=')(l)^-(l«)(2>-

+ (20(r^) + i(2iy^ + (210(2) + (2n)(l)-(2n=).

Properties of the Coefficients in the Expressions for .s,,.

49. We recur to the definition above given Art. 44 of a "Group of

Separations" and we will establish that if 5„ be expres.scd Jis a linear function

(tf .separations of a partition of n, and provided that such partition does not

consist merely of repetitions of a single part, the algebraic sum of the

coefficients appertaining to each group of separations is zero.

Ex. gr. Arrangetl by gioups of separations

f^(2n»)

= ^(2y{iy -mw -(V){2y +(2->)(n

- 2 (21) (2) (1) + (2a) (1) + (210 (2) - (2no

+ H21)'

Sum of coefficients =0
^^i-f'^pi^ {m,m] {(2).(P)} {(n(2)j {(2), (2)}

It will be noted that the partition (2*P) satisfies the condition that there

must be at least two diffei'ent parts.

To establish the theon-m we put the group in evidence by writing

c. = (l)..4„

c« = (2).5. + (l=).^,„

c, = (3).C, + (21).yl.A + (n^„
c. = (4),A + (31),^.Cr. + (2»).A + (2P)„/1.,/^. + (P).^,.

Q=V(i*.2*,3*....).J,,Z?,,C,3...,

whi're the summation is for all partitions (1*'2*'3*^..) of/.

If we form any product
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we obtain on the right-hand side a number of terms of type

(l/,2/.3/3...)„(1^.2^^3^^...)a(l'^'2''^3''-....)a...

••• ^/i^/2^/3 ••• ^gi^9i^<H--- ^h^J^h.fih^ ,

where the portion A/^B/^Cf^ ... Ag^Bg^Cg^... Ah^Bk^Cj^^

indicates that the separation

belongs to the group of separations

0[{AgrK...), (f^gJ,,...), (UJ,,... ),...}.

When we were dealing with the relations

Cl = (l)a6l,

etc.

we obtained a result which as a particular case is

ct - ^clc, + 24 + 4ciC, - 4c4 = (4)a (61 - 46162 + 265 + 46^63 - 464).

For the relations now under view we find

c\ - 4cf Co + 2c| + 4ciC3 - 4c4

= {(1)U1 - 4 (1); (r-)aAlA, + 2 mUl + 4 (l)a (1%A,A, - 4 {1%A,}

- 4 {(1)^ {2)M\B, - (1)„ (21)„ AlB, - (2). (1% A,B, + (21% A^,}

+ 2[(2)lBl-2(2%B,]

+ 4{(l)„(3).AC,-(31)„^,Ci}

-4{(4)„A}

and it is observed that each separation has attached to it a literal product

which indicates the group of separations to which it belongs.

This latter result becomes the former by writing

(Ai:, Bk, Gk, ...) = (6f, 62, 63, ...) respectively,

so that if we put therein the suffixed letters A, B, G, D, ... each equal to

unity, the portions of the five lines in brackets
{ } are respectively equal

to Si or (4)a expressed in terms of separations of (1*), (21^), (2% (31), (4).

If the theorem to be established is true the second and fourth lines should

vanish when all of the symmetric function liictors of the separations are put

equal to unity. They visibly do vanish shewing that in the formula

S4 = (1)==(2)-(1)(21)-(2)(P) + (21=)

the sum of the coefficients vanishes in each of the two groups and in the

formula

S4 = (l)(3)-(31)

in the single group.
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It will suffice therefore to shew that, when .s„ is formed for the elementary

functions c,, c,, c,, ... and on the right-hand side every synniietric function ( )„

is put e(jual to unity, only literal products of the forms

survive—in fact that no product containin£f more than one of the different

symb<»ls A, B, C, ... survives.

For this j)iiri)osc put r,' = yl,,

Cj' = Ji, + yla,

c/=C^ + A,B^ + A3,

.so that

1 + r,' + Cj +03'+...

= il+A, + A, + A,+ ...){l + n, + B, + D, + ...)(l+C,-\-C, + C,+ . ..)....

Taking logarithms of each side and expanding we find

c.' - h (c/' - 2c,') -f i (c," - 3c; c; + 3C3') - . .

.

= A,-^(Ai-2A.^ + i^{A]-^A,A, + SA,)-...

+ B,-h(l^i- 25,) + H^ - 35.5, + 353) -.-

+ C. -
^ (Or - 2C,) + i (C? - 3C,C, + 3C3) - ...

+

This relation j)rovos the theorem because the right-hand side visibly

contains no product which involves more than one of the different symbols

A,B,C,....

Theorem. " If 5,, be expressed !vs a linear function of separations of a

jwirtition of ;j and if such partition contain at least two different parts the

algebraic sum of the coefficients appertaining to each group of separations

is zero."

It follows, as a neces.sary corollary, that under the same circumstances

the sum of the whole of the ccnfficients in the expression of «„ is zero. This

theory of the group can be extended to other symmetric functions. Consider

for a moment the expri'ssion of (3") by means of separations of (21*); we can

reaeh it by writing

2(3')=«5-*« = .S'(21).V(l')-.S'(2P).

It is clear that the sum of the whole of the coefficients is zero because

both S{21) and ^(21*) po.ssess that property. If on the right-hand side

there ha<l been sueh a product as Si\*)S{2) this would not have been the

case because the algebraic sum of the coefficients is not zero either in S(l*)
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or in S{2). This product docs not present itself because the partition (3")

possesses no separation of specification (42). The reasoning is general and

we are led to the

Theorem. " In the expression of the symmetric function

by means of separations of (sf's^^..)

the algebraic sum of the coefficients will be zero provided that

(i) the partition (s^'sT'...) contains at least two different parts;

(ii) the partition (\['\l\,.) possesses no separation of specification

(o-iSi, O-aSa, ...)."

Similarly if we express 'Sf(21), S(V) and >S(21^) as sums of groups of

separations we can express 2 (3'') as a sum of groups and each such group

would arise as the sum of two terms, one of which would be a product of a

group of *Sf(21) by a group of 5(1^) and the other would be a group of S{2V).

Since each group of S(2l) and S(2V) has zero for the sum of its coefficients

it follows that each group in the expression of 2 (3'-) has zero for the sum of

its coefficients.

Hence in the case of any monomial symmetric function expressed in

terms of separations of a given symmetric function the sum of the coefficients

of each group vanishes under the same circumstances as the whole of the

coefficients.

Theorem. " In the expression of the symmetric function

by means of separations of (sf

'

s",- ...)

the algebraic sum of the coefficients of each group of separations will be zero

provided that

(i) the partition (s"'s.J^..) contains at least two different parts;

(ii) the partition (Xj'Xg'...) possesses no separation of specification

(o-jSj, O-oSo, ...)."

These laws may be verified in the Tables of Symmetric Functions.
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THK DIFFKKKNTIAL OPERATORS OF THE THEORY OF SEPARATIONS

50. In Section I we expressed the obliterating operators />,. ^t, A, ••

in a form suitable to the separation theory by writing

the suinination being for every partition of X.

We also established the law of operation of

ui^n a symmetric function product.

We now require a similar extension of the operators di,d^,dz, .... Consider

the separable partition

(X^X.^...)

and note that, if it be separated, any combination of its parts may occur as

a separate ; the number of distinct separates that may occur depends only

ujxin the multiplicity of the partition separated and is equal to

(1+0(1 -f^-.)----l-

In onler to adapt the operators rf,, rf.j, f/3, ... to an operand comjwscd of

Me|wirations of a partition it is necessixry to consider all of the separates :vs

independent variables.

Let (v) be any such scimratc, then by a well-known theorem of the

differential calculus we have

the summation being in regard to every separate.
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Since by Section I, Art. 27

S TTi i TT.i ! . .

.

where tti + 27ro + Btt^ + ... = s;

if (i;) = (!"'+-. 2''^+-^...),

S TTi i TTj ! . .

.

the summation being for every partition

(l-'2-^...)

of s.

Hence d =^K-)-"+' ^-"^^^^^^ (l^'2i'^^ ) -

where on the right-hand side the operand is a linear function of separations

of a certain partition and the summation is in regard to

(i) every separate (I?'' +'''2^2+ "2...),

(ii) every partition (1"'2"-...) of s.

Let us now put

2 (1- 2-...)j(ist4st^) = <'»'--'

wherein the indices ttj, tt.^, ... are constant, and the summation is in regard

to every separate of the form

then (h = S (-)^'^+* ^1^:1^ c/(iT,.2-....).

7ri;7r2: ...

We call <^(i'^'2'^2...)

a linear partition operator, and of course

(P.2-2...)

is a partition of s and we have expressed the number or weight operator rf«

as a linear function of linear partition operators by a law similar to that of

Girard for expressing the one-part symmetric functions in terms of the

elementary functions.

In particular dl = d^^),

(/._, = djij, — 2d^.,),

di = f?,H, - 4rf(„,, + 2o?(,., -f 4rf,3,) - 4(/,.

Ex. gr. Suppose the partition separated to be

(2n-^):
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this has separations involving eight separates, viz.:

(2'P), (2'1), (2'), (2P), (21), (2), (P), (1)

and therefore

*^"*'" J(P)
* ^^^

rf (21')
*' ^^'^

rf(2n^)

'

'^'''^ = d(2i)'^^^h\2V)'^^^U(2n)'^^^^U(¥vy

''<^"»=rf(2P)"^^^^rf(2n»)'

d

^•^'~rf(2')'^^^^d(2n)"*'^^'^rf(2n»)'

, d /T\ ^
^^'"^^d{2n)'^^^^d(¥¥y

d

^'^'"'"rf(2'P)'

and no other partition operators need be considered. The number of potent

operators is clearly always equal to the number of separates of the given

partition. We thus see that any weight operation d, may be carried out,

when the operand consists of separations of a given partition, by a number

of differentiations in regard to the separates which compose the separation.

Now let us have before us the identity

3(51) = 2(2n=) + (2q)(l)- 2(210(2) -2(2=')(P)-(21)^-(2-')(l)'

+ (21)(2)(1) + 2(2)='(P).

Observing that fZj = Z)j — 2Z)a it is clear that the left-hand side vanishes

under the operation of d^ ; therefore the right-hand side also vanishes

under f/, and therefore under

rf„=, - 2d^,y

If we operate^ with r/„j) we obtain a number of separations of (2-), and, if

with rf(j, , a number of separations of (2P); hence the terms which result

being sej)arationH of (2') and (21-) respectively must sepirately vanish and

we see therefore that the right-hand side must vanish when either of the

operations d^^^, rf,j, is performed.

In ffict (/„a) yields

2 (2») - 2 (2)' - 2 (2') + 2 (2)» = 0,
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and rf(2) gives

- 2 (2P) + (21) (1) + 4 (2) (1--) -2(1) (21) + (2) (1 Y - 2 (l'^) (2)

-2(2)(P)-(2)(1)M-(21)(1) + 2(2P)=.0.

Wo thus draw the important general conclusion that if a linear function

of separations of a partition vanishes by the performance of any weight

operator it must also vanish by the performance of every partition operator

of that weight. This fact renders the calculation of Tables of Separations a

very easy matter in many cases.

Ex. gi\ Suppose we require to express (41) by means of separations

of (2P).'

Assume

(41) = A (2P) + B(2V) (1) 4- C (21) (P) + C(2) (P) + D (21)(1)=' + E{2) (P) (1),

where observe that (21) (1-) and (2) (1^), being separations having the same

specification, have necessarily the same coefficient ; and that the separation

(2)(1)-^ being the only one of degree 5 must be absent.

The operations of d^i), d^^), c?(,.,), (/,.j) must cause the expression to

vanish ; from d^^i) we get B + C + E = 0, A +C = 0, and from d^2), D—0;
and thence, from c?(2i) ,5 = 0; thus

(41) = ^ {(2P) - (21) (1-^) - (2) (P) + (2) (P) (1)},

and the operation of D^ shews that A is unity.

In regard to weight operators Ave have

(c/a) {d^) = {dKd^,) + dK+^ ;

we require the corresponding result for partition operators.

Since

d
.)
=S(1'''2P^...)

d
and rf,P.,P,., = 2(l^.+-2--^...)^^^„_^^^^^,^^^^^__^,

it follows that

<^(i"''2''^..) i* d(iPi-iP2_) = c?(i"-i+pi2"'.'+P3...)

;

see Art. 27 ; and thence

This result leads to the conclusion that any linear partition or weight

operator is commutative with every other linear partition or weight operator.

Consider the solutions of the linear partial differential equation

A = 0,
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where A is .any linear partition or weight operator. If
<f>

be one solution so

that identically

A</> = 0.

and A' bo any other linear partition or weight operator,

AA'</) = A'A<^ = 0,

so th.it A'</) is also a solution of the same equation.

Relations between the Partition d and D Operators.

51. It will be gathered from Art. 50 of this Section and Art. 27 of

Section I that

TT, i TTo I . .

.

TTj i TTj i , .

.

the summations being for every partition

of a number n.

We thence obtain the series of relations

rf„2) -2rf,o, =/)?-2A.

dm - 3(im) + 3rf,3) = D\- SDJ), + 'SB,,

dw - 4rf,„.) + 2rf,,^) + 4rf,3„ - 4du) = D\-^D,D', + W\ + \D,D, - \b,,

and thence expressing the weight operators D in terms of partition operators,

the series

rf,.,-2(;«, = {Z>f„-2Z)„„)-2i>,^,

rf,..., - 3rf,,„ + 3rf,„ = {i)f„ - 3i)„,,Z)a) + 3A,>,} - 3 {/),« D,., - Z).^,} + 3Z>,3)

.

rf(i.) - 4-c^(2U) + 2rf,.^) + 4rft„, - 4rf,4, = {/>?„ - 4Z)„^Z^„ + 2i>f„, + 4Z),„,i>,„ - 4Z)j„,}

- 4 {i),» Z>f„ - Z>,„ i),„, - i),„, Da) + A«»)l + 2 {Z^,, - 2i)c..,}

+ 4{Z),3,Z>o,-A3.)l--*Ai).

Consider in particular the second of these, viz.:

r/„,-2r/,,, = A„-2/)„=,-2Z),„;

the two sides of this relation must produce with any operand the same

result identic^iUy and those functions which are se|mrations of the same

function must be eijual amongst themselves; hence (/„i, must produce the

same ;us 1\^ — 2Z>„i, and r/,,, the same as Z)(^ ; this argument leads to the

important series of relations
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i Ct(2i) = i/(M)i/(i) — 1/(21),

cZ,i., = Dj"., - 4jr),.,i)f., + 2Z)f„ + 4i),:, A.)
-

1(212) = Z)(2)-0ii) — D(2)D[ri) — A-'i)Ad + A^i=)'

»(22) = ^"2)" 2Z)(22),

"(31)= "(3)Ad — AsD'

etc
•

in general

^^ 'n^J^rrjr:.^^'^'-^"^^^ ji '• j^! .••
^''^^'^^"

the summation being for all separations

(Jiy- (X)'- ... of the partition {p^'pl'' • • •)•

The mode of operation of i)(j) upon a product of monomial symmetric

functions has been explained in Art. 29 of Section I ; that of d(j), where (/)

may be any partition, is from Art. 50 clearly such that the parts of (/) are

to be subtracted in all possible ways from the symmetric function factors,

the whole of the parts alivays from a single factor ; thus

= {JX^iv) {JX'iJ,'v') + (JJXfMv) (\'f/v).

In particular

d,3i, (4321) (3^^(31)

= (42) (3^P) (31) + (4321) (31) (31) + (4321) (3^P),

f/m)(31) = l,

To verify the relation

"(21) — D{2)D(i^ — Z/(2i),

take as operand (321-) (21^), then

rf„,, (321^) (2P) = (31) (2P) + (32P) (P),

whilst

Du, (32P-) (2P) = (321) (2P) + (32P) (21^

Z)(2, D,, (32P) (2P) = (31) (21 ') + (321) (P) + (310 (2P) + (32P) (P),

i),,, (32P) (2P) = (3P) (210 + (321) (P),

a verification.

5—2
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We must now reverse the system and it is easy to establish that

( 2Z)„^ = rff„-rf„„.

6Z)„,, = rf^i, - 3rf„i)rf,„ + 2rf„,,,

/>(..,,) = ctijidd^ — a(2,)

,

-^(31 = Ct(3l I

/24/>„„ = r/?„ - (jc/„:,rff„ + 3c^„, + 8rf,„,rf„, - 6rf,M).

2Z),2i3) = (1(2) fff,) — 2(1(21) (1(1, — a(j) a„i, + 2c^2,^,

2/),23) = «f2)— "(23),

D(3l) = "(3) »(I) — d(3i) ,

Dm = d(t)

,

etc.

In both of these systems of relations the multiplications of operations

have denoted successive operations. We may transform the system laat

written so that the multiplication of the d operators may be algebraic or

symbolic.

Thus since

dfl) = {d^^)) + d^^,^,

where the brackets ( ) denote symbolic multiplication of the factore which

they contain, we have
2!i),„, = (rff„),

and

also

6D, (c^i''i))+3(d„5,rf(„) + rf„.,

-3}(rf„.,rf,,)+rf,P,}+2rf„,, = (f^„).

2Z),,,.T = rf,a |(rff„) + d^r.)} - 2 (rf„„rf,„) - 2rf,2„,

- (rf(.jrf(i5)) - rf,2,:, + 2rf,2,5) = (rf,j, rff„),

and the reader will have little difficulty in establishing the general result

which is very remarkable and suggestive.

52. There is yet another important set of relations which have an

import.ant appliaition in Section V of this work. It will be remembered that

the mode of operation of Z>, upon a product of symmetric functions was given

in Art. 29. This was important because D, picked out all partitions of » in

all possible ways from the product, one part only being taken from each factor

of the product. We are now to see that there is an analogous operator
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which picks out from a product of symmetric functions all separations of the

partition (\('X/...) in all possible ways from the product, one separate only

being taken from each factor.

The L operators are defined as follows

:

L(K) = d(K) = Dw,

(21^,.) = (dl^) + 2d(,.) = rf^,) + (/(,.-) = 2 {Bl,^ - /V)l

/ X(A^^) = (d(x)d(j,)d(,)) + (^W)rf(.)) + (c?(A„)(/ox)) + (c?(;..)C^(A)) + (/(Am.) = d(i,)d(^)d(^)

2Z(AV) = i.di>,)d^)) + 2 (fl?(A^)f/(M)) + 2 (rf(AM)d(A)) + 2c/(A2^,

= [dU + rf(A^)} (^ox) = 2 li^A) - Aa=)} %)>

6X(^3) = (rf^A)) + (c?(A^)rf(A)) + 6rf(A.) = dl^) + 3d(A.)C?(A) + 2c;(A»)

= 6{2)i\)-2i)(A.)AA) + i>W,

while in general
X(xi)

_^ {dl;i)dll.)dl^.y..)
*"

TT, ! TTa ! 773 ! . .

.

yji^i ^i^i rf'^3

^ 5^
^(A)^(A'i)"(A.a) •••

"7ri!7rj7r3l...l'^'.2-^.3'^^....

-^^"'^
7r,!7r,!7r3!...

(^)^^^^)^^^^^-" '

* Let o + 2/3 + 37+...=?i,

o+ /3+ 7+...=r.

Then {t, + t, + U+...Y= ^~^~^H'^t.ft,y....

U+2 + 3+-; a!^!7!...l».2^.3r...'

Writing - + - + -+... = r, we have

T T T-

Now r= logj-^,

and if p be an arbitrary numerical magnitude

epy=ep'"«rrt=22
P'-P

!/i!7l...l''.2P.3r...

and e''^=(l - f)"'' and comparing coefficients of t" on each side we find that

22 ^

r a!/3!7!... l''.2^.3T'...

is equal to the coefficient of /" in the expansion of (1 - t)~^.
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the summations being for all solutions of the equation in integers

TT, + 277, 4- 'W, + ...=/,

and

-^(Xi'xj'xj' ...)
= Ax!') Vl') Ax')--"

the operations on the right-hand side being perfonm-d successively.

Fruu) these we observe that

L(kM) = Aa)^(m)'

Aa^V) = -^(a-)^(m).

and we shall tind that in general

-^(xi'X^xi'...)
= Ax(') -^(X^') ^xf.')

•••
'

where

Aa») = 3-, 1<^A) + 3d(A«)C?(A, -f- 2(/(x:<); = 2)^A) - 2D^y:)D^x, + -D(a>),

and in general

Z(X')

has the expressions above given.

It will be noticed that in the first summation the law is that of the

expression of the elementary functions a in terms of the sums of powers.

It thence follows that

(i) when p= l we have Cauchy's Theorem

1
1,

a\fi\yl...l''.'2^.'A'^

where n is a positive integer and the summation is for all solutions of the equation in integers,

a + 2/ii + 37+... = H;

(ii) when p= - 1 we have Cayley's Theorem

= 0.
(_)«+P+Y+-

a!/S!7!...l».2''.3r

where n \n a positive integer greater than unity.

The Theorem as it stands is due to Sylvcstor.

Other interesting particular cases are obtained by putting p equal to -
i, + J and +2.

Also an easy corollary ia that

n!

o!/3!7!...l*.a''.3y ...

= Coeff. of p*^' in (p+1) {p + 2) ..{p^u 1).

a result which is also due to Sylvester.
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but here the signs are all positive ; whilst in the second the law is that of

the expression of the homogeneous product sums /t in terms of the elementary

functions a.

In the summations multiplications of operators denote successive multipli-

cation.

We must now establish the law by which Liyh^ij \ operates upon a

product of symmetric functions. The expression of L that must be considered

primarily is that which is a linear function of operators each of which is

a symbolic product of linear operators. Thus we have

where in connexion with the right-hand side

(X)(^), (X^)

are the two separations of {\^i) which occurs on the left-hand side.

The operation of rf(A^, upon a symmetric function product picks out from

such product the separate (\fi) from each factor in succession and adds the

results together ; thus

C^,;^, (X>^) (X/il) = (V) {\^l\) + (XiM^) (1).

Next consider the operator ((^(A)fZ,^)) of the second order.

It is, if i/i, X denote any assemblages of integers in descending order of

magnitude so that (J,), (J2) denote any partitions of any numbers,

«(j,A)a(j,^.)

the summation being for all partitions of all numbers, separately in respect

of Ji and Jo. The particular term of the operator that has been specified

under the summation sign may act upon an operand

and the result of the operation would be

(/0W(.. .)(...)..•.

shewing that the operator has deleted the separation (X) (/u.) from the product,

one separate only from one factor. Similarly if the operand be

{J,xf{J,^.y-{J,\,MT{...\

wherein as before only the factors which involve the numbers X, fi are

specified, the operator (c?,a)(Z(^)) produces

Im (J,) (J,) {J,xy-' {J.f^'"-' (/.V)" ( .
.

)

+ in(j,)(j,\)(j,\y-'{j,fir'(j,\fir-'{...)

+ mn (X) (J,,jl) (J,\y (J,fir-' (./A/i)"-' (...);



72 TIIK L OPKILVToHs AND [sECT. II

anfl it will be obsi-rved that the sepamtioii (\)(/i) has been dekted in all

possible ways from thr operand, one se|jiirate only from each factor.

Hence Z/(A>.) when pt'rfornii-d upon an operand deletes a sej)arati»jn of (X/i)

from the operand in all possible ways so that one separate only is taken from

a single fact(»r. Thus for example

X,3«(3-2^)(32)=(32)(32) + (3-'2=)

+ (32»)(3) + (3»2)(2).

Next consider the operation of

which is l2:W-^+ 2 (./.)(./.). "^^ +W#-|-

Taking for operand {Jt\)''{J.,X)';

the result is

(2)
(./.)M./.xy'--(./Ay' + /./,(j,)(./,)(./,xy'-' (^Ay--^

which is precisely the result of deleting the separation (X) (X) in all jwssible

ways from the operand, one separate only from a single factor. It is clear

that J, or /, also involving X any number of times makes no difference.

In general i,,;,^, , = - "'|^>,

the summation being for every separalidU

(/.y-CJay'lJaV'... of the partition (X{'X.^'...);

and the argument used above shews that the particular term

of the operation is jK'rformed by deletion of the separation

from the operand in all possible ways, one separate only from any one factor

of the operand. Hence the complete operation

is performed by deletion of all separations

of the partition (X','Xi'...)
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in all possible ways from the operand, one separate only from any one factor

of the operand ; the separate results being of course all added together.

The operator L,^h-)^h s is thus clearly a most important instrument in

the theory of distributions. It will be freely used at a later stage of this

work.

It should be remarked that, in the relation

the operations X/^^u, Li-^Ia, L,yii\, ... are to be performed successively.



CHAPTEll IV

A CALCULUS OF BINOMIAL COEFFICIENTS

53. Of tht' H (juivntitic's a,, a.,, a.,, ... a„ consider the ayniiuetric function

this is a mere number, is equal to the number of combinations of the

71 quantities s together and has the value ( j ; in the partition notation this

is the symmetric function

(0")

which we may write (O*),, if we wish to keep the number n in evidence.

Thus ( 1 + xy = 1 + (0)„ X + (0-)„ a:'' + . . . + (0")„ a;",

and if we introduce a new quantity a„^.i

(1 + a,-)»+' = 1 + (0)„+, X + (0^),,., ar= + . . . + (O"),.^, a;" + (0«+')n+, ^+'

;

whence (0*)„+i = (0'')„ + (0*-0„ if s<i}-\-\.

If then (0*)„ = <^(»),

(0*),.4-(0-')„ = <^(« + l)=(l+ J^^+^,^,+ ...)</)(70 = e.'%(/0.

Wnte ++... = /)
an 2\dn'

so that
<t> {» + 1) = {1+ Do) ii>{n) and Do = e^"-l,

J^nd A(0')„ = (0^')n,

where observe that the effect of /)„ is to delete a pjirt zero from the piirtition.

Now suppose i/r ( /} ) = (OP) (0») (OO,

f(u + \)= |((V) + ((V-')| [(O') + (09-)} f(O') + (O'-M],

and then

A V^ 00 = (iv~') {[)'!) (0'-) + (()'') (0'/-'
) (OM + (O'') (O*/) (0'--')

+ (CM'-') (09-') (00 + (0^-') (09) (0^-') + ((M')(0''-') (O*--')

+ (0P-')(09-')(0'-');
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from which it appears that in the first line on the right a zero is deleted in

succession from each partition ; in the second two zeros are deleted from two

partitions, one zero only from a partition in all possible ways ; in the third

three zeros are deleted, one zero from each partition in all possible ways.

In flxct Do operates through the partitions (0), (0-), (O''). ... of zero, just as in

a previous case D^ operated upon a product of symmetric functions through

the partitions of n. Briefly stated, D^ picks out one, two, three, etc. zeros

in all possible ways from the product.

This fact supplies us not only with a calculus of binomial coefficients, but

also with a new instrument for use in the Theory of Distributions. The

results in that theory will be found to have no direct reference to binomial

coefficients at all.

We may break up the operation A into a number of distinct operations

and ^vrite

i)o=D,o) + Ao^) + Ao^)+---

A
and since edn = \ + D,,,

we have
Jj

= ^^^^ ^^ + ^») = ^'~ 2^« + ^^^ " •••'

If we write X, = (0) x^ + (0^) 4 + (0^ a;^ + . • •

,

then Zj; = S (^^ +
f^
+ ^''+---)'

(0)p. (O-^^^ (0^^' • • • x^^'^p^+^p^^- ;

where jJi + P2 + i>3 + • • • = J^-

The term (0)^'(0-)^^(0=*)P3 ... which occurs on the right is a separation of

and has a specification (0^) ; it has attached to it a coefficient which is equal

to the number of permutations of its separates.

If we regard only that portion of the right-hand side which is the

coefficient of the particular power of a;o, viz. xf^-^-P^^^P^-^- , we have

where P is a linear function of the separations of (0P'+2pj+3p3+-
), each separa-

tion having the specification (0^). This function P may be expanded by

multiplication so as to be a linear function of the binomial coefficients

(00, (0«+'), ... (0'''+2p^+3P3+-),

s being determined by the consideration that every term in P contains a

separate (0^') in which ^1 is at least as large as s. In other words a partition

of j9i -h 2/;., -f- SjJ;, -f- . . . into p parts must contain a part at least as large as .5.

We therefore write
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and

where

54.

SVMMETKV OF

p^ + 2p., + ^p, + ...= w, ;), +p., +p,+ ...=p.

[sect. II

Wo Ciui now show that if

<r, ! (Ta ! 0-3 ! . .

.

{Or'i(y'r'(0'Y'... = '^BJ(p'),

where tr, + 2o-., + 3<r3 + . . . = w, o-, + o-., + 0-3 + . . . = tr,

then yi^ = ^a-

Take tho particular case

(0')= + 2(a'')(0)=... + 12(a^)+...,

3(0-)(0)= = ... + 12(0-)+...,

the left-hand side of tho first of these relations is

{taf^y + 2(ta''^y') (Sa«),

while on the right-hand side a term of ((P) may arise from the development

in either of tho forms a»a«y3«y, a'^^'y'', a"/3"7''7"-

The multiplications which give these forms are

a"^».^V; /3"7^a"/3"; a'^y.^; /^'
.
a^/goy

;

«"7"./3"7»; ^"y'.aPy'; a«/3"7° . 7"
; y\a''^Y;

twelve in all yielding tho desired coefficient 12 in tho first rolation.

To find the corresponding distribution theorem we note that the sets of

parcels involved are of the three types (2-), (31), (13) and we must, in

co-rolation, consider the sets of objects of ty}Xis (211), (121). (112); there is

also the restriction on the distribution that two or more similar pircols must

not contain more than one object of the same kind. We realise the

distributions in the following manner:

c b c

A A li n A A H B A A B B A A 1i B A A li li

abac a c a b babe b c I a c a c b

A A A li A A A B A A A B

a b c a a b c b a b c c

A li B B A B B n A li li li

a a b r b a b c (• (/ b c

twolvo in number and thtro an- no more. In tho above tho capital and

small lottoi-s denote parcels and objects respectively and it will be noted that
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by reason of the restriction on the distribution in each distribution no two

columns of" letters arc identical.

If we now interchange capital and small letters and rearrange we find

A A B G A A B G A A B G A A B G

a b a b abba a b a a, a b b b

A B B G A B B G A B B G A B B G

a a b b b a b a a a b a b a b b

A B G G A B G G A B G G A B G G

a b a b b a a b a a a b b b a b

and this is the scheme of distribution we should arrive at from a considera-

tion of the second of the relations ; for the left-hand side is

3 (Sa^yS") (tap) (la%

while on the right-hand side a term of (0-) may arise from the development

in either of the forms a»a"/?"/3», a''a"c(«/3», q"/3''/3°/9*' and the multiplications

which give these terms are

a«/3° . a"
.
/3" ; a"/3\ ^" . a" ; a"/3«.a«.a"; oPl3\^\^'\

a" . a«/8»
.
/3"

; /3" . a'yS" . a« ; a« . a«/3" . a" : ^\aP^\^;

where as the reader will see we have put

3 (ta'^) (ta") (Sa")

in the form

and we are now concerned with the distributions of objects of types

(20, (31), (13) into parcels of types (211), (121), (112) and the distributions

are restricted as before. We have thus established the truth of the

coefficient 12 which appears in the second relation.

The reasoning employed is of general application and leads to the

conclusion that Bp= A„ in the two general relations above written.

We are thus enabled to construct Tables of Binomial Coefficients which

possess row and column symmetry. The inverse Tables will also be sym-
metrical and we have calculated them as far as the order 6. See Tables.

55. We will now associate Do not with the partitions of zero,

(0), (U-), ... (0'") (when operating upon a symmetric function
(})i(f). . . .

(f),„

wherein each factor may involve zero parts) but with the compositions of

zero into zeros of the nature and into zeros of the nature w (see Article 30),

the zero &> being non-effective and having the effect only of exhibiting the



78 THE OFERATKJN OF I>„ [.SECT. II, CH. IV

law ot" operation. Taking m = '.\, we have the compositions of zero into

exactly three jKirts, the zero w being adnii-stsible :us a part:

<U O)

O) 6>

(li (1)

o)

o)

to

and the ro.su It

and in general A^i^j • •• </>i/i is split up into 2"* - 1 operations.

The advantage of utilizing compositions is that the order of the fjvctors of

the operand is preserved throughout.

Generally

where \,, X.,, ... \,„ are, each of them either or o) and D„ is put equal to

unity ; and the summation is in regard to every composition of zero into

exactly m parts. We win now operate with D^ upon each of the 2'" — 1 terms

on the dexter, and following Section I, Art. 39 arrive at the result

= i:^^: .../)., Z),, /). , ...cf>,. D,.^ D^^ /).„, ... 0, ... . D,„, D^,„ Z).,„. . . . 0,„

.

where the summation is in regard to the compositions

(\, X, . . . X„), i^fln . . . flm), (ViV.i... v,„), . .

.

of zero into exactly m parts as above explained. The de.xter therefore

involves

(2"» _ 1) (2"» - 1 ) (
2"' - 1) . . . terms,

since wo find involved every combination of compositions, repetitions allowed.
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THEORY OF THREE IDENTITIES

56. We recall the series of relations

C, = (l)6:,

c, = (2)6, + (P)6i,

C3 = (3)63 + (21)6,6.+(P)6?,

with reference to Art. 45 to observe that they may be regarded as arising

from the three identities

1 + a^x -f- iL,x- 4- . . . = (1 + «!«) (1 + a.a;) . .
.

,

1 + h^x + h,x' + . . . = (1 4- /3i^) (1 + (.i;x) ...,

l + CiX+c.,x^+ ... =(1 + 7ia;)(l +y.x) ...,

and the connecting relation, y being arbitrary,

I + c,y + c^y^- + ... = n(l +cisbiy + a:;Ly- +...);
s

the series of relations being obtained by multiplying out the right-hand side

and then equating corresponding powers of y.

If we write (1 + aiic)(l -I- a^x) ... in the form

expj(l)^-i(2).^^ + H3)^'-...l,

the three identities yield the operator relations

1 + aA« + oA«' + . . • = eXp {adiX — ^ adoX'^ + ^ af?3^ —•••},

1 + pDiX + fiD.^x" + . . . = exp \^dy,x - ^ ^d^x- + ^ ^d-iXi^ —•.},

1 -I- yD^x + yD.x- + . . . = exp [ydiX — ^yd.x!- + ^yd^x^ -••],

wherein ^D^, pDg, yDg is a notation indicating that the operators have

reference to the quantities o, /B, 7, respectively and, similarly, the notation

a<*8> fidsy y^g-

Writing the connecting relation in the form



80 KELATIONS BETWEEN UPERATOKS [.SECT. II

we have

and ^rf/»., =
(^^ +b,^|^-+...j(\+aJ>,l/-^aib,f+...)

= a'.y + ^a'.* v^' + t.«'/-y^'^ + ... = a'.y ".,

;

hence pdiU = {l)ai/ U,

leading to

where * ^ /, and Cq= I.

Thence

or fidi = {l)„yd,.

This means that regarding the series of relations a« defining a transfor-

mation of the function.s c, , c,, c,, ... into functions of b,, b,, 63, ... the

quantities a,, Oj, o,, ... entering as constants of the transformation, the

operation

is an invariant.

The relation f^di = {l)aydi enables us to write

^rf,i/-i^d,r + iprf3y-...=(l)a,rf.y-K2).,rf,t/' + i(3).,d,y'-....

and thence we are led to the relation

1 + A// + ^Ar + ... = U{\ +a,yDtj/ + di yD.,}f +...),

and now comparison with the relation connecting the three identities

H-c,y + C2y^+... = 0(1 + aXu + oilKy'' + • • ),
a

enables us to as.scrt that

" In any relation connecting the (piantities

C] , Cj, C3, . .
.

,

with the (juantitics

b,,b,,b,

we are at liberty to substitute

fiD, for c.

and ylK f'^- b,,

and we so obtain a relation between ojK'rators."
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57. We can apply this theorem at once.

From the series of relations we can derive

c;;c;^.. = ...+X6j;6^... + ..., (I)

cj'cj^... = ...+m:;6^. .. + ..., (II)

(s-^s^^ ...)y = ... + A(p^^pl^...)^ + B(\{'^^ ...)p+ (Ill)

The relation (I) yields the operator relation

^(Z);; 2)-...) = ...+Z,(7):;D-.. .) + ...,

the occurrence of /3 and 7 as suffixes before the brackets denoting that the

attached operations have reference to the symmetric functions of the series

/3, 7, respectively.

Performing each side of the operator relation upon the opposite side of

the relation (III) we obtain

no other terms surviving the operation.

Hence L = A and similarly M = B.

We thus have

(sr- s^j...)y= ... + L (p^^p? ...)p + Jf (X(. \^...)p + ....

Now we have seen that the right-hand side of this relation is symmetrical

in regard to the quantities a and /3 so that we may also write

(sr'S-K..) = ...+J{X{'\!,...)^(p^^plK..),+J(\{^\b...)p(pr'P^^...)a + ...,

and we have

X-...+J(\J.X^^. ..), + ...,

M=...+J(p^^p^^. ..% + ...,

shewing that the relations (I) and (II) may be written

+ j()^\b...).K:t::.. . + ...,

+ J(p^'p^^...\b^;b^-.. . + ...,

symmetry which has already been established

.^. nl.^

putting in evidence a law of

by means of a theory of distributions

58. The above investigation yields also the results

c;;c;:... = ...+i6:;6:;. .. + ...,

(s^^s-,^...)y = ...+L(p^'P^'...)p+ ...,

which involve a law of symmetry. The reader will have no difficulty in

seeing that Z is a linear function of the tabular separations of the symmetric

function

(5r'5.^...).,
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of six;cification (p'' p' ...), and it thus becomes easy to form the expression of

in tcnns of the .symtiieiric tunctions of the quantities a and ^.

59. Again suppose twcj results to be

«.<....),= . .. + P6;; 6;,;. .. + ....

{p:'p:-...)y=... + Qb::b::. .......

there is no dirticuKy in proving that P = Q; for we derive the operator

relation

1

TT, ! TTj
+ Qy(iK:K,--) + ---

,((/;; rf^.;...) 7^6-
6;;

xbZ'b::...+

" I • " a • • • •

and iheru-f

Q^P.

Ilrnce if (*f' 6f-. ..),= ... + . 1 (\('X^,

then (;);'' p^' ...)y = ... + A (X{' \i'

a law of symmetry the interpretation of which is very interesting.

The complete coefficient of b^'b^] ... is a linear function of separations of

the function (p''p''...) formed according to a law determined by the

function («f'5^'...), and we have shewn that this is equal to the linear

function of separations of the function (s^> s^' ...) formed according to a law

determined by the function (p^^p^' ...).

Actually forming a table of weight four which reads from left to right:

{*)y -4(4) 4 (3) (1) - 4 (31) 2(2)>-4(2»)

(31)y 4(4) -(3)(1) + 4(31) -2(2)» + 4(2')

iy)y 2(4) -2(3)(1) + 2(31) (2}' + 2(2»)

21')t -4(4) (3)(1)-4(31) -4(2»)

(l*)y (4) (31) (2»)

fc.frf fct

(4)y -4(2)(1)» + 4(2)(1«) + 4(1)(21)-4(21') (1)« - 4 (1») (1)» + 2 (1»)' + 4 (V) (1) - 4 (1*)

(81)y (2)(1)»-4(2)(1*)-(1)(21) + 4(21») (l')(l)»-2(l»)»-(l)(l') + 4(l*)

(2»)y 2{2)(1*)-2(1)(21) + 2(21») (1»)»-2(1)(1») + 2(1*)

(21')t (1) (21) - 4 (21') (1)(1»)-4(1«)

{1% (21») (1*)
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Further Theory of Distributions.

60. In Section I, Chapter II the number of distributions of objects of

type (P1P2P3 ...) into parcels of type (g, 5.^/3...) was found to be the coeffi-

cient of the symmetric function (qiq.^q.i ...) in the development of the product

hpjipjip^ — It was later noted that the idea of the parcel is not necessary

in the particular case when one object is in one parcel, and that we may
consider the distribution as appertaining to two sets of objects of types

(Pilhps---), O/i <72 ?3 • • • ) respectively—the objects specified by (piPijh---) being

different in kind from those specified by (q^q^q-i •..)• If objects of a certain

kind are included in the set defined by {pipiP-i . • .), no objects of the same

kind are to occur in the set specified by {qiq.q-i ..) The two sets of objects

are distributed so as to form n pairs, each pair involving one object from

each set. We have then a set of n two-fold objects which may be also

specified as to type by a partition of the number n. In Section II,

Chapter II it was proposed to find the number of distributions of given

type {s-^s^s-i . . .) resulting from the distribution of objects of type (jJiihPs •••)

with objects of type (qiq^qs ...), and the solution was found by writing

Cs=l(pqr ...)hjjb,jb,...., s=l,2,S, ...,

the summation being for all partitions of s, and then taking the coefficient of

the term {qiq^q-i ...)bgj)gj)g^ ... in the development of the product Cp^Cp.^Cp^ ....

In order to extend this theory so as to involve three or more sets of

objects of distinct and given types we may in the first place consider four

identities

1 + CliOJ + a,x- + . . . = (1 + Oi^;) (1 + Ka^) • • •

,

1 +b,x +b,a;^ + ... ^(l+/3ix)(l+l3.x)...,

1+CiX + c^x' -I- . . . = (1 -I- 7i«) (1 -f- y,x) ...,

l+diX + d2af+ ...=(1 +Bix)(l +S2X)...*,

and therewith an auxiliary identity

1 + kx + k\x- -f- . . . = (1 -I- K^x) (1 + K.x).. .

.

Assume the quantities involved to be connected by the two relations

1 + k,ij + Ljf + ... - n (1 + asb.rj + a%f +...),
s

l+d,y + d,y'-+...= n(l +ysk>/ + y:kf + ),
s

which lead, as shewn in Art. 48, to the relations

The symbols dj , (/.,, ... employed in this article are algebraic, appertainiug to the series

a, b, c, ..., and are not to be confounded with operational symbols previously employed.

6—2
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SO that elimination of (/), gives

Thus the expression {l)i nniains unchanged fur any permutation of the

sets of quantities o,, a», Oj, ...
; /9,, l3^, /Sj, ...; 7,, 7., 7,, ...; and every

symmetric function of the quantities 8,, &j, 8,, ... will enjoy the same

properly. Thus we have

(PiPuP3--)i = ... + J {(7,7,73 •••). (^-ir.^ii •••)^ («,Sr''3 •••)>

+ 5 similar expressions obtained by [)erinuting a, /9, 7].

Following Art. 5G there is no difficulty in establishing the operator

relations

{l)a adi = (Dp pdi = (I), ydl = {l)i idt.

The two relations which connect the four identities and the auxiliary

identity give rise by comparison of the coefficients of like jx)wei-s of y to the

two series of relations

k, = {2)^b,-\-{l%bi,

k'3 = {^)ab, + {2l)^bA+{l%bl

kg = 'Z(pqr...)abpbgbr... ;

d, = {l)yk„

d, = (2)yk, + {l%ki,

d, = {S)yk, + {2l\k,k,+{V)yk^y,

d,= l(p(p' ...)ykpkqkr....

From the second series the development

^pi ^p%^pt .• = .•• + ^ (qiq^qs • • •)> ^*a,^'a, A'a, ... + ...

shews that there are d ways of distributing objects of type ipiPtp^ ...) with

objects of type (7,7,75 ...) so that the distribution is of type (X,X,Xs ...). We
have now sets of two-fold objects of type (XiXaX,...) which we may
distribute with objects of type (r, ;-, Tj . .

. ), and since from the first series of

relations

A-A,A\,A-A, ... = ... +^(r,rjr, ...)„6^,6^6^,... + ....

we sec that the set of two-fold objects of type (X,X-,Xs •••) may be distributed

with a set of objects of ty]x; (ri7'jrs ...) so that the result is a set of three-fold

objects of type (/ij/i-j/i, ...) in 6' ways. Hence from the three sets of objects

of types (pip^pt ...), (7i7j7j •••), (^i^a^j •••) respectively, we can form a set of

three-fold objects of type (fi^fj^fi, ...), the first two sets forming a two-fold
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set of type (X^X^X,, ...) in 06' ways. We can sum these distributions for all

of the intermediate two-fold types (XiX^X^...) by simply eliminating the

quantities k\, t,, k^, ... so as to obtain the formula

dpApidps ...= ... + 6" iq, q,q, ...)y (7\r.,r, . . .), h^^h^J}^^ ... + ...,

where 6" enumerates the number of sets of three-fold (jbjects which are of

type (/j.^
fi2 /j,3 ...) that can be obtained by distributing together the sets of

objects of type (piji.ps ), (qiQ-^qs ), (rii\n ...) respectively.

To obtain the whole number of such distributions of all types we must

sum the result just reached for all possible types (/A,/io/x3 ...). This is

simply done by writing h^ = bo = hi= ... = 1, when k^ becomes hg, viz.: the

homogeneous product sum of order s of the quantities a,, a^, 0(3, We
have then

d, = (2)y}u + {r-\hl

d3={S)yh3 + {21\}tJi, + {l%hl,

d. = (4>)yh, + (Sl)yh.A + {^%hl + {2l%h,K\ + {\%h\,

and if

dp.dp^p^ ... = ... + 6'"
{q.q.q^ ...)y (nnr^ ..\+ ...,

6'" enumerates the distributions under consideration.

Let Dg, Ag be obliterating operators having reference to symmetric

functions of the quantities Oj, or.,, a^, ...; 71, 7.,, 73, ... respectively.

Then
A,,A,,,A,3 ... Dr,Dr,D,, ... (dp^p^dp^ ...)=6"',

constituting the analytical solution of the problem.

The easily established results of operations simplify the calculations, viz.

:

these are

where hg refers to the series 71, 70, 73,

Thus suppose (p,p,p3...), (q.q.qs...), (r^r,^ ...) = (211), (22), (211)

respectively,

6'" = AlD,Dl . d,d~ = D,D\ . A, {(h, + 2h\) d\ + 1i\d^,

= D^D\ {2K\]u + 2/iJ) = Z)oA (2/<? + '^hji, + 8/iJ)

= A (30/ir + ^h\ + 4/1,) = 38.

To verify this enumeration take the objects to be

ctiCiibiCi, cua.^bobn, aiUsbiCs respectively.



861 A PARTICULAR VERIFICATION [sect. II, CH. V

The distributions are

(r,f?,6,c, rt,«,JhCy <h(li|6,C, f/,rt, 6,c, Oidi 6,0, 0,0,i6,c, o,(/,6,c,

(Ud^b-ib^ a^«,,b.ib., (L,(L,6,6., a^aJ).,bo ii^a^b. aj«,6..6a a^a^bi

flj'hbsCs "3"iCA (hb..^a^Cs 0365,0,0, 6jC,030j a,C3a,ba 030,6,0,

rt,(/,/>,c, a, a.|6,C, <h<i |6,r, rt,a,i6,r, 0,0, 6,0, 0,0 ,6,0, 0,0,6,0,

6a6,(l,«, 6,/>,a,aj b-A <r,(/., 6,6J ci^a. bA o.,a, 6362 a^(u, 6,6,0,0,

a,a,b^c, a,a,,c,b, (IJ),,a^c, 036, o,«3 630,030^ a^c.,0,63 0,0,6,0,

(/,(/, 6, c, (i,a,6,c, a,a,6,c, 0,0,6,0, 0,0,6,0, 0,0,6,0,

a26aa«&2 iub.,aA 0^620^62 0^620.60 0,2620^62 05620,62

O^a^fcaCn a^(hcA 03630303 03030363 0,6,0,0^ 030,6303

ft,a,6,c, a.n^c, o,o,6,c, 0,0,6,0, 0,0,6,0, o,Oi6,o,

a^ftaO^to Onb.M^b., «,,6.,fl,,62 0,, 62 0^60 02620,260 0^62 0,262

63a, a, C3 c^a^aA 6303^3^^ C3O363O3 63O3O3O3 O363O3O3

a,ai6,c, a.aAcx «T«i6iCj 0, o, 6, 0, 0,0,6,0, 0,0,6,0,

Oatafeafls a^b^Oo o.,6o6202 0^62620^ (u,b.M.M^ O26262O2

03036,03 (hfhc^bs 03630303 (/303(f363 O363O3O, O3O363O3

OidybiCi (iidibiCi OiO,6,c, o,0i6,o, 0,0,6,0, 0,0,6,0,

aobjKAi. aM,b..a2 0262620^ 0262620<j 02626205 0562620,

ba<IJI:)C:i c.,a.,aA 63 ('3^3 "3 O3O363O3 63C3O3O3 0,63(/3O3

The first written of these is to be understood to mean a set of four

three-fold objects OjOoOs, 0,0.203, 6,626:,, 0,6203, and it will be noted that it is

of type (211) ; in fact if in the calculation we do not put 6, = 60 = 63 = . . . = 1,

we find

d,,<I,./lj,,... = ... + ((M,q, ...)y {r,r,r, ...)„ (4626? + Ub\) + ....

indicating that 4 and 34 of the distributions are of types (21-), (1*) respectively.

The four of type (21-) consist of th.at above written and also the second

in the first row and the first and second in the second row.



SECTION III

PERMUTATIONS

CHAPTER I

THE ENUMERATION OF PERMUTATIONS

61. We commence the study of permutations to which this Section is

devoted by applying the general Theory of Distributions of Section I to the

special case of permutations. We first of all study the combinations

involved. We are given any assemblage of letters specified by

of'af^ ... af«,

where pi+p-2+ • +Jt>« = ^^ and we require the number of different combina-

tions of the letters therein occurring which involve m letters, alike or not

alike. In fact we require the number of combinations of the letters m
together.

Conceive m exactly similar parcels of one kind and n — m similar parcels

of a second kind. Suppose that all the letters of the given assemblage (» in

number) to be distributed into these n parcels in such wise that each parcel

contains one letter. The number of ways in which this can be done is equal

to the number of combinations m at a time of the letters of the assemblage.

The number in question is by Section I equal to the coefficient of the

symmetric function

{p,p^...ps),

in the development of the homogeneous product-sum product

hjln-m-

The function hmhn-m is the generating function for the enumeration of

combinations in at a time of all possible assemblages of n letters.

Taking Pi, po, ps, ... to be in descending order of magnitude there is of

course a one-to-one correspondence between the assemblages which involve

n letters and the partitions of n.

From the symmetry of the function hmhn-m we gather that the combina-

tions n — m at a time are equi-numerous with the combinations m at a

time. This is also intuitively evident a priori.
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As an example of the theorem, since

/tA = (6) + 2(51) + 3(42) + 4(4P)+3(3»)+5(321)

+ 7 (3P) + 6 (2^) + 8 (2n=) + 1 1 (2P) + 15 (P),

we reach the solution, when in = 4 or 2, for any possible assemblage of letters.

Thus for the assemblage

since one term in the development of hji., is 7 (3P) we find that 7 combina-

tions, 2 (or 4) at a time, can he derived from the letters of the assemblage.

These are of course (for 2 at a time)

aa, ayS, 07, ah, ^7, /3S, 78.

iMiiployini; 1 laiiiiiKiiid's differential operators which have been defined

and explained in Section I we find that, since

the sought nuud)i'r is

The number in simple cases is readily calculable because

Dthj,h^ = hp_thg + //p_«+i//q_i + /<p_,+2^9-2 + . . . + hj,hg_,.

The reader will observe that here the operator Dg is operative through

the 2-part compositions of s,

s, 0; s -1, 1; 5-2, 2; ... 0, «.

In the above example the calculation proceeds as follows :

T),D\h,}u = D\ {hX + /'•./'. + /':.) = T)\{'2h'\ + 2A, + //.,)

In Section I a theorem of reciprocity w;is established which yields the

relation

which may be sometimes used to simplify the calculation because the right-

hand side operation may bo more easily carried out than that on the left-

hand sidi'.

l\Ioreover we observe the identity

^j>i-'n—p"m"n—m — ^in J
'ii -m >'p" n—p >

which at once gives us a theorem in combinations, for it establishes that the

cond)inations p at a time drawn from the assemblage

are equi-numeroiis with the combinations m at a time drawn from the

assiMublagi;

The render will vt>rify this otherwi.se without difficulty.
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If we take as a particular case the assemblage

a^a.,...a,„

the number of combinations m at a time is

where (1) is the symmetric function Sa.

Without difficulty the number is found to be f j

.

In the above we have not restricted the combinations in any way.

Suppose however that we make the condition that no combination is to

involve more than k letters which are identical, we must construct the

product
k hi*"m,''"n—my

wherein km denotes the product-sum A,„ from which all terms involving

repetitional exponents exceeding k have been deleted.

The number of combinations is now

Pi P2 ' '
' Ps '^m'^n—m'

In this formula the combinations which are left after withdrawal of

the combinations vi at a time have not been restricted.

If the two sets of combinations are to be simultaneously restricted the

enumerating number is

^P\^Pi ' '
' ^Ps ""ml^n—tn-

The reader will observe that, with the restriction before us, the com-

binations m and n — wt at a time are not equi-numerous. The generating

functions are respectively hnhn-m and hmkn-m-

In particular consider the case k = l. The generating function is

wherein a^ is the elementary symmetric function SdiO., ... cif„.

Since AUp hq = ap-i Ag_s+i +aphq^s,

because Dg operates through the compositions 1,5—1; 0, s of 5, the calcula-

tion is easy.

Thus for the assemblage aaa^j and m = 2

DsD^Di aji^ =AA («i^2 + «2^i) = D, (/(, + fii -I- fifi) = 3.

The combinations are evidently a/3, 07, /37.

For m = 4, it will be found that

as should be the case because there is no combination of 4 letters, drawn

from the given assemblage, which does not contain some repetitions of letters.



90 THE EXUMEHATIOX OF PERMLTATIOXS [.SECT. Ill

In general the calculation is perfonned by the aid of the theorem

wherein the la.st Unn i.s either h^^kh>]-$+k t>r ^q-i+p-

62. The enumemtion of pennutation.s is treated in a similar manner.

Instead of the prcxiuct h,n^tn-m we must now Uike h'^hn-m because the

number of permuUitions of combinations of m letters drawn fix)m the

assemblage

is equal to the number of distributions of the letters into n parcels, one letter

in each parcel, of which m are different from one another and the remaining

» - m .similar but different from any included in the former.

Thus K'fin-m

is the generating function which on development shews by the coefficient

of the symmetric function

the number we are considering.

Hence the number is

or its ecjuivalent

D'l'Dn-mflpJlpi--' ^'p.-

Thus since

/,,AJ = (6) + 3(51) + 4(42) + 7(4P) + 4(3») + 8(321)

+ 13 (3P) + 9 (20 + 14 (2n0 + 21 (21*) + 30 (1"),

we obtain at once the solution for m = 2, in the case of every }X)ssible

as.semblage of 6 letters.

For the assemblage aa^^yB we see by the coefficient of (2'1-) that the

number is 14. These permutations are

aa ay9 ay aS /3y /3S yS

y9/9 y8a 7a Ba yl3 3/9 hy.

Ill |)artirular if the aasemblage be

the nuiid)er sought is

or its e(juivalent

This equivalence establishes that the permutations ot eombinatinns of m
letters drawn from the assemblage
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are equi-nunierous with the permutations of combinations of p letters drawn

from the assembhige
a""'" 0,0;, ... a,;i+i.

Moreover since

we can assert that the combinations of m letters drawn from the assemblage

are equi-numerous with the permutations of combinations of p letters drawn

from the assemblage
a'i"a.r"*.

As an example of this result take n = 6, m = 2, ])= 3.

The combinations of 2 letters drawn from aaa^yS are

act, ofyS, a7, aS, /By, /3S, yS,

whilst the permutations of combinations of 3 letters drawn from aa^^fS^ are

aa/B, a/Sa, /3cia, a/3/3, y8a/g, /3^a, l3/3^,

the number in each case being 7.

Calculation proceeds according to the formula

Dph'^hn-m = Khn-m-p + [ij
hf^K-m-p+i + ( 2 ) K~-K-m-p+". + • •

(;>"-'

Thus the evaluation oi DlD\h\hi is

DlDlhVu = D.D\ {h\h, + 2}i,h, + h,)

= Di {h\ + 2h\ +h, + 2h\ + 2h, + /<,)

= A(10/h + 4Ai)=14.

We may restrict in any manner the number of identical letters that may
appear in the permutations. If not more than A; identical letters are to

appear in the permutation we take /?J" which is

where pi+p.2+ ... +pt = m,

and delete therefrom all symmetric functions which involve an exponent

greater than k (or from the partitions, which denote the symmetric functions,

all partitions which involve a part greater than k).

This is particularly simple when k=l, for then the only part of /?'," which

survives is m ! a,„ and the generating function is

m ! arnhn-m-
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In ])articular fur n = 6, in = 2, we find

2 : (/,//, = 2 (51) -I- 2 (42) + 6 (41') + 2 (3«) 4- 6 (321)

+ 1 2 (31») + 6 (2') + 12 (2^') + 20 (21*) + 30 ( 1«).

Thus with regard to the asseinblage aaa^yS, we find 12 permutations of

combinations of 2 lettere such that no letter is repeated, viz.

:

a(3 07 aS 0y /3S 7S

/9a 7a 8a 7/8 8/9 Sy.

In fact we can see a prion that the permutations in question are derived

from the corresponding combinations by multiplication by m'.so that the

generating function a,Jin-m already found above for the combinations neces-

^ariiy le;uls to the generating function m\a,nhn-m ^'^r the permutations.



CHAPTER II

THE THEORY OF PERMUTATIONS

63. We will now consider in some interesting details the distribution of

n objects of given type into n parcels of type (1"); no two of the parcels are

alike and if we view the parcels as being also a set of objects the association

results in sets of two-fold objects, one set of objects being such that no two

are alike. Further we may regard the theory as connected with the distri-

bution of objects of type (1") into n parcels of given type.

It was shewn in Section I that the number of permutations is given by

the multinomial expansion

(1)" is the distribution function, so that the number of permutations of

objects of type {pi'p^^Pa" ••) is

nj.

Consider A",, X^, ... Xn to be linear functions of quantities x^, x^, ... Xn

given by the matricular relation

(Zi, X., ... Xn) = ( «ii «12 ••• Om ) (^1, ^2. ••• Xn),

am an-2 ... Ann 1

so that Xs = «« X, + as.2Xn+ ...+ rt,„a;„.

If X = Xi + Xo+ ... + Xn the number of permutations of the factors of the

product ic^' xf- . . . xl" is the coefficient of the like term in
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To fiiiLlicr i;x;uiiinc the matter we ixnv consider the expansion of the

function

and we re«iuirc ;m ini|ntrlant tlieoreni.

Consider the algebraic fraction

1

(1 -6-.A',)(l-.svY,)...(l-6„A'„)'

thi- gi-ncral Irnii in its expansion is

anrl, if wi- arc merely looking for th*' coefficient of xj^jcf- ... aA in the develop-

ment of

A:f'A:f^...Aj-,

we recjuire that portion of

which is a function of the products

only ; so in general we only recpiire that portion of the expansion of the

fraction

1

{1 - S,X,)(1 - S,X,) ... {I -8nXn)'

For the sake of simplicity we will take n='S and write the matricular

relation

(A'j, A^, A'3) = ( ttj a,, a^ ) {oti, x.„ x^)

6, b, 63

Cj Cj C;i

and we will now shew that that portion of the fraction

1

(1-.v.a,)(1-»2A',)(i-*3a:3)

which is a function of 6,a:,, s^x^, 8:^X3 only is equal to

1

I

(1 - <t,s,a;,) (1 - 6aS,«a) (1 ~ c»,a^)
|

where the denominator is in symbolic form and is such that after multiplica-

tion the tt, 6, c products are to be written in determinant brackets; thus

1 - (/,.s,.r, - h.,.%x., - CaSja-a + |
a,6.j

1
.9,5.^.r,.r.j -f- [

«,C3 1 SpSja-jic,

+ 1
&3C3 1 SjSjj-aa-j —

I

a,6„C3 1 5,*2Sja:,a-^a;,,
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the determinants denoting the determinant

«! «2 Clj

I

b, h b,

I

Ci Co C3

and its co-axial minors. \aib.x-^\ is the determinant itself; [ciiC-^ the minor

diC-i - agCi and so forth,

64. To establish this, consider the fraction

I

(1 — Oifs^Xj) (1 — h2S20c.^ (1 — c-iS^iX^
j

{I -s,X,){l - s,X,){\ - s.^X,)
'

which may be written

I

II - g. Z, + gi (Zi - a,x,)\
i
1 - g,X, + s., (X, - h,x.;)}

{
1-^3^3 + ^3(^3-03^^3)11

{I - s,X,) {I - s,X.^{l -s,X,)

and now carrying out the multiplication of the numerator factors this is

1 + ^1 (^1 - <^^i) ,
^2 (Z2 - ha:^) SsjXs C'i'^'i)

l-s,X, ' 1-6-.3Z, l-s,X,

s.2-%
I

(Xo - b^x.^) (X3 - 03^-3)
I gi^a

I

(Zi - 6tia,-i) (Z3 - 033:3)
I

(1-5,Z3)(1-S3Z3)
""^

(l-SiZ,)(l-*3Z3)

^1^2
1

(Zi - ai.ri) (Z, - fe^a'p)
|

(1-.,Z0(1-5,Z,) '

the last term vanishing because, as wnll be seen presently, the expression

(Z, - ciiiCi) (Z. - 6,a^,) (Z3 - C3a;3)
|

vanishes identically.

It will be shewn that the terms on the right-hand side which follow unity

contain on expansion no terms which are functions of

SiX-y, S2X2, S3X3 only.

For consider, in respect of the n quantities x^, x.,, ... *„, the expression

$1^2 • • • -^t
I (Zi — OiXi) (Zg - 62^2) • • • (Zt — ttxt)

I

(l-s,X,)(l-s.X2)...{l-StXt)

where t is an integer not greater than n; this fraction is specified by the

first t natural numbers, but what follows can be readily modified to meet the

case of a fraction specified by any selection of t natural numbers, which are

unequal and not superior to n.

To shew that this fraction contains on expansion no terms which are

functions of s^x^, s^Xo, ... Sn^n only, it is merely necessary to shew that every

term in the development of the expression

j

(Z", - (ti j-j) (Z"., - 6oU'o) . . . (Z, - ttXt)
I
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contains at least one of the quantities T(+,, Xt+.,, .. Xn, for visibly the fraction

under examination contains neither s,+,, *•,+._,, ... nor «„• For this to be the

case the expression should vanish by putting

0.^t+i ~ "^f+y = • • • — ^n

The expression, in determinant form, is

X, — a,ir,, — "s-^i •••

ti-ri, -t,.r, X, - Ux,

f<ir it is at once evident that the co-factor of any X product

is the same in the expression and in the determinant.

In the determinant putting

a-^+i = Xt+., = . . . = .r„ = 0,

and then adding .r, times the first column, x^ times the second, ... xt times

the tt\\, we obtain a column of zeros. Hence on the supposition the

determinant vanishes and also

j

{X, - rt^a;,) (A'', - t2.7-j) . . . (Z„ - «„./„)

vanishes identically. Every term in the development of the expression

under examination contains as factor at least one of the quantities j-,^.,, j-^+j,

...j-n, and thus the fraction under examination h;is on expansion no term

which is a function of s,a-i, s^x.,, ... 5„.?„ only.

It has now been shewn, dividing each side of the identity above by

I

(1 - (/i^io;,) (1 - hzS.iX.i) (1 - c^SiX^)
\,

that

is the product of

and the series

{\ - s,X,){\ -s,X,){\ -s,X,)

1

(1 - «i5,a^,) (1 - t3S2a:.,)(l - c^s^Xt)

1 J.
S\{X^-a^a\) g, (AT, - 6,tf a) Sj (AT, - CjJ-,)

1 — «,.<¥, 1 — SaATj 1 — «,X,

gi^a !
(AT, - a,.r,) ( ATg - hjXt) \

s^s^
I (A", - fl,.Ti) (X, - c^Xt)

\

(1 -s,A',)(l -.v,A'a) (1 -«.A',)(1 -5,A',)

ga^s I
jXj - fc^a-a) (AT, - c,ar,)

|

(1-5,A',)(1-*,A',)
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and from what has been established above it is clear that that portion of the

expanded fraction

1

which is a function of s^x^, s.^x., s^x-^ only is represented by

1

(1 - «iSi^i) (1 - b^SoXo) (1 - CaSsa^s)
I

'

and it is equally clear now that that portion of the expanded fraction

1

{l-S,X,){l-S,X,)...{\-SnXn)

which is a function of s^x^, s.^x.,, ... SnXn only is represented by

1

(1 - Oi5i^;i) (1 - boSoX,) ... (1 - ))nSn^l'n)

65. From this theorem it at once follows that the coefficient of the

term

x^h:^,- ... a^",

in the expansion of the product

is equal to the coefficient of the same term in the expansion of the fraction

1

l{l-a,x,){l-b,.r.;)...{l-nnXn)
'

and it will be noted that this fraction does not involve the numbers

^i> ^2, ••• f» explicitly.

66. Theorem. " If A'l, Xn, ... Xn be given by the matricular relation

(Zi, A'.,, ... Xn)^{ Un, «,2, ••• «in ) (^i, ^^'2, ••• J-n)

021, a^, ... a.>n

(Ini, (t-nn ••• ^^nn

the coefficient of the term

xf^a^,' ... x^",

in the development of the product

ZfiXf2...Zf",

is equal to the coefficient of the term

x^^x^,- ... ci-^",

in the expansion of the fraction

1

I (1 - aiit-i)(l - bnX.,) ...{I- llnXn) ,

'
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whrrein the deiioniinaUtr is in symbolic f(>rrn in such wise that on multipli-

cation the fiictors 0,63, "itjC,, ... are to be placed in determinant brackets

I

a,6, |, I

ct,6aC, {, ... and denote the co-axial minors of the determinant

I
0,63... Hnl,

which apjK'rtains to the matricular relation."

This is a master theorem in the Theory of Permutations.

We will write

for the expression

(1 -a,X,){l-l>,.l-,)...{l-,lnXn)\,

and thi' riackr will be able to verify that F„ has also the expression

I

f/j — l/r, rfj ... (1,1

16, 62- l/x.^ . . . 6„

(-)».r.

IK

Applications af the Tlieorem.

67. We suppose the product

to be written out so that the ^1 -I- f^ + . . . + ^n factors extend from left to right

;

to perform the multiplication we imagine one term to be selected from each

factor in such wise that when the terms are all multiplied together there

results a term which is a\^a^^ ...x^^ together with a coefficient which is a

monomial composed of symbols a, b, c, ... n with certain suffixes. According

to the mode of .selection we have, in correspondence, a certain permutation of

the factors of a:^' :r^'- . . . a^» and the number of different modes t)f selection is

equal to the whole number of such permutations. If the result of any

piirticular selection be

af'bf' ...a.«'6f» a^^'x^^ ... x^-,

it will indicate that the corresponding permutation is such that

./•, occurs o, times in places originally occupied by an .r,,

„ f^i „ „ .. ^-i.

On ^1.

etc.

The proper generating function for the enumeration of the permutations

possessing this property is „ .



CHAPTER III

THE THEORY OF DISPLACEMENTS

68. We will apply the master theorem to the problem of determining

the number of permutations of the quantities in

which are such that every quantity is displaced ; in other words no quantity

ocg is to be in a place originally occupied by an oCg.

The particular case when each of the exponents f is equal to unity leads

to the determination of the permutations of

which have the property under examination. This is often spoken of as the

" Probleme des rencontres " and has been much studied. The results that we
shall obtain will be of a general character and include this particular case. If

this case were alone under consideration it would be possible to adopt a

simpler method of investigation, but such a procedure would not be so

suggestive as the one here adopted.

If in the product

{ttiXi + a^Xo + . . . + CLnXn)^^ {h^X^+ h.^Xn + ... + bnXn)^'^ . • - ("i ^'1+ H.X.^ + . . . "T thiJ'nf"

we put Oi = 0, it is clearly impossible to select x^ from the first ^i factors : so

also if we put 6^ = we cannot select X2 from either of the next ^o la-ctors.

It follows that in forming a permutation by selection of one of the quantities

x^, X2, ... Xn from each of the factors in succession, the result of putting

a, = b., = C3 = ... =nn =

is to ensure that such permutation has every letter or quantity displaced.

The number of displacements is therefore the coefficient oi x'i^af:;- ... x^" in the

product

{X.,+ X3+ ...+ Xnf' (x, + X.S+ ...+ Xn)^'- . . . (x^ + X., + . . . + X^-i)^'^,

for we may put the remaining symbols a, b, c, ... n equal to unity as not

7—2
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hoiiig rc'quiiL<l In \k- put in evidence. This then is the redundant generating

function, and through the guiding determinant

1 1 1

1 i

1 ( ) I

1

1

1

1 1 . .

t)f the order n, \vc are led to the condensed or true generating function

1

1 — IxiW., — 2SiViS:.iX3 — 32a;,a-j.r3a'4 - ... - (n — 1 ) a-, j-j ... x,/

since it is ciisily proved that every co-axial minor of order s has the value

We write

{x — a-,) (x - a.-o) ... (x— x„) = x" — pix"~^ + p.^x'^-- — ...,

so that the generating fuiicLiun is

1

1 -p^-2p3- ...-{n- l)p„'

69. W ^1 = ^= ••• = 1,1 = 1, some properties of the numbers are obtained

in a simple manner from the redundant generating function.

Thus it is ejisy to find the coefficient of a-ja;. ... a;,, in the development of

(.'-2 + x,,+ ... +Xn)(Xi+X3+ ...+ ./•„) . . . (a-j + a-o + . . . + a-n_,)

;

for this expression may be written

{lh-^-i){Pi-'r,)...{p,-x„),
which is

P" -y'r' --r, +p'r- -Ji-^'a - ••• + (-)''.r,.r, ... .r„,

or ;/;
-

J,,
- p'r' y>3 + . . . + ( -)" />„ •

Observing that

where (1)"-*(1'') is multiplied out so as to be a linear function «>f monomial

symmetric functions, the coefficient of a:,a:2 ... a-,, or of p^ is seen to be

which may be written

.(.Ill >. I)
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the well-known value of the coefficient under examination, which will be

denoted b}'^

10; l"K

in correspondence with a notation which expresses by

the number of permutations such that exactly m of the quantities which

compose the product

xyx^^- ... a;^/'

are in the places they originally occupied.

The reader will observe that this notation involves an extension of the

problem of displacements as originally enunciated and also of its particular

case, the " Probleme des rencontres." The utilitj^ of this extension will

appear in the next following investigation.

70. If we are considering the question of the permutations which are

such that exactly m of the quantities are in places they originally occupied

the redundant generating function is

{axi + .To + a-;, + . . . + Xnf^ (,i'i + axo + x.i + ...+ .r„)^- ...(x^ +x..-\- ... + ax,,f'\

in which we seek the coefficient of

(i^^x^^x^;- ... a?^".

Putting 1 — a = b, and fi = ^2 = ••• = 1> we have the product

(]h - hx,) {p, - hx.) . . . {p^ - bxn),

which is p'l - bpl + b'-jfr^po - ... 4- (-)" ^";>„

,

and developing so as to obtain the coefficient of pn we find

,..{i-t + |:,-... + (-)»,^;|^.„;

and now expressing this in terms of a we find

{0 ; 1"} + (^^) a [0 l-'l +Q a^ {0 ; 1«-J + . . . + Q) a" (0 ; P}.

Hence

\m V C)lO;i"-"

shewing that the number of permutations of x^Xo ... x,^ which are such that

exactly m of the letters are in the places originally occupied is

QlO;l.-»|.

Moreover it is easy to see a priori that this result is correct.
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For we can select the m letters which are to remain undisplaced in ( j

ways and for each of these selections the remaining letters can be so permuted

as to be all displaced in jO ;
1»-"'| ways. Thence the result found is clearly

correct.

The whole of the pcrniutatious can be found by summing {m; 1"} from

m = to m = V. Hence the well-known fonnula

}0; l"i + (';)!0: l"-) + g){0;l-j + ... +
(;;)

= ;»!.

The values of [0; 1"; fur » = 0, 1, 2, 8, 4, 5, 6, 7, 8, ... are

1, 0, 1, 2, 9, 44, 265, 1854, 14833, ....

and from the results already reached it is easy to shew that

}0; l»j=(n-l)[{0.; l"-'} + {0; l"-j],

jO; l'»)=n(0; l"-'}+(-l)".

both (»f them well-known relations.

71. We will now turn to the condensed generating function

1

l-p^-2p3- 3/>, - ... -(n - l)pn
'

and consider its e.xpanded form which has been shewn to be

S{0;?.^,...f„}.(^,f,...f„);

for the theory of symmetric functions shews us that we can deal with the

function laf'^^a^,'- ... a^» instead of with the single term a-^^.r^,'- ... xj».

We may regard ^i^,...^„ as being numbers in descending onler of

magnitude and » as indefinitely great, f,, ^.^ ... ^„ may be any integei-s, zero

not excluded, but there are certain syninietrio functions that ii jtn'ori must

be absent ; for clearly

'*'
fi > fj+ ^3 + ••• + f,.. For e.xample such functions as (20, (421), ... do

not present themselves in the development.

In the first instnince we will restrict ourselves to the numbers •() ; 1*] and

for convenience put {0; 1") =7*,. We write

^^rz
—

o7,
—

^. = 1 + J'^P^ + ^'-^P^ + i'^P^ + • • • + ^n/'" + • • • + '^t^i^''" ^^''•"'^'
I ]}., — ^f),

— Oy>4 — . , .

which in the present process do not affect the minibei-s 1\.

Multiplying uj) we get

1 = ( 1 - ;>., - 2;):, -...)( 1 -f- /^, p, + P.^j,. + . . . -H P„;,„ -I- . .
. ) + other terms.
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On the right-hand side, to find the coefficient of p„, the relevant

terms are

PnVn - Pn-2P-2pn-2 " 2Pn-^p-,Pn-3 " ^Pn-,p,Pn-, -...-(»- 3) P-zPn^Pz

- (n - 2) P,pn-i2h - (w - l)pn,

and if » > the coefficient of pn must be zero ; hence

P
or

.„=e)p..,+2(»)P„...(;)p._......(.-i)(:)

a new relation, the verification of which for n = 6 being

265 = 1 . 15 . 9 + 2 . 20 . 2 + 3 . 15 . 1 + 4 . 6 . + 5 . 1 . 1.

The law that has been established is better exhibited by putting

(n-s-l)P, = Qs,n,

so that Q„_,i = — Pn and Qn-i, n = ; then

= Qn,n +
(I)

Qn-.,n + g) Qn-2,n + • • • +
(||)

Qo,n,

or, if we \\Tite symbolically Q^ „ = Q^.n.

(Qo.„+ir = o.

72. Next consider the expansion of

1

l-p.z-2ps-Spi- ...

in ascending powers of (p. + 2p.i + 8^4 +...); we have

9

'

(p., + 2p3 + Sp,+ ...y = ^ ——p—— l*-' .
2*3

.
3-^^ .... p?rP^p^* ...,

s., S3 '. s^ . ...

where S2 + S3 + 8^^ + ... = s, and in the first instance we are concerned with

the coefficient of p,i or (1") which arises when the products pi^ppp^* ... are

multiplied out.

The coefficient of (1") in the development of

is, by a theorem of symmetry established in Section I, equal to the

coefificient of

(2*. 3*3 4**...)

in the expansion of (1)", and this by the multinomial theorem is

(2 !)s. (3 0*3 (4 !)*«...
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Hence the portion of the right-hand side that we require is

s\n\
"

s., : .s;, !«,!... (2 . !)•« (S . 1 \)'' (4 .2\r'

and suniiiiing for s we find that

(1").

jO; 1"} = SS

where v may have all suitable values and

2.V., + 3.V, + 4s-, + . . . = v.

f<2 + '% + •<>"4 + . . . = .v.

Ex, gr. for n = 8, we have to consider the non-unitary jiarf itions f)f K, viz.:

8, 62, 53, 44, 422, 332, 2222, and from the scheme

*2 •% '^4 *6 *6 *7 *8

(I 1

1 1

10 10
2

2 1

12
4

we find

7 + 280 + 896 + 630 + 3780 + 0720 + 2.520 = 14833,

which is right.

73. This method of procedure however is only appropriate to reach

results over a limited range of the expanded function. We require theorems

of a more general character and we proceed to shew that the symmetric

function operators of Section II are competent to produce them. Writing

we put p.j + 2p3 + Spi + ... = B, SO that the function to be examined is

1

1 -ir

Thi- operators available are

, d d d
d,= -J- + Pi J + 2)a J— + . ..

,
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It will be found that, for the particular operand (1 — B)~\ these operators

are connected by special relations and that every such relation is of signifi-

cance in the theory of the generating function.

A special object of the following investigation is the determination of

operators which have the effect of leaving the special operand unaltered.

We have

dsB ={s-l)+s (p, +p.+jh + ...) + B,

so that

(ds - dt) B = (.9 -0(1+ Ih + Ih +}h-\- •),

{du-d,)B = (ii-v){l+j),+p,+p, + ...);

giving us

(u - v) (ds -dt)B = {s - t) (du - d„) B,

shewing that, for an operand B,

{u —v)(ds — dt) and {s — t){du — d,)

are equivalent operations. Since these operations are linear this is also the

case for an operand which is any power of B and therefore also for an operand

1

1-B'

u, V, s, t being any positive integers, zero being excluded.

74. This result has been arrived at by elimination of {p^ +jJ2+i^3+ •••)

and B between four equations of the type

dsB=s-l-^s{p,+p.,-\-p^+ ...)-\-B.

Only three equations are necessary and then we should reach the particular

case

{s - v) (d, - dt) = {s- t) (ds - dy).

If from two relations

d,B = {s-l) + s (p, -{-p, + p, + ...) + B,

dtB = {t-l) + t (j), +j), + J), + ...) + B,

we eliminate {jh + po+Pi+ "•) we find

(td, - sdt) B = (s-t){l-B);

leading to the important result

tdg — sdt 1 _ 1

s-t nrB~r^^'
establishing that the operation

leaves the operand (1 — B)-^ entirely unaltered.
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75. 'I'hc two results that have now been established lead to a vast

number of relations between the operators which may be applied forthwith to

the study of the properties of the coefficients which arise in the development

of the operand . . The difficulty is in selecting the relations which best

exhibit those properties. Generally in applying the oj)erators to the expanded

form of the function we fii-st e.xpn'ss the operatoi-s d, in terms of the

ojK'rators JJ^ in order to take advantage of the great facility with which the

latter ojM'ration.s an- performed upon .symmetric functions which are denoted

by partitions.

We ^\l\\ in the first place (-(.nsider the e(iui valence

(u-v) (d, -di)-(s-t) (du - d,),

and CDmuieiice l)v apjilying the simplest particular cjuse

d, = 2d, - (/,

;

since d,= 1>]- :W,IJ, + SI),, d^ = D\-'21),, d, = D„

the operation

m - W,D, + W,) -2{U\- 2A) + D,

must reduce the function (1— 7i)~' to zero. Writing this function in the

form

we find that, after the operation, the symmetric function

must appear with a zero coefficient. Hence

{0; P'+^o-.^-. ...] -3}0; l'''+'2''-+'3''' ...} + 3(0; l'.2'-'3''+^ ...}

-2[{0; l'.+22-^3''...} -2 [0; l"2"^+i3''' ...}] + (0; l''+i2'--3'' ...} = 0.

We thus obtain a linear relation between certain grou|)s of coefficients

which are found throughout the whole extent of the exjxansion of the

function; for the nunibei-s tt,, tfo, tt^, ... are at our disposjil ab.s(»lutely. The

way in which the spi'cification of the numbers
[ j

is connected with the

formula which expres.ses the sum of the j)owei-s of ijuantitiea in terms of the

elementary .symmetric functions will be noted. In fact the above relation

might !)»' denoted by

(3),,-2(2)M+(l)n = 0.

in mathematical .shorthand.

As a simplt^ example put tt, = 1 , tt.j = Trj = ... = ; then

[0 ; 1«) - 3 [0 ; 2 1'j + 3 {0 ; 31 j
- 2 {0 ; P] + 4 {0 ; 21 } + {0 ; V\ = 0.
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Since {0; 31} and {0; 21} are both zero the relation gives us the expres-

sion of {0; 21-} in terms of well-known numbers {0; 1*} ; thus

3 {0 ; 2P} = {0 ; 1^} - 2 {0 ; P} + {0 ; r^} = 9 - 4 -f- 1 = 6,

so that {0 ; 21-} = 2 which is obviously correct.

By giving tt,, tt.., tt^, ... other values progressively w^e can obtain many

results of a similar character and in like manner we can proceed with the

general formula

(u - v) (ds - dt) = {s-t) (du - dy),

which when applied to the function yields the relation

(a - v) [(.9), , - (t), ,]
= (s - 1) [{u\

,
- {v\ ,].

76. Passing now to the equivalence

tdg — sdt = s — t,

it will be found that there are several ways of dealing with it.

We will first consider the particular case

td,-d, = -(t-l);

putting t = 2, we deduce

2!A=^?-2A-i;
putting ^ = 3 and reducing by means of the relation just found there results

and thence, similarly,

4>\D,= D\- 12DI + SODi + 4i), - 15,

5 ! A = ^1 - 20i)l + UODl - UODi - 95A + 56,

etc.

and it is clear we can express A in terms of Dj

.

To calculate these relations we observe that the algebraic equivalent of

the relation tdi — dt ^ — {t — 1) is

tp,-{t) = -(t-l).

Since ps corresponds to A we have to express ps in terms of p^ being

given that

tp,-s, = -(t-l),

where we have replaced (t) by the more convenient symbol .v, ; thus since

2 \p2=sl — s,,,

S\p3 = s\-Ss.s, + 2s,,

4>\pi = s\- Qs.sl + Ssl + Ss^Si - 654,

etc.
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we find

2:p, = pi-(-2jH + ^),

3 !;>3 = ;>? - 3 (2;., + 1);^, + 2(3;), + 2).

4 : ;>, - p] - (2/>, + 1 ) i>i
4- 3 (2p, + 1 F + S ('Ap, + 2)/), - (4;^, + 'A),

where the general formula is known by Art. 6, and now wo havo merely to

write D, for/;, to arrive at the relation.^ before u.s.

Applying these relations to the generating fiuiftion, we fii-st obtain

2 ! }0; l'''2'-+^3"^ ...) = {0; l''+22''3'' ...} - 2 (0; l''+'2''-3''...} - jO; 1'''2''3''...},

and a ])articnlar ca.se is, putting {0; 1*} =P,,

2!{0;21'j=P,^,-2P,.,-P,.

a Convenient formula for {0; 21"j. From it we derive the values

.«? = 1 2 3 4 5 ...,

|0; 21']-= 2 12 84 040 ...,

and from the known properties of 7'« we deduce

2 [0 ; 21'} = (s^ + .9 - 1 ) I\ + (-)-' (.9 - 1).

We next obtain

3!{0; p.2'«3-'+i
...} = {0; l-'+32''-3-> ...} - 6 {0; l-.+22-'3''' ...|

+ 310; P.+'2''-3'>...} +4}0; 1''.2''3''
...j,

and thence

G {0 ; 3Pj = P.^3 - t;P.+., + 3P,^, + 4P„

and we derive for 5=01234 5 ...,

{0; 3Pj= (i 72 780 ...,

and

G }0 ; 3P} = [(s + 1 ) (s + 2) (.9 + 3) - G (,9 + 1 ) (.9 + 2) + 3 (.9 + 1 ) + 4| P.

+ (-r'(«-l)*.

Similarly we obtain

24 {0 ; 4P} = P,,, - 12P,^, + 30P,+., + 4/>,^. - 15P,.

and we derive for .9=01234 .') ...,

[0;41''j= 24 480 ....

and

24lO;41'l = f^^^)'-12(^^f>'+30<i±^)' + 4(.+ l)-15lp,

+ (-)»+'(.9-l)(.9-^-3s-l).

ThiTe is no diflicully in oltt.iiiiing a general formula of this nature.
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77. From the general relation between the coefficients derived from the

relation

we obtain as another particular case

4 {0 ;
2^'^-} = 2 [0 ; 2V+'] - 4 {0 ; 2V+'] - 2 {0 ;

2P},

and thence
4 {0 ; 2n«; = Ps+, - 4P,+, + 2P,+, + 4P,+i + 1\ ;

and

4 (0; 2=P1 = f-^+*>-'-4t'-±lI' + 2(l±f±^4(„ . 1) + l} p.

+ (-y+' (s-^ + 4s" + 6s + 5),

two forms of result which can no doubt be reached in the case of the number

It will be observed that one formula of reduction is

2'-
[0 ; 2'-l'--} = 2'-> {0 ;

2'-il-^+-} - 2'"
{0 ;

2'-a^+i} - 2'-» [0 ; 2'-'V].

IB. The generating function

1

1 -a]h+{Li-l){a + l)p.- {a-l)-{a+2)ps + ...

arises similarly from the redundant product

(axi + X2 + X3 + ...)^' (xi + (1^2 + ^3 + ...>'' (^1 + ^"^'i + «^3 + . . .)^' •••

(a-i + a-o + . . . + axnY"

This, when expanded, is

S (??i ; l'''2'^23'^' . . .) a"* (l"^- 2'^^3'^'
. . .),

and may be similarly dealt with. For write it (1 - C)~^ where

C = ajh - (a - 1) (a + l)p., + {a - 1)- {a + 2) jx,- ...

;

then
(Z,C- (-)^+^ (a - ly (1 - C) + (-)^+i 6- (a - ly-' E,

where
E=\- (a - 1)^)1 + (« - l)-p, - ...

;

whence

[{-yd, + (-r> (a - \y-^dt] C = (-r*-> (a - 1)'- (.s- -t)E;

or putting, as in iVrt. 68, 1 —a — b,

{!)'-'d,-¥-Ui,)G={^-t)E;

shewing that, for an operand G,

{u - v) (h'-*ds - b'-^di) = (s-t) (b'-'"du - b'-"d„)

are equivalent operations. This equivalence reduces to

(a - y) {d, - d,) = {s - {du - d,X

when a = 0, or 6 = 1, as it should.
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79. It fnun the original expression of c/, wu eliminate E first instead of

1 — C we find

{tb<d, - sl/dt) C' = (*• - t) 6'-^' (1 - C).

whence
tb-'d, - sb-^d, 1 ^ J_

s-t I'-C l-C
and we have established that the operation

tb-'d,-8b-^di

^^
leaves the generating function unchanged—or, in other f<»nri, the operation

tb-'d,-sb-'di-s + t

causes the function to vanish.

It is just as easy to deal with the function ,— ,, as with :; ^,

.

From the relation

{u-v){b'-'d,-h'-'d,) - {s-t)(b'-''du - b'-'d^),

an equivalence which holds in general lor any power of and therefore for

(1 —C)~\ we deduce as the simplest possible case

d,= 2bd.,-b'd„

and comparing this with the result when a is zero, viz.

:

d,-2d.,-d„

we see that regarding 6 as being of weight miity we have merely U^ render

each term of the same weight by the introduction of the proper power of 6 as

a factor in each term in order to pass from the latter to the former.

Applying the relation to

^(m; 1''.2'''3"' ...) a'" (1'''2"'3''' ...),

we first of all express the operators ds, d^, d^ in terms of the operators

7),, D-., Dj, and then we find

>»l, IT

- 2^: ( m ; 1
-• 2'''3'''

. . .) (a'" - a'"^') [( l''.-«2"^3'' . .
.

) - 2 (
1'. 2'- « 3"'

. . .)[
m, K

+ l{m; l"i2"'3"' ...) (a'" - 2a"'+' + a"»+')(l'''-i2''3'' ...) = 0.
m, IT

Herein selecting the coefficient of (l''2''3'« ...) we have

S[(m; l"+"'2'.3'. ...)-3(m; P' + »2'.+»3"...) + 3 (m ; l'.2'.3"+» ...)j a"
m

-25: {(m; l'-+«2''3'' ...) - 2 (m ; l'-2''.+'3'' ...)] (a"* - a"'+')
m

+ S(m; 1
""^ 12"' 3"' ...)((/'"- 2a"'+' +a"*+') = 0,
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and herein selecting the coefficient of a'"

(m; l-'+3 2-23-3...)- 3 (m; l-+i2-^+i3-^ ...) + 3(m ;
l-.2-^3-^+i ...)

-2 {(m; P.+22-23-3 ...)- 2 (m ;
1-' 2-2+13-3 ...)}

+ 2 |(m- 1; 1-'+2 2t.3-3 ...)- 2 (/u- 1); l-.2-^+i3-» ...}

+ (m; I-.+12-23-3 ...)-2(m- 1; l-'+i2-23-3 ...) + (//i - 2 ; l-' + i2-'3-3 ...) = 0,

a relation connecting ten of the coefficients.

In aj)plying this formula it must be noted that

(m; 1-2-23-3...),

denoting as it docs the number of permutations in which exactly m of the

letters are not displaced, must be zero

(i) when m is negative,

(ii) when m > S^'iTTg, i.e. greater than the number of letters in the

permutation.

Also it is obvious that

(tsTTs] !- 2-3-3... ) = (Ss7r«-l; 1-. 2-23-3...),

since if all but one of the letters are in original positions then all must be so.

Bearing these facts in mind there is no difficulty in verifying the formula

in some simple cases.

80. Passing now to the relation

tb-'d,-sb-'dt-s-\-t = 0,

and putting s = l, t = 2, we find

2lD, = Dl-2bD,-¥;

and without difficulty we reach the further results

SlD,= Dl- QhD'i + WD, + 46•^

4 ! A = i>l - ^-1>D\ + 306-Di + 4fr'A - 156^

5 ! A =A - 206A + 1106^A - 1406==A - 956^A + 566\

etc.

which can be written down from those given, by the case a = 0, by simply

introducing the proper power of h in each term.

81. Application of the relation

2 ! A, = D\ - 267)i - 6%

gives

2(m; 1-. 2-2+1... ) = (//t; 1-+22-2 ...) _ 2(m ;
l-.+i2- ...) -(m; l-i-...)

+ 2(»i-l; l-.+i2-2...) + 2(m- 1; 1-2-...)

-(m-2; 1-2-...);
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and tht'iice

2(m; 2l'') = (m; \'^')-2(ni; l«^')-(m; 1")

+ 2{,n- l;l«+') + 2(m-l; 1')

-(m-2-V);
and, since

we have

-r:')-(,„i,)^'- -c)^'--
This relation slicws us that the number (tn; 1'''2'''3'' ...) is ultimately

expressible ius a linear function of the numbers iVm. Pg-m+y, ••• '"iJ thence

also in the Ibrm

f{s, m) l\-,n + </) ("V, ni).

82. The number }0 ; 1"} or P„ may also be studied by means of the

clementiiry notions of the Theory of Substitutions.

A substitution is the operation by which one permutation of the symbols

0,0.^03 ... cr„

is connected with another.

If we start with the particular permutation just written and then remove

a, from the left and place it to the right of a„ we obtain the new permutation

a^a^Oi ... o„a,,

and what we have done is to substitute Oy for Oj, a, for a.,, ... a„ for o„_,
,^

a, for a„. Such an ojjeration of substitution is said to be circular and is

denoted by
(a^a..a.J ... a„),

the meaning being that for each letter occurring in the brackets we have to

substitute the next succeeding letter and that whin we come to the last

letter we have to substitute the first letter just ;ia if the row of letters were

bent round so as to form a closed chain or circle of letters. Such a substitu-

tion may eipiaily well be written so Jis to commence with any letter—for

example in the form

(a.,a^ ... a«a,ao).

Such a circular substitution which involves the whole of the n letters is

said to be of order n. It is clear that it displaces ejich of the letters and

fn»m this circumstance ari.ses its effectivene.ss in the discussion of the problem

of disi)laccments. To obtain a circular substitution of onler n we may write

the letters in brackets in ?i ! different ways, but these do not all express
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different substitutions since each substitution is expressible in n different

ways by circulation of the symbols in the bracket. Hence we see that

there are

(7^-1)!

different circular substitutions of order n.

A substitution may displace each of the letters without being a circular

substitution of order n. It may be made up of circular substitutions of lower

orders. Thus the substitution which converts the permutation a^CL, (x.ia^asa^

into aoaia^a^a^ia^ is composed of the two circular substitutions

of orders 2 and 4 respectively.

It is clear that the circular substitution of order one—for example {a^}—
merely indicates that the symbol a^ is not displaced. If we include circular

substitutions of order one, the whole of the permutations of the n symbols

may be represented as circular substitutions. If however we are merely

concerned with those permutations in which each letter is displaced we are

restricted to circular substitutions composed of such substitutions whose

order is not less than two.

We may call these non-unitary circular substitutions and we observe that

we have such substitutions appertaining to every non-unitary partition of n.

It is also an easy observation to say that the number of permutations in

which all of the letters of a given permutation are displaced is the same as

the number of non-unitary circular substitutions. Let us verify this state-

ment in the case of four letters; we have to consider the non-unitary

partitions of 4 which are (4) and (22). As before remarked we have 3 !

substitutions of order 4, viz. these are (abed), (abdc), (acbd), (acdb), (adbc),

(adcb) ; also we can form three substitutions each of which involves a pair of

substitutions of the order 2, viz.

:

{ah) (cd), (ac) (bd), (ad) (be),

and
3!-i-3 = 9 = {0; V} ^ P„

as we know.

Clearly we have to determine the number of circular substitutions which

are in correspondence with the non-unitary partition

(2-.3-34''«...)

of the number v.

If we distribute the n letters in any manner into Tr.,+ 773 + 77^ + ... parcels

so that TTg parcels contain each s letters where s has the values 2, 3, 4, . . . we

obtain a definite circular substitution corresponding to any assigned order of

the letters in the parcels. Now a parcel which contains s letters may have

the letters permuted in (s— 1) ! different ways so as to give (5 — 1) ! different

M. A. 8
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circular substitutions of order .s; so that if N be the number of ways of

distributing n different letters into tto + ttj + tt^ + ... parcels so that

TTa, TTs, 774, ••• parcels contain 2, 3, 4, ... letters respectively, the number of

substitutions thence derivable will be

iv^(l!^(2:^(3;^....

We have therefore to determine N and from Section I we find that N is

the coefficient of (1") in the development of

TFa ! Tra ! 7r4 ! . .

.

'

and this is

n!

(2!r'(3!)"(4!)'....7r,!7r3!7r4

aufl

N.{1 !)''»(2!r'(3!r*
2''

.
3"^

.
4"' . . . . TT., : TTs : TT^ : . .

.

This is the number of circular substitutions which arc in correspondence

with the partition (2'''3'''4''* ...) of the number n.

Hence the total number of circular substitutions of n letters or of

displacements is

*^''
^ ;2''.3"'.4''.....7r,:7r3:7r4!...'

the summation being for every non-unitary partition (2'''3'''4''« ...) of «.

83. The above expression should be compared with the expression found

in Art. 72, viz.

:

f0 1'»'=S
^^' (7rj + 7r3-|-7r4+ ...)!

2'''.3''..4''«....7r,!7r,!7r4!...' {2 iy> {S If* . . . '

The contrast is remarkable.

The new expression gives, for n = 6,

6! 6! 6' 6'

6^2.4 +0+ O-! = '-'' + '"' + *0+ '•' = -''"•

The old expression gives

120 . ^, + JIO . ^ -I- 40 . ? + 15 . (I = 265,
24 2 I

the four terms on the left corresponding in each case to the partitions

(6), (42), (30. (2») respectively.

The identity which aj>pcars and is of the form

is very remarkable.
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OTHER APPLICATIONS OF THE MASTER THEOREM

84. If between the exponents ^ there is any equality such as ^, = ^i it is

clear that we may interchange Xg and Xt and thus arrive at an alternative

form of generating function V~^; for the interchange of A''^ and Xt means the

interchange of the sth and ^th rows of the matricular determinant. In

general we may permute in any manner those linear functions X which have

identical exponents, and when in particular the exponents are all equal we

may carry out 7i ! permutations and obtain n I different forms of generating

function.

Thus suppose ?i = 3 and we require the number of permutations of the

symbols in

which are such that no symbol Xg (s = 1, 2, or 3) is in a place originally

occupied by Xg, we have first of all the product

{x^ + x,)((w, + x,)^{x,i-x,)^,

giving the matricular determinant

1 1

1 1
1,

1 1 I

and F„ = 1 - ^i Xn -x^x-^- x^_x-i — 2xi x.^x-^
;

but by permutations of A'^i, A'o, A''3 we obtain five other matricular determinants

1 1 1 1 1 1

1 1 1 1 , 1 1

1 1 1 1 1 1

1 1 1 1

1 1 , 1 1 .

]L 1 !() 1 1

8—2
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which yield the generating functi<ins

1 1

1 - X2 — a;j — XiXt — XiXf + a^x,-i-2xiX,x,' I —Xi — x,+ x^x^ — XiX, — XtX^+ 2x,a:,«,'

1 1

1 — J-, — x-i— Xj

+

j-,.r,^ + j-,.r3+ x.jCi - 2j-,.ryr, ' 1 - x, - j-,- j-^ + x,j-o + a-.Tj + a-.>r, - 2x,av'^

'

1

1 —Xi—Xf — x,x, + XiX, — x^Xj + 2x, 0:2^3

'

in each of which the citcfficiont of j^.rfjf is the drsind number; two of these

five are identical, viz.

:

1

1 — J-, — a-g - a-j + x^x., + a:,ar, + x.j,X3 — 2x,a*,arj
*

This form arrests the attention, for it may be written as

1

(1 - a-,) (1 - a-j) (I - a-,) - XjX^X^
'

or, [)utting x^x^x^ = n, as

1 U M«

(i-x,)(i-x,){i-x,) (i-x,r{i-x,y{i-x,y ' {i-x,y{i-x^y(i-x,y

the part of this which is a function of ?< only is

1 +?/ + m' + "'+ ...

«=• + ...

+ ...,

wherein the coefficient of u^ is

viz.
:
the sum of the cubes of the coefficients in the expansion of

and this number therefore enumerates the permutations which are derange-

ments of the product

and since the two deUrminants utilized correspond to the priwlucts

{ir, + x,)((x^+x^)({x^ + x,)(,

(x,+x,)({x^ + x,)t(x,+x,)(,

and the four not utilized to four other ])roduct.s, we can give four other

interpretations to the coefficient in the theory of the permutations.
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85. This particular tiieorem is easily generalized because the deterujinant

of order n 110 0.
110 0.

1 10.
11.

derived from the product

gives the generating function

(1 - Xi){l -a-,,) ... (1 -.r„)-a;,x,

and herein the coefficient of afH ... a-^ is

and this enumerates the permutations of

arfa| ... xl,

which are such that in the places originally occupied by Xg there are found

either x^ or Xg+i ; where when s = n, Xi takes the place of Xn+i.

Other interpretations arise from the permutations of the linear functions A'.

86. Divide the places occupied by the quantities x^, Xo, X3, ... into

compartments A^, A.., A3, ... so that the first ^1 places are in A^, the next

^2 in Ao and so on, and let us find the number of the permutations which

possess the property that no quantity with an even suffix is in a compart-

ment with an even suffix and no quantity with an uneven suffix is in a

compartment with an uneven suffix. In the X product we have merely to

put
ttj = a-i = a5 = . . . = 0,

L = 6, = ?.«=... = 0,

c, = C3 = C5 = . . . = 0,

and the remaining letters a, b,c, ... equal to unity. The guiding determinant

has a chess-board pattern and is of course of order n :

10 1

,10 10
10 1

10 10
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All the co-axial minors of order one are zero; one of order two has either

the value zero or negative unity ; if the minor be formed from the pth and

ryth rows and the ;)th and r/th columns the value will be zero if ry - p = mod 2

and will be negative unity in all other cjvses ; co-axial minors of order > 2 as

well as the whole determinant vanish because in every case two rows are

found to be identical.

Hence the generating function is

1

1 -Xi(x^ + Xt+ ...)- 3-2(0:, -Ha", -f- . . . ) - ar, (a:« -I- a:, -h ...)- ... -Sn-i^^'

Examples of this nature may be multiplied indefinitely.

We proceed to consider some of a ditfcrent character.

Self-Conjugate Perm utations.

87. A permutation of

supposed separated as above into compartments A^, A^, A^, ... ^„, is said to

be self-conjugate when if x, be in compartment A^, Xt is in compartment A,

for all values of s and t. Thus of

x^x^ \Xi X-i

is a self-conjugate permutation.

If 1, = ^.^= ...=^,, = 1, Rothe (a.d. 1800) shewed that if Un be the

number sought

with U^=2U, = 2.

In the more general case before us, first let ?? = 3 ; we then have to find

the coefficient of

\''fi^v°x^'xl*a^*

in (./•, -I- Xj-, + fix,)(' (^ + .r, + v.r,V T* +^-^ + xA '

,

for it' X occui-s to the power zero it shews that x,, has occurred just as often in

i4, ius .r, has in A.^ and so on. The guiding determinant is

I X /*

1

1 V
X

1 1

1

^ V
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SO that wc are led, putting — =p, to the generating function

— .7', — a:, — X., V -\ 2 x,cc.,x..

and the reader will have no difficulty in proving that the portion of this

function which is free from p is

{(1 — x^—Xo — x^) (1 — a^i — X.2, — x.i + ^iX^XoX^i)]
~^.

It is useful to observe that the generating function which involves p
would arise also from the determinant

1 1 p
1 1 1

i 1 1

P
and from the A'' product

{x^ + a-o + px-iY' {xi + xo -I- x.,)^' f— + ^2 + ^3 j
'

;

indicating that the conditions of the problem before us are redundant; it

suffices to say that x^ shall occur as often in A.^ as a^s does in ^j.

This is another instance of the power of the Master Theorem.

88. On proceeding to consider the self-conjugate permutations of

we find similarly that the true X product involves three and not six auxiliary

coefficients and has the form

(a-i + a^a + pxi + ^^,'4)^' {x^ -\-x.2-Y x^-ir rXtY'

(X, \^3 /^Tj Xo \f*

^ + a:, + x, + x,j
(^-^

+ ~ + ^-3 + ^-.j .

The generating function may now be written down, but the isolation from

it of that portion which is free from p, q and r is not an easy matter.

Generally for the order n it would be necessary to isolate from the

generating function that portion which is free from

auxiliary coefficients.

89. In Art. 85 we have seen a connexion between the sum of the »th

powers of the binomial coefficients, which arise from any binumial expansion,
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and the Theory of Permutations. The Master Theorem is well adapted to

display the properties of these numbers. Thus since

1 +m^mh-
is the coefficient of .rfy'i in (./• + .yVC'" + y)'' we are led through the guiding

deterniinaiit

1 1

1 1

to the eeneratintr function ,
in which the coefficient of .r^u^ is^ ^

I -.T — y
^

p + q

that is

1 +

The coefficient of j-''y>> in (a.t + %y {b.r + uyY is

CT
n^ + (', I

a'^'-'lr + (^) a-^-'h'^-

whilc the generating function derived from the matrix

a b
I

h a
I

1 1
is eitnerthf or

1 - a (.r + ;/) - (6» - a») xy 1-6 (.r +- y) - (</' -¥)xy'

and in the Hret of these the coefficient of .rPy^ is

and now putting (/" = a, b'' = jS we have the identity

since the left-hand side shews that a and fi may he interchanged.

This curious result gives an expression for the same linear function of the

squares of the binomial coefficients as the binomial theorem does in respect of

the first powers of the coefficients.
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90. The sum

which was considered by Dixon*, is the coefficient oi x^y^'z^ in

itj-zy{z-x)P{x-yy;

the guiding matrix is

and gives us the generating function

121

1 -1

1 1

1 -1

1 +yz + zx + xy
'

a striking result which gives immediately much information concerning the

sum under consideration. The term xPy^'zP can only occur in the term

Zp 3p

{-Y{yz + zx + xyy,

and hence the sum vanishes unless p be even and is positive or negative

according as p is evenly or unevenly even. To evaluate the coefficient put

yz = U-. zx = v", xy = uf- so that xyz = uviu, and then the coefficient of u^v^iv^ in

1

1 + u'-+ V- + IV-

3P,

^ ' 'PA'

yielding the result

1- (X)^(X)—<^ym
Another form of generating function, obtained by permuting the rows of

the guiding matrix, is

1

l--r-y-z + yz + 2x + xy'

91. We may consider the coefficient of x^y^'z^ in

(ay + hzY {hx + azY {ax + hyY,
which is

* Messenger of Mathematics, Vol. xx. p. 79.
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111(1 \vi; are \v(\ throii^'h tlu- ^Miidiii^' inatiix

(/ l>

6 a ,

a h

ind the geiienitin^ I'liiiction

1

1 - ab iyz + zj + xy) — (a* + 6*) xyz

to the identity (putting a-' = a, b' = ^)

a''+ ('f)'a'-/3 + ('Sya''-^-'+...

Another interesting form of the generating function for the same sum is

1

1 —b{a: + y-hz)+h'^ (yz + zx + xy) — (rt* + 6*) xyz

'

92. It has been shewn above that for special values of the exponents |

the generating function V~^ may have more than one form. The general

form of F„ is such that the equation V„ = gives each quantity .r, as a

homographic function of the remaining n — 1 quantities, and it is interesting

to inquire whether assuming the coefficients of F„ arbitrarily it is possible to

pass back to an X product. The coefficients of F„ must be the co-axial

minors of some determinant, and it was shewn* that the coefficients iissumed

arbitrarily must satisfy 2" — 71" + n — 2 conditions and that jissuming the

satisfaction of these conditions an A'' product can be constructed which

involves n — 1 undetermined quantities. From any particular A' product we

can thus pass to an equivalent A' product which involves n — l undetermined

quantities. Assuming these quantities at pleasure we obtain a number of

different A' products each of which may have its own meaning in the theory

of permutations, and thus the number of arithmetical correspondences

obtainable is subject to no finite limit.

The Ma.ster Theorem is also valid when the (piantities f/,, a^, a,, ...

by, />j, ^3, ... are no longer real quantities but umbral symbols such that

(rtTr, -I- (/,.r, + . . . +an.'-..)^'

is a symbol ie finm of the general homogeneous quantic of degree ^, in n

variables. The theorem then becomes one which considei's the coefficient of

af'.7'^«....T5'» in the prcnluct of n quantics of degrees f,, ^^, ... fn respectively

in n variables. The theorem in fact expresses such terms for all quantics of

• Phil. Tram. Roy. Sor. of London, 1S94, A. " On n certain cldss of generatinR functions in

the Theory of Numbers."
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all degrees. In the umbral notation we say that the coefficient of a|'a|- ... a-^"

in the product

af 1

6f-^
. . . ?if»

is equal to the coefficient of the same term in the expansion of the fraction

1

(1 - a,^",) (1 - b^x^) ... (1 - n^Xn) \

'

Ex. gr. Consider af'6f^ where ctx = «i.r, + a.,Xo, h^ = h^^i + h«x^; herein the

coefficient of af-af^ is

a

and

^.. U = «f^l^ + (i ) (f
) ai^-'aAhl^-' +

(I) (I)
af.-2a|6?6|-2 + ..

^ ^^'
^^^^'^'^^ ~ (l-a,a;0(l-6.a^2) (1 - aia-,y (1 - h^2y

alblai4

'^{l-a,x,f{l-b^x,y'^"'

1

1 — ttiXi — b2X2 + (ab) X1X2

where {ah) = a^bo — a^b^.



CHAPTER V

LATTICE PERMUTATIONS

93. Consider an assemblage of letters aV^iY ... in which the numbers

p. 7, /•, ... are in descending order of magnitude. This particular permuta-

tion of the as.semblage can be denoted by a regular graph consisting of rows

of node.s. The successive rows will have p, q, r, ... nodes resj)ectively and

the graph is the same as serves to denote the partiticn ijxjr...) of the

number p + q + r -\- ....

Such a graph may be

for p = G, q = 4; r = 1.

The successive rows correspond to the letters a, /9, 7, ... respectively.

If we take uny permutation of a^^'^Y ... we shall arrive finally at the

same graph by proceeding from left to right of the permutation and placing

a node in the first row, or in the second, or in the third acc(»rding as we reach

a lettiT a or /3 or 7, etc.

Thus if we take the permutation aji^jS of the jussemblage we obtain

successivi'ly in this manner

first row

second row • • • •

and it will be observed that each of the f(tur graphs thus reached is regular

and is in fact the graph of a partition of a number.

Since the permutation possesses this property of yielding a succession of

regular graphs it is termed a " lattice permuUition."

On the other hand if we treat thi' {)ermutation afS/Sa in the same way we

reach the graphs

first row ... • •

second row • . • • •

a a/3 afSfS a/3i3a,
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and since the third of these graphs is irregular we have not had before us a
" lattice permutation."

In general for a permutation of a^^S'^Y ••• if the successive graphs are

all regular it is a " lattice permutation."

In other words if a dividing line be drawn between any two letters of the

permutation and the assemblage of letters to the left of the line is found to

be a^'/S'iry'-i ..., where pi ^ '/i ^ n ^ •••. the permutation is said to be a lattice

permutation.

Ex. gr. of the assemblage a-yS-, there are only two lattice permutations,

viz. aa/3^ and a/3a/3.

These special permutations are of much use in the Theory of Partitions

taken up in Volume II of this work, but they also have a special interest of

their own. For instance in the Theory of Probabilities

:

Suppose that there arc p-\-q-^r + ... electors at an election and that

p, q, 7', ... electors vote for candidates a, /3, 7, . . . by handing in tickets marked

a, /9, 7, ... respectively. The electors may present themselves in any order

and if such gives a lattice permutation it is clear that if the flow of electors

be stopped at any time and the votes be counted, the count will give a result

which is not inconsistent with the final result. The enumeration of the

lattice permutations leads therefore to the probability of such non-incon-

sistency obtaining.

94. We will first set forth certain properties possessed by the permu-

tations.

Every permutation necessarily commence!^ with a.

Consider any lattice permutation, say a/3a7/S, of the assemblage 0-/3-7.

Write underneath the letters the first five numbers in descending order,

viz. :

a y8 a 7 /8

5 4 3 2 1

Starting from the left, place each number in the first, second or third row

of a graph according as it stands beneath an a, a /3 or a 7. Thus

:

5 3

4 1

2

This graph, since it has been formed from a lattice permutation, has the

property that the numbers are in descending order of magnitude in each row

read from left to right and in each column read from top to bottom. There

is a one-to-one correspondence between the two-dimensional array of numbers,
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formed ujK)n the graph of the partition (221) of the number 5, which possess

this property and the lattice |)eniiutations of the assemblage a}^*y. For we

can pass uniquely from any such army to the corresponding permutation.

Thus from the array

5 4

3 1

2

we consider the numbers in descending onler of magnitude and >*Tite down

from left to right an a, a /9 or a 7 according jis the number considered is in

the first, second or third row. We thus reach the permutation

In general we see that there exists a one-to-one correspondence between

the lattice permutations of the as.semblage ftP^S^y... and the two-dimensional

arrays of the first p + q + r+... numbers at the nodes of the graph of the

partition (pqr...) of the number p-¥ q + r+ ..., which are such that there is a

descending order of magnitude alike in each row and in each column of the

graph.

95. We can now transform these arrays so as to establish and exhibit an

important property of lattice permutations. For suppose that we take the

array

5 3

4 1

2

and write the rows as columns thus:

5 4 2

3 1

we obtain an array at the nodes of the graph of the pirtition (32) which is

the partition conjugate to the partition (221) appertaining to the former

graph. The transformed array leads to the lattice permuUition

aa^a/9 of the assemblage 0^^,

and in cf»nsequcnce there must be a one-to-one correspondence between the

lattice permutations of the two sissemblagcs *

a'^7. a'^.

The lattice permutations of the.se two assemblages are therefore equi-

numerou.s. In general we may say that there is a one-to-one correspondence

between the lattice pe-mmtations of the two assemblages

ai'^fy\.., aJ''/3''y''...,

if (pqr. ..), (p'q'i- ..
.
) arc conjugate jwirtitions.
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96. There is another con-espondence which it is useful to note.

If we take the graph
5 3

4 1

2

we observe descending orders of magnitude live times, viz. in the three rows

and in the two columns. The descending orders are 53, 41, 2, .542, 31.

We can arrange these five numbers in a row so that the five descending

orders are in evidence. To do this we proceed from the lattice permutations

a o ;8 yS 7 a a /3 y ^ a /3 a 7 /3 a ^ a ^ y a /3 y a 13

5 3 412 5 3 421 54 3 21 5 43 12 54231

and write 5, 3 in order underneath the letters a; 4, 1 in order underneath

the letters /3 and 2 underneath the 7.

We have thus a line-arrangement exhibiting the five descending orders in

correspondence with each lattice permutation, and the descending orders have

been derived from one (any one) of the associated two-dimensional arrays.

In general we determine a one-to-one correspondence between the lattice

permutations of the assemblage a^^'^y^... and the permutations of the first

p + q + r... natural numbers which exhibit the descending orders which are

derived from the rows and columns of any one of the two-dimensional arrays

associated with the lattice permutations.

97. We will now be concerned with the enumeration of the lattice

permutations. First let us take the assemblage a^fi^ and denote by (pq ;)

the number of the lattice permutations. If g'=^, the last letter of a lattice

permutation must be /9, and if we delete this yS we shall get every lattice

permutation of the assemblage aP^P~\ Hence

(pp ;) = (p, P - 1 ;)•

If p > q, the last letter may be a or /3 ; if this last letter be deleted we

obtain all the lattice permutations of a^~i/8? and of a^'yS'?"' ; hence

(Fy ;) = 0^ - 1>
'Z ;) + (;>. (/-I;)-

Of this difference equation -.— .
, /

'—r-; is a solution, and the particular
^

{p + s)\{q-s)\ A

solution required is

^^^'^ p\q\ {p+\)\(q-l)\ {p + l)lq'y ^^'^

Also
.

(pp-;)=
^^^^'

{p + l)\pV
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It follows fr<tin tho exj)rcssion obtained for (7)7;) that if two candidates

A, B at an election can coininan<l p, q votere respectively {p>q), tht- proba-

bility that at no time during the balloting A will have fewer votes than B is

p-q + ^

It is seen without difficulty that {pq ,) is equal to the coefficient of arPy'

in the expansion <tf the function

1-2^

J - ./• -
2/

for {p(/\) has been shewn to be the difference of ---7-
,

an^l —
,
..,.—-^rr,-

This is a nduiidaiit generating I'unction because it contains many trrms

which arc not apjdicable to the (juesti<»n under examination.

98. The exact gi'iierating function is obtained in the following manner.

Consider

S ( pp ; ) {-ryY =\-\-xy + 2x-if + o.ry + 1 4./^ + • • • = "xy-

p

The general term in Uxy is

(p + l)lp\ ''
'

and since

V( 1 _ 4. ,/) = 1 - 2^y - 2.^/ - ... - ^^^, (^i/)"-^- - • • •.

we find that Ixxj n.,,, = 1-^/(1- 4.r_j/)

1

''1/

and thence a relation that will be useful

1

Thus "x„=o l^-^^0-'*^•^)l'

"' l-^ryu.

99. There is another way of establishing this residt which is valuable

for the purpose in hand. If we examine the various lattice jxTmuUitions of

the {vssemblage q''/3'' we find that they are of two kinds, viz. jjrime and

comp)site. Composite arrangements are those which are decomposable into

shorter lattice permutations appertaining to assemblages a''^, where q < p.

The prime lattice permutations are those which are not so decomposable.

Thus the assemblage a*/9' has the two lattice permutjitions

aad^, a/3 1 a/iJ

;

the first is prime ; the second is composite, because it is decomposiible into

two shorter lattice permutations, each of which is a^.
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Similarly the assemblage a''/3" has two prime arrangements, viz.

aaa^(3/3, aci/Sa^lS, and three which are composite, viz.

aa/3/3
;
a^, a^

\

aa/B/S, a/9 1 a/3
j
OyS.

The theory of prime lattice permutations becomes very simple directly

the observation is made, that from every lattice permutation of the assemblage
qp-i^p-\ .^ prime lattice permutation of the assemblage aP^P is derivable by

simply prefixing the letter a and affixing the letter /S, and that in this way

the whole of the lattice permutations arc obtained.

Thus we have

Lattice Permutations Prime Lattice Permutations

1 a/3

a/S [aa/3/3

aa/3/3 aa2^l3/3

a/3a/3 cia3a^/3

aaa/3/S/3 aaaa/3^l3l3

ao^/3a/3/3 aaoi^a/SfS^

aa^/3a^ aaoLl3(3oc/3^

a/3aal3/3 aal3aa;3l3^

ay8a/3a/3 aa^a^OLJB^

Lattice permutations are either prime or decomposable into primes.

This fact will lead us to the generating functions. For it is clear that

the enumerating generating function of the prime lattice permutations is

OClJUxy

Moreover these permutations may be combined in all luaijs to produce

lattice permutations. Hence the relation

1

The relation shews simply the derivation of all lattice pernmtations from

prime lattice permutations.

The same principle will now be applied to determine the enumerating

generating function of lattice permutations of the assemblage a^/S^ where

p>q. When p> q there is no prime lattice permutation except in the

particular case p = \, q = 0, when the form is

a.

Ex. gr. for the assemblage a'/3- the arrangements arc all composite, viz.

a
I

aa/3yS, a a/S .
a/3, aa/3/3

1
a,

a/3
i

a
I

a/3, a/3 al3 .

a.

M.A. 9
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The generating function for the prime lattice permutations is now

x + xyuxy,

and if \v«' write - ( ;xy
; )

./''y'' = ?'a-. ,/ . the fact that the arrangements are
V.'l

either prime or composed uf primes leads at once to the relation

1^ ,

'''
1 — x — xyiLgy'

and this, nsinL( the relation above satisfied by i(„j, may be written

where u^, = { 1 _ ^( 1 _ 4^^)|.

This is the exact form of generating function to which we have been led

by the notion of prime lattice permutations.

If s be a given integer we deduce from the above result that

a relation which leads to the expression of {q -}- s, q ;) in terms of (11 ;), (22 ;),

(33 ;), etc.

Thus (s+l,l;) = ^"'']:^)(ll;),

(. + 2,2;)=(^-^l)(22;)+(^^\)(ll;n

etc.

100. Reverting to the difference equation, we find

{PP\) = {P^P-^')

= {p,p-2;) + (p-l,p-l;)

= (p,p-S;) + 2{p-\,p-2;)

= {p,p-4;)+S(p-\,p-^:) + 2{p-2.j>--2X

and we notice that the last result may be written

(p/);)=(40;)(;;,p-4;)+(31;)(/;-l,/)-3) + (22;)(;>-2.;;-2;).

In view of this it is natural to suspect the law

{pp;) = S{st;){p-t,p-s;),

where s + t = constant.

This may be established by iitilizing the correspondence between lattice

permutations and the arrangements of different numbers at the nodes of the

graph of the partition (pp) of the number 2p.
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For consider the graph
/<; F

A n c D

The four h^wcst numbers may be placed

(i) at the points A , B, C, J),

(ii) „ B, C, D, F,

(iii) „ G, D, E, F.

Taking the case (ii) the numbers may be

2 3 4

431, 421, 321.

Subtracting each of these numbers from the number 5, the arrangements

become
3 2 1

124, 134, 234,

and it is clear that they are enumerated by the number (31 ;).

Similarly the arrangements at the nodes A, B, C, D and C, D, E, F are

enumerated by the numbers (40 ;), (22 ;) respectively, and we are led to the

relation

(H3;)=(40;)(p,i9-4;) + (31;)(p-l,i9-3;) + (22;)(iJ-2,p-2;).

Similarly it is shewn that

(pp;) = l.(st;){p — t, p-s ;), where s + t = constant.

101. Putting herein s + t=p, Ave find

{pp;) = {p, 0;y- + {p - I, l;y- + {p -2, 2 ,Y-^... to ^(^ + 1) or ^(p + 2) terms,

according as p is uneven or even.

Hence the identity

to ^(p + l) or 1(^+2) terms.

102. Taking up the lattice permutations of the assemblage a^/3'?7'' and

considering the associated graph

B

9—2



132 THE ENUMEKATION OF [sECT. Ill

witli (JirtLTcnt nunibfi-s placed at ihu nocks in such wise that descending

order of magnitude is visible alike in each row and in each column, we find

that we may det;ich a node without destroying the regularity of the graph in

three ways. The nodes are marked A, B, C, ....

But if q were e<jual to p we could not deUich A ; [( r were equal to q we

could not detach B\ ii q and r were both equal to p we could not detach

li or A.

Hence the difference equations

{pqr;) = {p-^,q, r;)-{-{p, q-l, r:) + {p, q, r - 1;),

{ppq ;) = (p,p-l,q ;) + (p, p,q-\ ;),

( v'l't v) = ( y^ - 1. 7' '1 ;) + ( p^ 7' 7 - 1 •).

ippp\) = (p>p,p-^\)-

A solution of the first of these equations is

{p + q^r)\
(/)+jt>')!"(7 + 7') ('• + '•'):'

where jj', q', r are positive or negative (including zero) integers, siuh that

p +q' + r = 0.

This may be at once established b\' applying to it the difference e<|uation.

The particular solution which corresponds to the present problem is

{p + q+r)\ (,p + q+r) \ (jj-Hy + r)\

p\q\r\ {p + \)\{q- \)\r\ p\{q->t \)\{r -\)'.

{p-\-q + r)\ ( Pj-q+j;)} _ (
;3 + 7 +

7)J^
^(p + 2) !(fy- !)!(/•- 1)! (p + 1) ! (<? + 1) f(r - 2) ! (> + 2)! ^I (r - 2)

!'

This may be simplified so as to exhibit the result

<'"/-> = <^if=(i-,Til)('-,fi)(>-,-f2).

whic-h is tiiu' whatevi-r equalities subsist between y>, <p and r.

The unsimpliHed form shews that ipqr:) is equal to the coefficient of

xi't/iz'' in the e.\j)ansion of the redundant generating function

('-!K'-^)('-;)

f(»r the expanded numerator is

X y a^ xy a^'

and its six terms yield respectively the six terms of the unpim]»lified expression

{or {pqr;).
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The reader sliould also make note of another form lA (pqr;), viz.

The Theory of the Prime Lattice Permutations of the assemblage oP^''Y

awaits investigation. It seems to present a certain amount of difficulty.

Until this has been surmounted we cannot pass to the real generating

function from the redundant form above given.

103. We now pass to the general case, viz. the number

ilhlhp.-'-Pn:).

The difference equation to be satisfied is

ilhlhlh-.-Pn-,)

= {pi - 1. piPi 'pn ;) + {pi, p-2

-

1, P3 -"pn ;) + ...+ (piP2P3---Pn - 1 ;)•

We are led to the redundant generating function

s=M t=n—l / ^

\

n n (1--M
Hr^f+ l t= \ \ Xtl

1 - (a^i + ^2 + ^s + • • • + Xn)
'

and to the two forms of result

Pilp,\p,l...pn' s = i+l t = i \ Pt + S-tJ

{PlP-2P3---Pn-d

(p^+p.+P3+...+Pn)l ^^ '=^-\ _ .

The question in probability that is here solved may be stated as follows

:

If n candidates at an election have

Pi,p2,p3, -'-Pn

voters in their favour respectively, where

Pi^p.^Ps... ^Pn,

and if at any instant Pj, P.,) P3, •• P»i voters have recorded their votes in

favour of the several candidates respectively, the probability that

always is

s=t+\ t=\ \ Pt + S-tJ

It will be remarked also that the number (pip^pa ...pn',) enumerates the

arrangements oi pi+p2+ p.^ + ... +p,^ different numbers at the nodes of a
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lattice which hii.s p^, p,, p^, ... p^ nodes (respectively) in the successive rows

where the arrangements are such that there is in evidence a descending

order of magnitude alike in each row and in each column.

The circumstiince that this enumeration is not altered by interchanging

all the mws and all the coluiiiiis establishes the fact that if

ipip.,p,...), (qiq-ifU---)

be Conjugate partitions

( Pilhlh ;) = Oh'Mi ;)
In view of the results above set forth this involves a remarkable property

of numbers.
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THE INDICES OF PERMUTATIONS

104. The assemblage of objects is taken to be

a' yS-' 7*. . . or af' ai^ aj^ . .

.

indifferently.

A contact in a permutation of these letters which is (say) «««< is called a

major, equal, or minor contact according as s >, =, or < ^.

The first definitions have reference to the major contacts in a permutation.

The Greater Index of a Permutation. Of a.'^^-y-' let any permutation be

(say)

ffaocccyy^ay.

Whenever a letter is the left-hand member of a major contact we waite

under it a number which shews how many places it is from the left of the

permutation. Thus if the sth letter stands immediately before a letter prior

to it in alphabetical order we place under it the number s. In this we obtain

/Sctaayy^ay.

1 67

We add up the numbers so placed and obtain 1 + 6 + 7 = 14, a number

which is called the "greater index" of the permutation.

Similarly if in any permutation of any assemblage of letters or of ordered

objects the pith, jJoth, j3;,th ... letters are the left-hand members of major

contacts, Ave have the definition

Greater Index = pi + jh + p^ + . . . = J^^

If, in so forming the number p, we have to add m numbers, or in other

words if the permutation possesses m major contacts, the permutation is said

to be of Class m qua major contacts.

The Equal Index of a Permutation. If, in any permutation, the q^ih, ^oth,

gsth ... letters immediately precede letters identical with themselves so that

they are the left-hand members of equal contacts, we make the definition

Equal Index = ^i + (?2 + 5;, + . . . = 9.
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Thus from /9aaa77/3a7

28 5

w<' obtain lIk- i<jii:il index 2 + .*J + 5 - 10.

If, in so funning the nuniV>er q, we have to add m numbers or if, in other

woi-ds, the permutation possesses m equal contiicts, we speak of the jx-rmuUi-

tion as being of Chiss m (ptd equal contacts.

The Lesser Index of a Pennutation. If, in any permutation, the ?',th, r.th,

rjth ... letters immediately precede letters which are later in alphabetical

oi-der we make the definition

Lesser Index = ?•, + r., + r^ -»- . . . =r.

If, in so forming the number r, we have to add m numbers, or if, in other

words, the permutation possesses m minor contJicts. we speak of the per-

muUition as being of Class m qud minor contacts.

The Greater and Equal Index. This refers to letters which immediately

precede letters which are not later in alphabetical order. It is equal to the

sum of the greater and equal indices or to p + q.

In the same manner we may have to consider other combinations of the

indices ;;, q, r.

105. If y) be the greater index of a permutation and we denote by Ix^

a summation in respect of the whole of the permutations of a given assem-

blage, it will be established in Volume II in connexion with the Theory of

Partitions, wherein the notion of the index plays a very important part, that

(1 - a^) (1 - a:*) ... (1 - a:<+-^+*+-)

-{\-.T){\-a^)...{\-x^)i\-x){\-x^)...{\-xi){\-x){\-a^)...{\-a^)...'

This beautiful theorem will be taken for granted here and various

interesting consequences will be deduced.

The late Professor Cayley, who did much work in regard to expressions of

this form, was in the habit of writing

(l-^) = (8)

for the sake of brevity and of general convenience. We do the same here so

that the theorem under consideration is written

V (l)(2)...(i + j-Hc + ...)

'"'
(l)(2)...(i)(l)(2^...(j)(l)(2)...(k)...'

106. Important property of ^p. From the synnnetry of the expression

just wiitten we gather the information that Ixp is unaltered by any permu-

tiitinn of the numbers i, j, k, Ex. gr. the sum has the same expression
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for each of the assemblages a^/S-y, a^^y-, a-/3-'7, ci-^'y^, 5/3^7-, u^-rf. For each

of these assemblages the same number of permutations have the greater

index equal to a given integer. Thus, developing the algebraic fraction for

these assemblages, we find a term + Qx^, indicating that 6 permutati<ms have

a greater index equal to 3. For oLaajS^y the six permutations are

cia/3a/3y, a/SfSaay, yfSam^,

aaya/S/S, ajByOLajS, /B^yccaa.

For ua^yyy the six are

actySyy, y/SaoLyy, afSyayy,

ayya^y, /Syyccoiy, 777aa/S.

107. Proof that for any assemblage Sx^ = IxP. This follows from the

last article. For consider any permutation of any assemblage, viz.

y3aac(77/3:-.7,

and transform it by the substitution

/a^yX

(equivalent to changing the assemblage a*pi-y^ into a?^'-y*). The permutation

becomes
^yyyOL'x^ya.

Now the major contacts /3a, 7/S, ya in the former necessarily become the

minor contacts ^y, a/3, a7 in the latter, so that the minor index of the latter

is equal to the major index of the former. Hence 2a;^ for the former is equal

to Sa;*" for the latter. Moreover it was shewn that 2a;P remains unchanged

by the transformation. Hence for every assemblage

^x" = ^xP,

for we have merely to make the substitution

and employ the same reasoning.

108. The expression of^xP'^i, where p, q are the greater and equal indices

of the same permutation.

Since every contact in a permutation is either major, equal or minor, it

follows that in every permutation

p + q + r = 1 + 2 + ... + {Si - I) =
[ ,^

2
where of course

(

'1
]
denotes h%i{Si — 1)
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Hence

0-')0-i^)-('-.'..)
'^

(-.:)(-^)-(-^<)(-i)(-p)-i>-i)-'
which on simplification gives the result

a noteworthy formula the truth of which can be seen d priori when reg.arded,

ivs will be the case in Volume II, from the point of view of the Theory of

Partitions.

109. The assemblage o*/3-' in particular. It will be shewn that the number

/) — ;• liius the value —i or -{-j according as the permutation terminates with

/9 or a.

Assume the law to obtain for a'yS-'" and denote by (oi'/S-')., (a'/S-')^ any

permutations terminating with a, /3 respectively.

Observe the results

for (o'73-')„a p-r = +j,

(a*y9>)„y3 „ =+j-{i+j) = -i,

(aW^a „ =-i + i+j= + j,

(0^/3^)^/3 „ =-i,

{o}^%^a „ =-r + (t-+J4-l) = +j+l,

(a'yS-^)^ay9 „ = _ { + (i + j) _ (i+j + l) = _ { _ 1,

(o»^0./3a „ = + j _ (,• + j) + (t + j + 1 ) = + j + 1,

(a}^})^a^ „ = + j _ (i + j + 1 ) = _ / - 1

,

which, combined with observation in simple c<ises, establish the law.

We are now in a position to find the i-xpression of Xafi for the assemblage

a'/9^. For there are

rn
penuutations ending with /9, so that /or those permutations

Similarly /t»r the permutatiom ending with a

CY')'
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For the whole of the permutations

Moreover (see Art. 108) for the whole of the permutations

Hence by simple multiplication of the last but one written formula by

ccP+9+r Qjj yjjg g^^jg g^j^^j by a;^ - -^ on the other,

2^,.,=
!'• +i - ij j:v)-' +

(i +i -
1)

,('?)«

.

Writing %xp for the whole of the permutations equal to Fij{x) we see

that for those ending with /S,

for those ending with a, 'Zxp = x^Ft^u (x).

Hence

easily reducing to the formula

tx9 = x\ 2 -'iPi_^._,(a;2) + a;V ^ ^ iP._j_ ^. (a;^).

It will be noted that the index q is always even when i—j = mod 4, and

always uneven when i —j=2 mod 4.

We can find the expression of Sa;P+''. For this is

and since 'Zx'' is x^Fij_i(x) or Fi_ij{x) according as the permutation ends

with yS or a,

Sa;^+'- = x-i
. x^'Fi^ j_, (x-) + xJFi^,,

j
(x"-)

= x^Fi, ;_i (x') + x^Fi^,, j (x"-).

Resuming consideration of the assemblage a^^^r^ ... it is to be remarked

that p — r has no longer (the number of different letters exceeding 2) any

simple value for difierent classes of permutations. It is not possible to

obtain expressions for S«9 and Sa;^+'" in the foregoing manner.

110. The Parity of the G-reater Index. The permutations of a*/3->7* . .

.

are such that the number with an even index is equal to the number with an

uneven index whenever more than one of the numbers i, j, k, ... are uneven.

Consider the function

(l)(2)...(i+j + k + ...)

(l)(2)...(i)(l)(2)...(j)(l)(2)...(k)...'
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if we j)at, theit'in, ./• = — 1 and the function happens to vanish it must be

because the permutations with even index are equal iii number to those with

uneven index. This is the case because the function is e<jual U) 'S.CpxV where

there are C^, permutations havini^^ the indi'X ecjual to p.

Under wliat conditions «loes j; = — 1 cause the function lo vanish ?

The factor (m) becomes 2 for x = — 1 whenever in is uneven. Eliminating

these factors we are left with a function which may be of the form when

x = — i and can be evaluated. This happens when numerator and denominator

contain the sjime number of factors {in), wherein in is even. If this be not

the case the numerator must contain more of such factors than the denomin-

ator and the function must vanish for a;= — 1. Ob.serve that the numerator

cannot involve fewer of such factors than the denominator, for in that case

the function would become infinite for a; = — 1, which from the nature of the

function is absurd. We have, then, to find out the circumstances under which

the numerator of the complete function involves more factors {m) than the

denominator, in being even. If we consider the product

(1)(2)...(.)

and denote by Ea the gi-eatest integer in a, it will be seen that the number

of factors {m), m even, in the product, is E^s. Hence the condition

E^{i + y + A,- + ...) - E^i - Ehj - ^i^• - ... > 0,

which is obviously satisfied when more than one of the numbers i,j, k, ... is

uneven. Under these circumstances the number of permutjitions with an

even index is equal to the number with an uneven index.

111. There is an analogous result in the case of every prime mcjdulus fi.

For putting a; = w, where tu is an imaginary /zth root of unity, if the number

of permutations which have indices = a mod fi does not vary by variation of a,

the expanded form of the function will reduce to a numeriail multiple of

1 + ft) + o)'- + . . .+ 0)'*"' and will therefore vanish. If in the unexpanded fmction

we put x=(i} we obtain a number of factors 1 — &>', wherein t is not = mod ^
Besides these we have a number of factors 1—af, where .t = (o and s is a

multiple of /x. If the number of such factors in the numerator is gi-eater

than the number in the denominator the fraction vanishes.

In the complete fraction wo must find the condition that the number of

factors (in), where ?« = mod //,, in the numerator exceeds the number in the

(JenoiuiMator. We are led to the condition

E ^ (i+j-\-/c + ...)-E^ i-E^ j-E^ /.•-... >0.

This happens if

/ =;
/"' mod fi, j - y mod /i, k = k' mod /i, ...

whenever i' + j' -\- k' -^ ...> fi — \.
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Under those circumstances the number of permutations which have

indices = a mod yu, does not vary by variation of g.

Ex. gr. Take the assemblage a'/Sy,

P = P =

aa^7 /3^uay 1

aa7^ 3 7aa/3 1

OijBcLy 2 /3oLya 4

ar^l3 2 ya/3a 4

a/3ya 3 /3yaa 2

ayl3a 5 ySaa 3

The reader will verify that since more than one of the numbers 2, 1, 1 are

uneven, the even and uneven indices are equi-numerous.

Also since 2, 1, 1 are = 2, 1, 1 mod 3 respectively and 2 + 1 + 1 > 2, the

indices b 0, 1, 2 mod 3 are equi-numerous.

112. Average Values of the Indices. The highest power of x which

presents itself in the expression for Xx^ is

or ij + ik +jk- + ...,

viz. the sum of the products two and two together of the numbers i, j, k;

Hence it is clear that one permutation of the assemblage possesses an index

ij + ik +jk + Moreover it is easily proved (it is a well-known property of

such an algebraic fraction) that the coefficients of xP and of a;y+'*+-'*+"-^ in

the development of the fraction are equal. This shews that the permutations

having indices p and ij + ik +jk+...-p are equal in number. From these

facts it is a natural inference that the average value of the index p is

l-{ij + ik+jk + ...).

Another procedure will establish this and lead on to other results.

Write %xP in the form SCpX^ so that Cp permutations have p for index.

The average value oi p is the quotient ofXGpp by

(i +j + k + ...)\

iljlk\...

To find %Cpp wc differentiate SCpX^i' -^yith regard to x and then put un-

equal to unity.

To evaluate la. (^X^)^'iL+JI
(l)(2)...(i)(l)(2)...(j)],.,

we requu-e to evaluate
-j dx . .
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This is the limit when x = 1 of

- (t + (r) x^*^' (1 - ^) + <raf^' (1 - i^-^)

Differentiating numerat<;r and denominator this becomes

= —— - when x=l.
2<r

I (i + 0-)

(7

establishing that the average value of the greater (or lesser) index of the

pennutations of a'yS-' is ^ij.

Thence

I
(l)(2)...(i + j-fk) )

r(l)(2) ... (i)(l)(2) ... (j)(l)(2) ... (k)L.,

= f
(l)(2)...(i+j+k) ] ( (l)(2)...(j-Kk) }

i(l)(2)...(i)(l)(2)...(j + k)U/l*(I)^2)...(j)(l)(2)...(k)j,_,^

( (l)(2)...(j + k)
]

j
(l)(2).-(i+J+k) )

^l(l)(2)...(j)(l)(2)...(k)U-r(l)(2)...(i)(l)(2)...(j+k)L.

__ii+j + lc)l (j + lc)l ,., {j + k)\ {i+j + k) \ ....,,.
~i\{j + k)\- j\k\ '^^''^ j\k\ • t!(j + ik)!

•-^•^^
^

-"^V^k''-'^^^^^'^^'^'

establishing that the average value of the greater (or lesser) index of the

permutations of o'/S-'t* is

\{ij + ik+jk).

From the above it is evident that for the permutations of o'/S-'t*... the

average value of the greater (or lesser) index is

^(sum of the products two and two together of the numbers i,j, k, ...).

113. Avenuje Value of the Equal Index. From the formula

we deduce that the average value of the equal index is
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Otherwise, since the average value of p + r in a permutation is

ij -\- ik -\- jk +...,

and the sum p + (/ + r is invariably

'i+j + k+..:
2

the average value of q is seen to be

which is
(2J

+ © + (2>--

114. Average Values of the Square and Higher Potuers of the Greater

Index. Writing the expression for 2./;^ in the form Fij^k,...{^)> ^^^ average

value of the square is derived from the average value of p{p — l), which is

the quotient of

d'iFij^k,... {^), ^ being put equal to unity,

(i+j+k + ...)\

^ i\j\k\... '

We have merely to add the average value of ^j. Or we may say that the

average value of p- is equal to the quotient of

3a;a;9a;i^t,i,A-,... ('^), * being put equal to unity,

by the number of permutations.

In any case the evaluation requires the value of

n - xf^

Theoretically there is no difficulty in determining the average value of

any given positive integi-al power of the index. It depends upon finding the

value of

The simplest cases corresponding to s = 1, 2, 3, may be written

+ -^fi
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THl' general result dej)en(ls u|>on the sums of the powers of the natural

numbers aiul therefore ultimately ui^on the numbe-rs of Bernoulli*.

The above formuhis may be often simplified. Thus we find

On applying them to the case in hand it is found that for the

assemblage a'/?-'

Average value of p- = j.yiji'iij + i + ;' + 1),

and for the assemblage q'/3-'7*

Average value of ja' = { {ij + ik +jky

+ j\i
{i-j + i-'A; +j-k + if- + ilc'+jk' + 2 ijh + ij + ih +jk),

p^=l^ (li'f + SXi'j'k + 6i'j'-k^ + ^i'j^ + '2'S.i'jk

+ ili-'j'k + 2'Ei'Jk + :ii'j"-).

115. Averafje Values from another point of vie^v. For the assemblage

aj'a^j ... a[',

we will enquire into the effect which the particular major conttict a^a,^(fj, > X)

hi\s tipon the sum of the greater indices Sp. When the contiict has o- letters

to its left, where cr may be zero or any integer not greater than 2lj'— 2, it adds

o- 4- 1 to the index of the permutation.

To Hiid the numbt-r of permutations in which this will happen, we observe

that the sissemblage a[^a!^^ ... a'^~^ ... a'^' ^ ... a'^' may be placed in any

permutation in the 2li — 2 places not occupied by the major contact.

11. nee the number of permutations in which the cont;ict a^a„ adds <t + \

to the index is

(ij-2)! . .

?,!t,!...i,!

so that altogether the effect of the contact a^a^ is to add t»» ^p the number

»-^-' (ti - 2)

r = tl!l2\L\
— UV(o-+ 1)

Amfriciin .lounial of Mathrmatic*, Vol. xxxv. No. .S, p. 206 et »eq.
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From this we see that on the average the major contact of^a^ ndds the

number ^i\i^ to the greater index of a permutation, and thence we find that

the average value of jj is

verifying the conclusion of Art. 112.

116. The number^ is obtained as the sum of m numbers pi, po, ... pm,
where 7n is the class of the permutation qiid the greater index. These

m numbers are termed the in components of the index.

We will consider the sum

%{p\+p^, + ...+pO.

the summation being in respect to every permutation of the assemblage.

We enquire into the eftect which the particular major contact a^ax has

upon such sum. From the previous Article we see at once that it has the

effect of adding the number

-=^^-2 (St - 2)
^ -——'—, u 'm (o- + 1 r,

which may be written

{ti)\ l'' + 2''+...4-(S-lr . .

ll,h

?i ! ?2 ! ... If, ! zi (2i — 1)

Hence the contact a^cc^, on the average adds to the sum

with regard to a permutation, the number

l- + 2-+...+(S-l)''

leading to the result that the average value of

. p+2-> + ... + (St-l)- ^

Ex. gr. The average value of pj + pl + ... +p^„, m of course not being

constant, is

^(22?\-l)Szalo,

and oi p\-{- pl+ ...•\- pi, is

by making use of known results in regard to the sums of powers of the

natural numbers.

M. A. 10
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Tu verity these results, take the aNseiublagr arjS'y:

/'. P^ I^i + l^ I'^+j^ Pi P2 P] + />H pi +

aa^y iSany I 1 1

aayf:i 'A !» 21 yaali 1 1 1

afSay 2 4 H ^aya 1 10 2H

ayci/3 2 4 S yafSa 1 10 2S

a^ya 'A !) 27 0yaa 2 + s

ay^a o
:i l.S So

105

y;3aa I - 5 9

75

ihewing 1that ^ {pi+pi) = :VJ + 31 = 70,

t{p^i+pl)=lOo + 7o:=lHO,

giving the averages of p'i + pi and p^ + pi equal to ^ and 15 respectively.

Here Sij = 4, Siii-i = 5, so that from the fonnula

H2Si:,-i)Sv,i, = H«-i).^ = ^/^,

\li,{lu-l)lnu=\^.S.5 =15,
;i veriHcatioii.

117. Avernge Value of the Class of a, Pennutatlott ijiia the greater index.

If in the foregoing results we put r = 0,

y'l +/''J+ •• +K = '».

the cla.ss of the perniulatioii.

Hence the average value of the class is

zt (it — 1) 2^1

In other words jjeruiutations on the average possess

major contacts.

In the above example this number is '^, and we see that one permutiition

is of claws 0, seven of class 1 and four of class 2, so the average is

+ 7 4. S ^ 5

12 4"

118. If we divide^ the aviTagc value of p\ + p'^+ ... + p'„ by the average

value of (he class we ol)tain the average value of the i/th power of a com-

ponent of the index. We thus find that the average value of/)^ is

1
^._^,i. + 2' + ...^(5:,-ir}

y), being not et|ual to zero.
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Putting v=l, we find that the average value of a component is

in other words, the average situation of a major contact in a permutation is

^Xi places from the beginning. The situation of course refers to the left-

hand letter of the contact.

What has been said about major contacts refers equally to minor contacts,

so that we are at liberty to say that a permutation possesses on the average

contacts which are either major or minor.

Since moreover the whole number of contacts is S/j— 1, it follows that on

the average a permutation possesses

equal contacts.

This last result will be obtained independently.

119. Average Values connected luith the Equal Index. We determine

the effect which the particular equal contact axotx has upon the sum Xq,

where q is the equal index and the summation is for the whole of the

permutations. When such a contact has a letters to its left it adds a +\
to the equal index. This happens in the case of

ij . I.,: ...Ig.

permutations; so that on the whole the contact adds to Xq the number

.0 ?i:<j...tj v2;'

i,li,\...isl\2j'

Hence the contact a^a^ on the average adds the number

'^)

to the equal index of a permutation. Thence it appears that the average

value of the equal index is

Moreover the contact o^Ka on the average adds to the sum

'/!'+ 72 + ••• + (/:

10-2
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(</,, <y,,, ... 7,,, being the cninponent*i of the index q) the number

and thence wo gather that the average value of

7; +7.^ + ... + <?:

The average vahies of <ji + 7:! + ... + (f„
and 7J + 7^ + ... + ql respectively

Moreover })utting j'^0 we find f<»r the averag»^ class qua the e(jual index

agreeing with that itbtained above in another manner.

120. Properties of the Components of the Indices. It has been shewn that

the number of permutations in which the contact a^a^ adds o- + 1 to the

index is

^Si-2)!

It thence follows that the number of j)ernnitations in which .some contact

or another adds o- + 1 to the index is

Since this number is independent of a it follows that, viewing the whole

of the permutations, each of the components

1, 2,3, ... li-l
(V/, — 2) 1

occurs precisely ^"r^, ^. — Ms times.

In the example of the assemblage aaj3y given above it will be observed jus

a verificjition that each of the components 1. 2, 3 occurs five times.

Similarly the same reasoning shews that each of the components of the

e(|ual index oceurs j)recisely

ah-2)\ ^^

lilt,!^^M^)^—
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It is interesting to apply some of the above theorems to a pack of

ordinary playing cards whose specification may be taken to be

a\ at n\ a\ a\ a,' OL\'x\al a}, , (x\ ,
a [., o.\,^

.

Here SA = o2, Xi,i,= l2'iH, %C''^] = 7H,

Thus, in a random dealing of the cards, we may expect on the average

24 major contacts, 3 equal contacts and 24 minor contacts.

If we deal out m packs the average number of equal contacts will be

4m - 1.



SECTION IV

THEORY OF THE COMPOSTTTDXS OF XT^MP.ERS

CHAPTER I

UXIPARTITK XUMHERS

121. This Section deals with that part of the general theory of distribu-

tions which is concerned with the distributions of objects into parcels of

type (1"*); that is to say, the parcels are such that no two are alike. If

the objects distributed are of type (») the theory is that of the compositions

of the (unipartite) number n into m parts; where the objects are of type

(pqr...) we have to deal with the compositions into m parts of the multi-

partite number pqi-

122. < "ompositions of a number as understood in the thetjry of distribu-

tions are merely partitions of a number in which the oixler of occurrence

of the parts is essential; thus while the partitions of the number 3 are

(3), (21), (P), the c(mipositions are (3), (21), (12), (P).

In Section I a general formula is given for the enumeration of the

compositions of multipartite numbers into exactly m parts. In t/iis pjirticular

case it is best to arrive at results from elementary considerations and not to

follow the general formula.

The mnnber of compositions of /< into exactly m parts is given by the

coerticient of .r" in the expansion of

(.r + ar» -I-
.?:=' + ...)'" :

for writing the function as a product of vi factors and performing the

midtiplication by picking out thi- terms ./;''', .r'', ... .rP"», where

Pi+ji, + ...+p,n = 'fh

in succession, we obt.jiin for this particular selection \\\v term x^'i +/'«+•••+'*"• of

the product, where (/>i/).j.../),„) is one comp)sition of// into exactly m parts.

The nunil)er is therefore
( .).
\in — 1 /
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123. TIk' generating function of the total lunnber of compositions is

i (a- + cr + x'+. .
.)'" = -—^;

1 1 — 2a;

hence the number is 2'^"^

124. If the parts of the composition ai-e limited not to exceed .«? in

magnitude the generating function of the compositions into exactly m parts is

1 - afy

If the number of pai'ts l)e unrestricted the generating function is

2 \\-x) 1 - 2.r + af^'

'

125. There are two methods of representing the compositions of numbers

gi-aphically. The number n is denoted by a straight line divided at n — \

points into n equal segments. The graph of a composition is obtained by

placing nodes at cei'tain of thest' n — \ points of divisi(jn.

'^
. 0- . . .

^

AB being the graph of 7, for the composition (214) nodes are placed at the

points P, Q so that in moving from A to JS by steps proceeding fi-om node to

no(]e, 2, 1 and 4 segments of the line are passed over in succession.

The number of parts of the composition exceeds by unity the number of

nodes on the graph. For a composition into m parts we can place nodes at

any m — 1 of the n — 1 points of division, ,so that the number of the com-

positions is at once seen to be

U-1-
Since each of the n — 1 points of division is or is not the position of a

node the total number of compositions is 2"~'.

126. Associated with any one graph there is another obtained by

obliterating the nodes and placing nodes at the points not previously

occupied.

These graphs are said to be conjugate, and the associated compositions

are said to be conjugate.

© ' • ©—e—©

(13111) is conjugate to (214).
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U a graph denotes a composition of // intu m parts, the conjugate graph

denotes a composition of n \nU) ti — m + 1 parts. These compositions are

oijui-nuiiH'rous. This fact also appeaix from the consideration that f 1

remains unalteri'd by the change of m into n - m + 1.

127. Two comjK)sitions are said to be inverse, the one of the other, when

the parts of the one read from left to right are identical with those of the

other when read from right to left..

A composition may therefore be self-inverse.

In the graph of a self-inverse composition, the nodes must be symmetric-

ally placed with respect to the centre of the graph. If the number n be

even, the number of segments of the giaph is even, and the two central

nodes, or nodes nearest to the centre (jf the gi'aph, may be coincident or may
include any even number of segments. A self-inverse composition of an even

number 2n' into 2wt' parts can only occur when the two central nodes are

coincident, and attending to one side of this node we find that such composi-

tions are just as numerous as the compositions of ?/ into in parts. The

enumerating number is therefor(

fn-S\ /m'-2\

In the case of self-inverse compositions of 2ii into 2m' — 1 parts, the two

central nodes must be distinct and may include any number 2/c of segments

;

the corresponding number of self-inverse compositions is equal to the number

of compositions of n — k into 771' — 1 parts; hence giving k all values from

1 to n — III' + I the enumerating number is

/ n' - 2>

\vi

which has the value

Self-inveree compositions of uneven numbei-s occur only when the number
of parts is uneven, and it is readily shewn that those of 2ii' — 1 into 2m'— 1

parts are enumerated by

m - 1/

Without restrictior- of the luimber of j)arts the self-invei-se compositions

of 2h' are enumerated by

;ro-V("'r>-(::;)r-.
and those of 2n' + 1 by
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128. Two compositions which are at once conjugate and inverse are

termed "inverse conjugates." A composition whose conjugate is its own
inverse is said to be "inversely conjugate." Inversely conjugate compositions

of 11 which have m parts can only occur when m = n — nt + 1 or n = 2m — 1

an uneven number. The compositions of this nature of 2m + 1 are composed

of m + 1 parts.

Consider a graph in which white and black nodes have reference to the

two inverse conjugates respectively.

© • © © • • © •

The black nodes are placed to the right and left of the centre in a manner

similar to the white nodes to the left and right. Of the graph of the number
2m + 1 there are m points to the right of the centre at which white and black

nodes can be placed in 2"* distinct ways. Hence it follows that the number
2m + 1 possesses 2"* inversely conjugate compositions.

It will be observed that the number 2m + 1 has precisely the same

number 2'" of self-inverse compositions and we can readily establish a one-

to-one correspondence between the compositions which are inversely conjugate

and those which are self-inverse. For in the graph of the number 9 above

depicted, the reading according to the black nodes yields the inversely con-

jugate composition

(23121).

We now obliterate the black nodes to the right of the centre and also the

white nodes to the left of the centre ; substituting white nodes for the black

nodes remaining, we have the graph

. © . . . , © ,

of the self-inverse composition (252).

If we interchange black and %Thite nodes in the above process, we find the

correspondence between the inverse-conjugate (12132) and the self-inverse

(1211121).

Every composition of the number /; gives rise to two compositions of the

number n+1
(i) by prefixing the part unity,

(ii) by increasing the magnitude of the first part by unity.

All of the compositions thus reached are necessarily distinct.

129. The second graphical method of representing compositions will be

clear from a few examples. The composition (214) is denoted by
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the several rows of iKxles contiiin iminhfis of ikmU-s corr»'s|>oii(liiii( to the

successive parts of the coiii|x>sition. 'Phe left-hand nodt- in each row is placecl

beneath the rij^ht-haiul n«Hle in the row above it.

Similarly (13111) is given by

anfl it will he observed that a composition and its conjugate can both be

lead from the same giaph. Whcreiis the composition is reatl from left t«

right in succe.ssi\r r<»ws fmm top to bottom, the conjugate is read from top to

bottom in successive coluums from left to right.

The invei-ses of each of these can also be read, so that a single graph can in

general bi' i-ead in four ways; if the composition be sclf-invt'i-se so also is the

conjugate, and only two ditirn-nt compositions air obtainabk' fi-om the four

n-adings.

Thisf aic callc(| zig-zag graphs, and as will be seen later they form one

connecting link between the theories of compositions and partitions.

It suffices to .s{\y here that the Fen-ers-Sylvester graph of a partition is

completely bounded (i) In an axis of x, (ii) by an axis of y, (iii) by a zig-zag

gra])h.



CHAPTER II

MULTIPARTITE NUMBERS

130. It was shewn in Section I that the number of distributions of

objects of type {pqr ...) into m parcels of type (1'") is given by the coefficient

of the symmetric function (pqr ...) in the expansion of

{h, + h, + h,+ ...y"

into a series of monomial symmetric functions ; //« denoting the sum of the

homogeneous products of degree s of the quantities Oj, a,, a-^, .... An
expression was found for this number, so that the enumeration is analytically

complete.

The generating function of the whole number of compositions is

1

hi + }u + hs+ ...

\-h^-h,-h,-..:

Now, if a,, (/o, ii^, ... be the elementary .symmetric functions,

7 ,7 ,7 ,
Oi — ttj + <ia — ..

.

h. + li.. + /i,.+
1 - «! + a.2 — a-j + ...

and thence the generating function is

a, — a, 4- tta — . .

.

1 -2(ch-ao+a^- ...)'

We now take the important step of adding the fraction ^ to the function,

equivalent to the assumption that the number of compositions of multipartite

zero is .^. We find

1 «i — fla + ^3 — •••

2 l-2(a,-ar+a3^..)

1 1

2 1 -2(ai-a2 + a,- ...)

The whole number of compositions of the multipartite number

(pqr...)
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is j'quul to the ccx'tticient of tlu- s\ luinrtiic- fiiiictinn

(Mr...)

in the (Icvtlopiiifiit of tlu- al^'cbraic friiction

[sect. IV

2 l-2(a,-rt, + «,-...)

Til is in;iy be written

1 I - 2 ^a, + 2 ta, a., - 2la,a.,a, + ... + (- )'" 2 la, a,... a,„
'

w liciciii /// may lie fonsidcicd to be us lar^'e as may be neecssarv.

131. The reader who has made himself famibar with the miustcr theorem

of Section III will at once recognize the possibility <>f the form of generating

functitm now reached being of the form T,;' and being thus connected with

a redundant X product

i^X^'Xl'...X::\

wht-re I'ach A' is a eei-tain lineai' functitm of the (piantities

a,, a., a-j, ... a,,,.

Consider the coefficient of af'a.f-'a^3 in the product

(2a, + 'V,, + a,)f' (2a, + 20,, + a,)^-' (2a, + 2a., + 20^)^^

;

the guiding matrix being

2 1 1

2 2 1.
•) •> ->

We arrive at the generating functi.•uon

1 - 2Sa, + 2Sa,a., - 2a,a.,«3

'

and in general, when the guiding matrix is

2 I I I I

2 2 111
2 2 2 1 1

2 2 2 2 1

.) 9 o O .)
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of order m, it is easy to establish that every co-axial minor not exchiding the

deteruiinant itself is equal to 2. Hence the X product

(2 a, + «., + a3+...+ a,„)^'

X (2a, + 2ao 4- a, + ... -t- a,,,)^^

X (2a, + 2a, + 2a:, + ... + a,„)P'

X (2a, + 2ao + 20^ + ... -I- 2a„,)/'w

leads to the generating function

1

1 - 2S'/i + 2Xaiao - 2Saia2a3 + . . . + (-)"' 2a,o., . . . a,„

'

and thence we are able to conclude that the number of compositions of the

multipartite number

is equal to the coefficient of

afia^^^af^ ... a'^"'

in the product

I (2ai + a^ + ag + . . . + a,,,)^' (2ai-f- 2a, + a., + . . . + a,„ )/'-• (2a, + 2ao + 20,, + . . . + a.^y^

...(2a, + 2a, + 2a3 + ... + 2a„)^'».

This is the particular redundant generating function. The general

redundant generating function is

1 1

2{l-5i(2a, + a,+ ...+a^){{l-s,(2a,+ 2a,+ ... + a,„)}...{l-5,„,(2ai+ 2a2+...+2a,„)}

132. We notice that we have here a connecting link between the Theory

of Compositions and the Theory of Permutations. In the particular redundant

generating function the term af'a^^ ,,. cit^'», attached to some numerical co-

efficient, arises in connexion with every permutation of the letters in the

term. One factor of such coefficient is obviously

2Pi-i
;

if the letter ou occurs q. times in the last p.-'t lh-\- . + pm places of the

permutation there is another factor

2'?^:

and if a.,, in the same permutation, occur ^j,. times in the \a,st 2ys+Ps+i+ +Pm
places there will be a factor

Hence the particular permutation considered occui-s with a coefficient

2p,-H-5'o+93+-+9m

and the number of compositions must therefore be

2^-lS252+«3+-+9m
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thr :

THK ENL'MEKATION OF SECT. IV

uiiiniiitiuii being in regani to ever}- jxTiniitation of the letters in

of>af»...o{;."'.

Ex. gr. Tn find in this manner the number of compositions of the

bipartite numbrr (22), we have the following scheme:

7^
=

/>, = 2 o,a,

a, a,

or, or,

a_,cr,

a^a. I
or, a,

2 (
2- + 2 + 2 + 2 + 2 + 2") = 2(1

a., or. 2

a,a.,

a.0,

or, a.

or, a,

or, a,

hence the niinibcr is

133. W, '!> Section I that the generating function of the number
• >f distributions of objects of any specified type into 7Ji different parcels when

no parcel is allowed to contain more than one object of any given kind is

(a, + a^ + a.j + ... + a,„)"*,

where o,, a,, a^, ... are the elementary symmetric functions; in other words

this function generates the number of compositions into vi parts of all

multipartite numbere when the compositions are restricted so as to contain

no figure greater than unity in their expression.

Hence the whole number of such compositions is enumerated by

n^-\-a._. + 0, + ... +a,n
.

1 - a, — Oa — a, — ... - am

'

adding unity to this it becomes
1

1 - ct,-«5- rr, - ... - (i,„

and we n)ay n<»\v seek the coiTesponding particular redundant generating

function by applying the master theorem of Section III.

Slight reflexion shews that the guiding matrix must be

12 2 2 2..
112 2 2..
1112 2..
11112

of )n rows. For each co-axial minor of order one hiis the value unity; of the

order two the value - 1 ; of the order three + 1 and so on ; every co-axial
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minor of uneven order has the vahie + 1 and of even order the vahie — 1.

Thus this matrix leads from the particular redundant generating function

(a, + 2a., + ... + -la,,,)''' (a, + a., + 2a, + . . . + 2a,„)'' ... (a, 4- a,, + ... + a,„ )''"

to the true condensed generating function

1 — tti — aj — tta — . . . — a,,

The general redundant generating function is

1

{l-6-i(a, + 2ao+... + 2a„,)} {l-6-2(a, + of2+2a3+ . .. + 2of,;,)}...{l-6-„,(a,+of.2+. ..+«,„)!

134. We have befoi-e us another connecting link with the Theory of

Permutations. In the particular redundant generating function a particular

permutation of the letters in

af '«/'-' ... a/;"*

occurs in the multiplication with a factor

if a^ appears f/., times in the first pi places of the permutation, and with a

factor

2«»

if Kg appears qs times in the first p^ +71 -I- ... + Ps-i places of the permutation.

The number of compositions, of the nature under view, of the multipartite

number {pi2h Ihn) is thus

where qg is the number of times that a^ appears in the first /^i +/>-+ ••• +/>«-i

places of the permutation of o!f'0(^'^...a^//'» and the summation is in respect of

the whole of the permutations.

Ex. gr. To find in this way the number of compositions of (22), in which

no figure greater than unity appears, we have the scheme

:

0f,0f2

a., a,

^2 =

02 or.

a,a.. 1

aoa, 1

a,a. 1

a.,ai 1

a, a, 2

so that the number sought is 2° + 2 + 2 + 2 + 2 + 2' or 13.
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The conipu.sitioiis rrfi-rred t<» an- in fact

(10. 10.01 .01 ) ( 10. 01

.

10.01 ) ( 10.01 .01 . JO)

(01 .01 . 10. 10) (01

.

10.01 . 10) (01 . 10. 10.01 )

(11.11)

(11.10.01) (11.01.10) (10.11.01)

(10.01.11) (01.11.10) (01.10.11).

135. L<t F{j),pijit...) iiud /{pijKp.,...; r) denote respectively the total

nuiiibor <»1' CKinposition.s and the number conijuiscd nf r })art,s df the multi-

partite number {piPjp.i-..)', so that

F ( p^jhp, ...) = 'Ef{p, p,p, . .
.

; r ).

r

From Section I, Art. 16, we have if

/i, + h., + h., + ... = //,

H'' = l/(ihp,p,... : r).(p,p^p.,...),

IT

^^jj = '^F(p,p,p,...).(p,p,p,...);

where (piP^Ps---) denotes the symmetric function !ta(''a^'-'a^''—
Recalling the operators

fl <l d

dUr dUr+i dxLr^.,

Dr^lxdW

we have D^H' =Sf(pip.,p,.../x: r) .(piP-.p,...).

In order to evaluate B^H'^ we first of all find that

rfA = (-)'*''/w.

d^H = (-Y+HI + If).

Hence, when operating u})on a function of 7/, d^ is <(juivalent to (/, when

fl is uneven and to —d, when fi is even. This leads us to the formula

f>^= \f/.(r/, + l)(</, + 2)...(//, + /x-l),
/* •

the products on the right denoting .successive operations.

To .sec how this is we recur to the analogy between (piantities and

openitions that was broached at some length in Section I. For the operator

relation

rf^=(-)M+'rf,
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corresponds with a quantity relation 6^ = (-)'^"^'Si ; shewing that the formula

1 -aiX + cioX- - . . . = cxp { - (s, A- + ^6-2^;'^ -•••)}

becomes 1 — aiX + a^x- — . . . = (1 + x)~*'

,

leading to a,^= —^ «i (si + 1) (si + 2) . . . («, + fju-l),

and thence to the desired operator relation

I)^ =-d:(d, + l){di + 2)...{d,+fM-l ).

To find the effect of D^ upon H'', operate successively with

d„ Ud. + l), i(di + 2), ...

and we find D, H' = rH'-' + rH';

Suppose that, in general,

operation with —— (rf, + /x) gives
//.-hi

s=0 \ S / V/i + 1 - Sj

SO that the assumed law is established inductively.

Substituting in an identity above

= %f{p,p,p,...fM; r).{p

dentity, so that equating coe

+ s-l\/ r

\IJL-SJ

= ^f {PiP'ipi • • • /^ ;
r). {pilhp,)

This is an absolute identity, so that equating coefficients, after putting

'r + s-l\ ( r

we obtain

--=
<f)

{r, ^)f {p,p.p, ...: r)+(j)ir, fi-1 )/{piP^jh ...: r-l) + ...

+ 4){r, fM- r + 1 )/ (pxP2lh . • ; 1 ),

a formula which enables the calculation of the number f{pxP2P3--f^] '"> fr<^iii

the successive numbers

fip.pops... ; r), fip.p.p,... ; r- 1), ...r\p,p.,p,... ; 1).

M. A. II
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136. A more usefiil result is obtJiinod by summing each side of this

identity for values of /• from 1 to Ij) + fi. This is, after reduction,

/•(;;,;>,;,,.../.) = ^
2*^-' (' "^

^
"

j
"' ^ ^ /(;>./),;;,...; r).

Ex. gr. We can apply this formula to tind a series for /'( p^p.) ; for since

/(/'.-'=C;.-i)'
we have

137. It has been shewn in Art. 185 that (-)'*^'rf^ is equivalent to rf,

when the operand is a function of H only. Now

^^^^
rf, = V (_)p.,+r...... {p± q + r+ -^

fi p\q\r\ ...

the summation being for all positive integer solutions of

p + 2ry +2r+ ... = fi.

Whence operating on the expression

V\lhP2P^-"\ r).{j},p,p,...)

with {—Y^^d^ for successive positive integer values of fx, and then equating

t.he coefficients of the symmetric function (piP2P3-l ^vl- find

./'( Pilhjh • • • 1 :
'•)

= -{f{PiP.P.--^'\ r)-2f(p,p,p,...2; r)},

= +{/(P./>2p.,... 1=*; r)-^f(p,p,p,... 21; r)-\-Sf{p,p,p,...3; r)}.

= (-)^^ '
V (_)„.,....-. U> + q +_ •• - J ^''

/(^p^p^p^ 2nP: r);

whrnin p +2(j + ... — s.

138. Summing with respect to r we re;ich the set of identities

Fi^piP^Pi ... 1)

= - [fi Pxlhp. ... 1=) - 2F{p,p,p,... 2)}.

= + [F{p,p,p,... V)-SF(p,p,p,... 21 )+:^F{p^P'jh-.^)},

= (-y+'S(-)f+?+ -'t£±_^+:_^

—

^-I'-'^Fip.p.p, 2np).
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In the particular case {pip-.p^^ ... I) = (I), we have by reference to the

Tables, the verification

F(l)

= -{F(V)-2F(2)\,

= + {F{l')-SF{21) + SF{ii)],

= -{F(V)-4F(2r-)-\-2F(2'') + 'iFCM)-4F(4^)},

verified by 1

= - 3+2.2,

= 13-3.8 + 3.4,

= - 75 + 4 . 44 - 2 . 26 - 4 . 20 + 4 . 8.

139. Another very useful result is reached in the following manner

Since the supposition

leads to the formula

and h^ = ^(^_y+p+q+... {P+1+ilH ^^,^^ _'^
^ ^ plql... 1 - '

we reach the operator relation

fil plql...

whenever as in the present case the operand is such that

Since d.H'' = Q' ) iT'-' (1 + H),

and
2^! ^^K " 1)^'" =

(2 j
^'"^^ "^ ^^''

assume —,d,id, — l)...(d, — u+l)H'' =

and we readily find that this leads to the relation

^^,d.(rf.-i)...(rf.-^)//' = (^;j)iy--.(i+if)-.,

verifying the assumption.

1—2
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Now operation upon the relati<jn

H ' = tf{p,p,}h . .
. ; r)

. ( PxPtPi)
yields ('*)//'-'* (1 +//r

= 5: ( -r ^^*''+^-^^^--^ /;;/>?...V
whence expanding both sides, equating coefficients of (p,;?,/),...) and inverting,

J\p,p,p,... 1*^ ; r)-[^~^yf{p,p,p....M\^-') r) + (^^ '')/(;>.p=/),...31''-'; r)

140. Suniniing in regard to r,

F{p,p,p,...\'-)-(^~ ^F{p,p,p,...2\^-')+...

= 'S.O^^,f{p,p,p,...: 6);

»•-- '''.=(:)-rl'jC-^)n'*r^K.s-^)-•-c*r)
or S^^,,.7^ = (l +a:)'*(l -.r)-^-'.

Ex. gr. if )•<
fjL in the formula of Art. 139 the dexter vanishes, and putting

r = 2, /* = 3, p,p,p,... = 2,

we get /(2 1 * ; 2) - 2/(2'l ; 2) +/'( 32 ; 2 ) = ;

verified by 22-2.16+10 = 0.

Again if 7- = ^ = 3,

./•(2P; 3)-2/-(2=l; 3) +/(32 : 3)=/(2; 0)+3/'(2; l) + 3/(2; 2).

verified by 03 - 2 . 57 + 27 = + 3 . 1 + 3 . 1.

In the summation formula of the present article, if wc put

(p,;),/),...!'*) = (!'*),

the flcxtrr vanishes and we obtain the sorios of identities

F{1)

= F(V-)-F(2),

= F(V)-2Fi2\)-\-F(:]).

= F(l*) - 3/'(21') + F{2-') + 2F(31 ) - F{^\
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(the law being that of the expression of the functions /( in terms of the

functions a), verified by

1

= 8-2,

= 13-2.8 + 4,

= 75 - 8 . 44 + 26 + 2 . 20 - 8,

These relations should be compared with those of Art. 138 in which the

coefficients followed the law of the expression of the sums of powers in terms

of the functions h.

As another example put (p^pop,...) = (4), ;u- = 3, giving

F (4>V) - 2F (4>21) + F (4>^)

= /(4; 0) + (8 + 4.1)/(4; 1) + (8 + 4. 8 + 10. l)/(4; 2)

+ (1+4. 8 + 10. 3 + 20. l)/(4; 3) + (4. 1 + 10. 8 + 20. 3 + 35. l)/(4 ; 4),

=/(4; 0) + 7/(4; 1) + 25/(4; 2) + 63/(4; 3) + 129/(4; 4);

verified by 3408 - 3776 + 768

= + 7 . 1 + 25 . 8 + 63 . 8 + 120 . 1 = 400.

The Graphical Representation of the Compositions of Bipartite Numbers.

141. The first gi-aphical method that has been employed in the case of

the compositions of unipartite numbers can be extended so as to meet the

cases of bipartite, tripartite and multipartite numbers in general. For the

present the bipartite case is under consideration.

The graph of the bipartite number {pq) is derived directly from the

graphs of the unipartite numbers {p), (q).

Take q+l exactly similar graphs of the number p and place them

parallel to one another at equal distances apart and so that their left-hand

extremities lie upon a straight line ; corresponding points of the q + l graphs

can then be joined by straight lines and a reticulation or lattice will be

formed which is the graph of the bipartite number (pq).

We have AK a graph of the number p and q+l such gi-aphs parallel to

one another; and AJ a graph of the number q and p + l such graphs

parallel to one another.

The points A, B are the initial and final points of the gi-aph.

The remaining intersections are termed the " points " of the graph.
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The lines of the graph haw either the direction AK or the direction A J.

These will be called the a and y8 directions respectively. Through each

point of the graph pa.'^.s lines in each of these directions. Each line is made

up of segments, and we speak of a and /9 segments Ui indicate that the lines,

nil which lie the segments, are in the a and (3 directions.

Suppo.se a traveller to proceed from A to B by successive step.s. A step

is taken by moving over a certain number of a segments and subsequently

moving over a certain number of /3 segments. A step is thus made up of

two figures—say an o figure and a 13 figure. The number of segments moved

over may be zero in either but not in both of these two figures of the step.

A step may be taken from A to any point a of the graph ; a second step

may be taken from a to any point of the graph iiB, which hiis a and B for its

initial and final points; subsequent steps are taken on a similar principle and

the last step terminates at the point B and completes the procession from

the point A to the point B.

A step which takes x a-segments followed by y /S-segments is taken to

be a representation of a bipartite part (xi/). A procession from the initial to

the final point of the graph thus represents a sequence of bipartite parts

which constitutes a composition of the bipartite number (pq). To every

procession from A to B corresponds a composition of the bipartite number

{pq) and the enumeration of the different processions is identical with the

enumeration of the whole number of different compositions.

The steps of a procession are marked out by nodes placed at the points

of the reticulation which terminate the first, second, third, etc. and pen-

ultimate step.s. When nodes are thus placed we have the graph of a

composition. If no<les be placed at the points (/, b of the diagram we obtain

the graph of the composition (13, 01. 40) of the bipartite (54). The number
of parts in a composition is one gi-eater than the number of nodes in its

graph.

Having mider view the number of compositions of (pq) which have two

parts, it is clear that we may place the single graph node at any of
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(p+l)(q+l) — 2 points of the lattice. Hence the number of two-part

compositions of (pq) is

P + C/+ pq.

142. The graph of a composition traced from A to B passes over certain

segments and may be said to follow a certain " line of route " through the

lattice. Other compositions may follow the same line of route ; they all

have their defining nodes upon the line of route and in general a certain

number of defining nodes will be common to them all. Consider the path

AchB in the graph given below. All compositions whose graphs follow this

line of route must have the node h; 6 is an " essential node " along this line

of route. Essential nodes occur on a line of route at all points where the

line changes from the yS to the a direction. We may regard a line of route

as specified by these essential nodes, since the line of route is completely

determined by these nodes.

b B ib
-^ r~\ y. B

•
1

J

f ^

The number of different lines of route that can be traced upon the graph

of the bipartite number {pq) is equal to the number of permutations of p
symbols a and q symbols yS, for this is the number of ways in which the

p a-segments and the q /3-segments which compose a line of route can form

a succession.

Hence the number of different lines of route is

p + q

This result is evident from another point of view ; for it will be observed

that the line of route AchB is with reference to the points upon it the

zig-zag graph of the composition 151111 of the unipartite number 10 (ten).

In general every line of route through the lattice of the bipartite number

(pq) is the zig-zag graph of a composition, possessing p + 1 parts, of the

unipartite number p+q + 1; the number of such compositions therefore is

the same as the number of lines of route and is therefore by Art. 125 of this

Section

This fact constitutes an interesting bond of union between the cm-

positions of bipartite and unioartite numbers.
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143. Every graph of u composition involves nodes of two kinds, essential

and non-essential. We will now discuss the compositions appertaining to a

given line of route. These naturally arrange themselves in pairs. Associated

with any one graph is another obtained by obliterating those nodes which

are non-essential and then inserting nodes at those points upon the line

of route which wen' not pri'viously occupied by nodes. These two graphs

are *iid to be conjugate Also the compositions represented by these graphs

are said to be conjugate.

Conjugate graphs are shewn in the diagrams, the essential node b being

l)lack, the non-essential nodes white. The conjugate compositions are

(13, 01, 40), (10, 01, 01, 02, 10, 10, 10, 10)

of the bipartite (54).

If the graph of a composition of (pq), having r parts, has * essential

nodes, it is clear that the conjugate composition hius p + q — r + s+\ parts;

thus of compositions of {pq), which have graphs with s essential nodes, there

is a one-to-one correspondence between those of r parts and those of

p + q — r +s-^l parts.

Corresponding to an essential node in the graph of a composition there

exist in the composition itself adjacent parts {... P)qi, p^q., ...) such that 7,

and P2 are both greater than zero. Thus from inspection of a composition

we are enabled to determine the number of essential nodes in its graph.

It is useful to recognize four species of contact between adjacent parts of

a composition

in (...piquP^qi, )
if 7, is zero and p^ zero there is a zero-zero contact

„ „ „ positive „ zero-positive „

„ positive „ zero „ positive-zero

„ „ „ positive „ positive-positive „

In this nomenclature we may say that the graph of a composition

possesses as many essential nodes as the composition itself possesses positive-

positive contacts. The theorem reached may be stated as follows

:

" Of compositions of the bipartite number (pq) possessing s positive-

positive contacts there is a one-to-one corres|X)ndence between those of

.s -I- < -f 1 parts and those of p + q — t parts."

From any line of route may be derived a composition whose graph

exhibits essential nodes and no others; this is termed the " principal com-

position" along the lino of mute; it will have .9+ 1 parts and each of the

s contacts of its parts will \)v positive-positive.
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The associated composition of the unipartite number p + q+1 which has

p + l parts is such that if the last or right-hand pait be deleted, there will

remain s parts whose magnitude is superior to unity.

The associated permutation of the letters in a''^'' clearly possesses .s

ySa-contacts.

Ex. gr. for the bipartite number (22) the correspondence is

Liues of

route -^r J
Bipartite

compositions

Unipartite

compositions

Permutations aa^^ l3/3aoc

(118)

(02, 20)

(311)

(11, 11) (01, 21) (12, 10) (01,11,10)

(122)

a/3a/3

(212) (181) (221)

144. We now enquire into the number of lines of route through the

lattice which possess exactly s essential nodes ; it will be shewn that the

number we seek is

Fii'st proof.

^

a'

In each of the adjacent sides AD. AC of tiie graph of (pq) select any

s points (see definition of "point") a, b, c, ... in order from the point A. The

two points a are seen to determine an essential node a ; the two points

b one 6' and so on, and a line of route necessarily exist.s which possesses these

s essential nodes and no others.

The points along AD, AC from which s points can be .selected are in

number p, q respectively and the selection can take place in
( ) , ( ) ways

respectively ; hence the number of lines of route having exactly 5 essential

nodes is

DC
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145. Second proof. Wf di'ttrniine the number of permutations of a^^i

which possess a ;3a-contarts. Write down the s /3a-sequences

...y3a.../9a.../3a...y9a...

and the v + 1 iiiU-rvals and ond spaces. In the.sc wc have to distribute the

lettei-s in

in such uiainicr as t<» iiitro(liicc ni> fn-sh ^a-contacUs. For c-ac-h of tlie.si*

p^q — '2s lett<'rs there is a choice of .? + I spaces. The number of ways of

so distributing the /> - .«? letters a is e(jual to the coetticient of a-^-' in the

devi'lopnient of

(I +.,+ a,-- + ...)*+'

or of (l-.r)-"-',

and this is i' ) : similarly the q—s letteis jS may be distributed in ( ^j way.s,

and :..-< each of the distributions of the letters a may occur with each of those

of the letters y9, the total number of permutations which possess exactly

.>< y8o-con tacts is m
146. Third proof. This proof will be found to be of fundamental im-

portance. Wo consider, as in the second proof, the permutations of the p + q

letters a^^i which exhibit exactly s /Sa-contacts. The proof depends upon

establishing that there exists a one-to-one correspondence between these

permutations and those in which the letter ^ occurs exactly s times in the

first p places counted from the left.

Suppose a permutation with s )8a-contacts to be

where for convenience .9 has tlu' special value 8.

Any of the indices ./•, y may be zero and

S.r + 3 = /), ^y -J- 8 = ry.

Now obliterate the letters /8 which do not occur in /5a-contacts and the

letters a which do so occur; there remains a succession

in which there are /) letti-i-s and /3 occurs s tinies.

Next obliterate in the ori<;inal permutation the letters o which do not

occur in /^a-contacts and the letters yS which do so occur; there remains a

succession

in which there are q Ictteis and a occui-s s times.
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Take those two successions for the left- and right-hand portions of a

new permutation, viz.

:

and it will be observed that we have made a perfectly definite transformation

of a permutation involving exactly s /Sa-contacts into another possessing the

property that the letter /3 occurs exactly s times in the first p places.

It will be also remarked that if A; of the indices (2.s' in number)

a'-2, X.,, x^; y„ y.,, y.

be zero, the new permutation possesses 2s — k /Sa-contacts.

Ex. gr. To transform

write it a!'/3"^a a^-^a

from which we obtain the successions aP/Sa^, ^'a^^'x and the permutation

in which ^ presents itself twice in the first three places.

These transformed permutations are very easily enumerated, because the

number is evidently the coefficient of \*a^/8^ in the development of

(a + X^Yia + ^y
or, using the master theorem of Section III, in the development of

1

l-a-/3 + (l-X)a/3'
which may be Avritten

1 \a/3 \-a2/92
"^ n _1 «V2 n _ Q\i *"

/I _ «Vi /-i _ p\3
"*"•••

'

(l-a)(l-/3) {l-<xf{l-^y (l_a)='(l-/3V

wherein the coefficient of a^/3'' is readily found to be

my-m>i + (^)(^, ]^ + {i.][i]^'+--- +
{'^^(l)'^'

The required result is thus established by a method which will be found

later to be of great utility.

147. Upon each of the
( )( )

'int's of route which have .s essential

nodes may be represented
2^+5-«-i

compositions because the p + q — s- i non-essential nodes upon each line of

route may be selected as composition nodes in this number of ways. Hence

the total number of compositions is

'0>^)=E(^)(^)2^-^-
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Analytically this rosiilt is tMjuivalent to the algebraic expansion

1

1 -2(x + y-xyj

[sect. IV

. + •••

{l-2x){\-2y)^ {\-2xy(\-2yy (1 - 2xf (1 - 2t,)=

Viewed graphically that portion of a line of route traced by the initial

p segments terminates in one of the points 0, 1. 2, 3, 4, ... in the diagram.

=»

4

3

2

1

A

All of these p>ints lie uix>n a straight line through the right-hand lower

corner. If one of these points be marked .9, .<? of the p segments are

/9 segments and every line of route passing through the point « has the

property that * symbols y9 present themselves in the first p places of the

corresp)nding permutation of aV^f. Hence there is a one-to-one correspond-

ence between the lines of route passing through the points numbered 0, 1,

2, ... s, ... and the permutations of a''^i which are such that ^ occurs

0, 1, 2, ....?, ... times in the first p places.

The number of lines of route in the graph of which A, s are the initial

and final points is ('] , and in the graph of which .?, B are the initial and

final ])oints,
(
^

|
, s»» that again we have the enuiuei-ating number

Invej'se Bipartite Compositions.

148. A line of route being marked out ujxtn a lattice from ..4 to B the

inverse line of route is obtained by roUiting the lattice through two right

angles and interchanging the letters A, B.

Consider a line of route from A Xxt B having essential n«Mies a. h.

inverse line of rout<' a', b', c are the essential luxies.

( )ii thi-
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The principal compositions along these lines of route are

B

173

b_

a b

(21, 11, 32) from A to B.

(02, 31, 11, 20) from B to A.

All of the contacts in these compositions are necessarily positive-positive

;

hence the leading and ending parts are the only ones that can involve a zero

element. Every part of a principal composition which does not possess a

zero element necessitates an essential node upon the graph of the principal

composition upon the inverse line of route. Thus if the one principal com-

position has s nodes upon its graph, s -|- 1 parts and t parts without a zero

element, the other has t nodes upon its gi'aph, t-\-\ parts and s parts without

a zero element. These may be called inverse jH-incipal compositions.

The number of pairs of inverse principal compositiuns is equal to half the

number of distinct lines of route through the lattice.

We may say that in regard to compositions, all of whose contacts are

positive, there is a one-to-one correspondence between those having s 4-

1

parts and t parts without a zero element and those havhig t + 1 parts and

s parts without a zero element.

The number s-\-\ —t or the number ^+ 1 — s is either 0, 1 or 2.

Ex. gr. for the bipartite (22) the correspondence is

s = 0, t=\ s=\, t = i)

(22) (02.. 20)

s= 1, t=l
(01,21) (12,10)

= 1, ^ = 2

(11, 11)

5 = 2, ^=1

(01, 11, 10)

As regards the permutations of a^'/S? the correspondence is between those

which have s ,5a-contacts and t a/3-contacts and those which have t /5a-con-

tacts and s OyS-contacts, the one permutation being obviously the other read

backwards.
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Suppose a line of route traeed on a lattice and thereon to be marked the

.s essential nodes and the t essential nodes on the inverse line. These * and t

nodes arc distinct and we may place an additional node at an unoccupied

jK)int and interpret the new compositions as read before and after the

rotations of the lattice. They have each <iC(|uired an additional part which

has either introduced a zero-jx)sitive contact into each or a positive-zero

contact into each according tis the added node is on an a or on a /9 line

between adjacent nodes. Altogether there are p + q—l — s-t points at

disposal which may l)e selected as positions for nodes in 2^+'"'"*"' ways. We
have thus pairs of invei-se comjwsitioiis and we may also have self-inverse

comp>sitions. Such can only occur upon self-inverse lines of route and one

at le.i.st of ihe elements of the bipartite numbers must be even.



CHAPTEK III

THE GRAPHICAL REPRESENTATION OF THE COMPOSITION'S OF
TRIPARTITE AND MULTIPARTITE NUMBERS

149. The graph of a tripartite number may be in either two or three

dimensions. We derive it from a bipartite graph just as the bipartite has

been derived from the unipartite graph. For the tripartite number {pqr) we
take r + 1 exactly similar graphs of the bipartite number {pq) and place

them similarly with corresponding lines parallel and similar points lying

upon straight lines; when these straight lines are drawn the graph is

complete. The r -\-l bipartite graphs may be in the same plane or in

parallel planes according as the tripartite graph is required to be in two
or three dimensions.

The figure depicts thr graph of the tripartite (288). The points of the

lattice are identical with the points of the r + 1 lattices of the r+1 bipartites

(23). Other than the initial an<l final points A, B, there arc

(7)+l)((y+l)(r+ l)-2

points. The graph involves lines in three different directions; say an a, a (3

and a 7 direction; these are parallel respectively to AP, PQ and QB.

Through each point of the graph lines pass in all three directions and a

segment joining two adjacent points is called an a segment when it is in the

a direction. A line of route proceeds from A to B, from point to point of the

lattice, its direction being either that of A —> P, or P —> Q, or Q—>B.



\7H fJKNEKAI. DF.FINITIONS [SECT. IV

The nuiiibir of liiu's of routo is the same as the number of permutations

of the symbols in a^'^'^Y 'i"<l •« therefore

4-7 + r\

A step along a line of route travei-ses in succession any number of a, /?, 7

segments and in any one step the segments must be taken in the onler a, /3, 7.

The number of segments traversed in a step may be zero in one or in two

but not in three of these directions. A step which involves p^ a-, 5, /3- and

r, 7-segments is represented by a tripartite number (/>,9,r,) and a succession

of steps, the first starting at A and the last terminating at B, is represented

by a succession of tripartite numbers which constitutes a composition of the

tripartite number (p</r).

The graph of a cctmpo.sition is (obtained by placing nodes at the points

which terminate the tii-st, second, ... penultimate steps.

Essential nodes occur upon lines of route whenever the direction at a

jjoint changes from /3 to a, from 7 to a or from 7 to (3. These will be

alluded to brietiy jvs ySa, ya, jl3 essential nodes. To these essential nodes on

the graph of a composition correspond

(i) /3a, ya, y(3 contacts in the as.sociated permutation of a^/3''y''; these

will be called " major" contacts.

(ii) Zero-positive, positive-positive, and positive-zero contacts in the

composition itself. These will be called " essential " contacts.

The theory of conjugate composition exists as in the bipartite theorj-.

On every line of route there are p + q+ r — I points which are possible

points on the graph of a composition, and if there be s essential nodes
2P+<i+r-i-'> distinct composition giaphs am be delineated along the line of

route. Each of these has s essential contacts, and as in the bipartite case we
establish a one-to-one coiTespondence between the compositions having s

essential contjicts and t non-essential contacts and those having s essential

contacts and p + q + r— 1— s — t non-essential contacts ; in other words the

corres{j<}ndence is between those with s essential conUicts and a- -t- < -I- 1 parts

and those with s essential contacts and p +q -\- r— t parts.

There is also a thecjry of invei-se compositions.

150. For the multipartiti' number

we take p„ + I cxnctly similar graphs i)f the muitipirtite numbers

and place thnn similaily with corresponding lines j){irallel and corres|X)nding

points lying on straight lines. When tht\so straight lines are drawn the
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graph is complete. Other than the initial and iina] points there are
(p^ + 1) (p, + 1) ... (p„ + 1) - 2 points in the graph. There are n different
directions j)assing through or meeting at each point; we call these the
Of,, a,, ... a,, directions. A step through the lattice traverses in succession any
number of or,, or,, ... a„ segments, but in any one step the segments must be
taken in the ordoi- a,, a,, ... or„. Tn a step the number of segments traversed
may bo zero in any one, any two, etc. ..., any // - 1 of the n given directions.
A step that involves p\ segments in the a, direction, p.. segments in the
a^ direction, and so on, may be represented by the multipartite number

ip\ji---P'n)-

A succession of steps, the first starting at A and the last terminating at B,
IS represented by a succe.ssion of multipartite numbers, constituting a com-
position of the multipartite

(PlP-2---Pn}.

Any composition follows a certain line of route through the lattice.

The number of lines of route is the same as the number of permutations
of the letters in

af'crf^ ... aP»,

and is therefore /^^ + ^r,^, _|.
. .

.
_l_ ^,^

\

V PuP2, Pn-i J

(the extension of a previous notation is obvious).

The graph of a composition is obtained by placing nodes at the points
which terminate the first, second, etc. ... penultimate steps.

Essential nodes occur upon a line of route whenever the direction at

a point changes from a„ to or, where u > t. There are ("^^ pairs of numbers

u, t which satisfy this condition so that there are (/i\ varieties of essential

nodes. At such a point the contact between the adjacent parts of the
composition is such that a part terminating with n - u zero elements pre-
cedes a part commencing with ^-1 zero elements. We speak of this as a
contact of n - u zeros with t - 1 zeros, and the number of zeros in contact is

n- 1 -(u-t),
and this may be any number from to n-2 according to the magnitude
of u — t.

Corresponding to a line of route with s essential nodes there is a per-
mutation of aP'aff^... 0.P- which possesses s major contacts.

Upon every line of route there are p,^p,+ ... +p„ - 1 points, and if the
line has s essential nodes,

distinct composition graphs can be delineated along the line of route.
M.A.

^2
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Included in these will be the principal composition graph along which

there are only essential nodes. The princii)al composition thence derived is

such that all contacts between adjacent parts are of the nature

...()'—'. 0'-'...,

where u > t and / may have all value.s fnjiii J to // — 1.

We establi.sh a one-to-one correspondence between the comjjositions

which have s es.scntial contacts and s+ t+ 1 parts and those which have

s essential contacts and j>i + Pi+ .. + Pn — t parts.

151. We now t-nquire, in respect of the tripartite lattice, into the mnnber

of lines of route which possess exactly

A-j, y9o essentia! nodes

This is the same thing as the investigation of the number of permutations

of the symbols in

a>'l3'iy'\

which involve s.^,,,/3a; .s^, 7/3; 63,, ya contacts, where we suppose that the

number of major contacts is

.s-,, + A-32 + fl.J^ = s.

It will l)e shewn that the number is e(jual to the number of permutations

in which

j3 occurs .So, times in the first p places

7 ,, .S;; ., ill the
(J

places following the tii-st p.

A ptrmutation of thi' former kind involves successions of lettei-s

l3a. y(3, 7a, 7/i^cf,

and !is regards these successions and attending only to them the permutati<»n

exhibits some permutation of the terms in

(/3ay--<'(7/3y-- (7ar' {y^af :

thf iiuiiiln-r of these terms is .v,, + a-^ + h-m — or, and they admit of

(.s.,, -t- .s^ 4- A-,1 - q-)

:

(««-o-):(«a-ff) !«„!<?:

permutations. Selecting any one of the.se there are with reference to the

terms s^ + 83. + «3i — tr f 1 |x:>sitions or intervals available for the insertion of

other lettei-s.

It is clear that a cannot be placed after a term (7/i) or 7 before a term

{fSa), for these placings would lead to mlditional major cont^icts; the letter o
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.nay be placed before any of the terms (^a), (^/3), {ya), (y/3ct), and after any
of the terms (/3or), (ya), (^/3a) ; hence ..,, + s,, + 1 out of s.,, + s,, + s,,-a+l
positions may be occupied by a; similarly y may occupy only s,, + 53. + l
different positions; the letter /3 may be placed anywhere without the intro-
duction of additional major contacts.

Besides the letters occurring in the terms

a occurs p - 6-., — 6-,, times

/^ » 'J
- -^21 - 6'y:i + a-

Thep-,,,- s,, letters a, q -,,,- ,^+ a- letters ^, ,• - ,,,

-

^,, letters 7 can
be distributed in .,, + «,, + !, .,, + .3. + .. - cr-f- 1, .,, + ., + 1 positions m

(
7> V / q + s. \ / V N

ways respectively.

This is the case because the number of distributions of A letters a in

P positions is given by the coefficient of x-' in the expansion of /'-J—V' and

IS thus equal to (^ +
f ^ ^j or to (^ +

J
"

^j .

Hence for any given permutation of the terms in

there are (
i'

)
[

? + ^«> \( ''
^

arrangements of the remaining letters which do not introduce fresh major
contacts. Hence for a given value of a there are

\s,i + sJ Vi-oi + s.^ + 631 - a J \s,. + sJ {s,, - (t) ! (s^_ - a) ! S3, ! o-

!

permutations.

To complete the enumeration we have to sum this expression in regard
to 0-. VVc find

'J + ^-^i \ (^21+^32 + ^31-0-)!

.s-n + S32 + 631 - o-/ (So, - (t) I (S32 - 0-) ! 6-3, ! <T !

*"32
' «3i ! (q - S32) •'

~
V o- / \6-,, - 0-,

(g + %): /^
«32 ! «31 i (g - S32) ! V'*21

^1% +M (<i\(q + s,,\

12—2
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Hence the number of pennutatinns sought is

V .S\, / \.V.,, + Sj \sj V«„ + ISJ \8„ + Sj

152. By direct expansion it can !)• shewn that this nninbcr is the

coet^cient of \^^'\f^\f,^'a''^''y'' in the expansion of

( a + X,, f:i + X,., y)''Ka + i^+ \ ,,7
)'/

( a + /^ + 7 )^

and is thus (Mjual U> the niiinlMr of pmnutations of a>'^iY which are such

that ^ and 7 occur .Vn, and .V:,, times respectively in the first p phvces and 7
occuis .s'm tiiues in the 7 places succeeding the fii-st j). Hence by the master

theorem of Section III the true generating functit)n is

1^

and that for the lines of route which ha\e x essential nodes is

1

1 _ a - /S - 7 +(1 - \)(a/3 + y97 + 07)- (1 - X^a^y'

In the expansion of (his tunctinii the coefficient >tf a^'^'/y'' is

Crt + C\ X + C.X' + ... + 6',V + . .
.

,

where C,

the siiiiiniation being controlled by .9..., + .s^, +%. = .?.

Denoting the wlinle nuinber t>f compositions oi' {p(p') by F{pqr), we have

F(pqr) = :£r.',2''+''+'-^-' = 2^'+'?+'-' iGAhY.
s

and thence we verify the true generating function previ(»usly obtjiined in

Art. 1:^1, for the redundant function

•2''^ '/"'--' (a + \l3 + \yy(0L->r,S+ \y)'i (a + (3 + yV,

otherwise written

U-22 + fS + y)''{-2a + 2/^ -f 7)'/ (2a + 2/3 -\- 2yy.

leads to the genej-ating function

1 !

2 I - 2(a + /3 + y- i3y-ya-a/3 +^^)
*

153. Thf ifjea of eoMi]»osition is capable of enlaigeiuent tmin a particular

point of view.

In regard t.. iini)uri ilr nnndK'rs consider /> units placed in a row

I 1 I I I 1 ... :
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there are p — I spaces between them which may be occupied by algebraic

symbols at pleasure. We may choose k different symbols and choose any

one to occupy any one of the p - 1 spaces ; we thus arrive at kP~^ different

expressions involving the p units. We may take as one of these symbols the

simple unoccupied blank space, since such space left between any two numbers,

quantities or expressions of any kind has, in every case, a definite signification,

not always however the same, in mathematical notation. This blank space

might be denoted by a definite symbol such as O.

If we restrict ourselves to a single symbol only one expression involving

the units is possible; if the symbol be +, indicating addition, we men.'ly get

1 + 1 + 1 + 1+1+1 + ...,

whicli is ^> (jr the number which enumerates the units; a blank space would

yield a succession of^j units; the symbol of multiplication unity and so forth.

All of these modes of obtaining expressions fi-om the p units are termed

"combinations of the first order" in respect of the j) units.

Passing to the case of two different symbols we may choose to employ the

sign of addition and the blank space ; we thus obtain 2^~' different expressions,

which are the several compositions of the unipartite number y>. These are

"combinations of the second order."

In general, expressions obtained from any k different symbols may be

called "combinations of order k" in respect of the p units.

There is a correspondence between these combinations and the " Trees
"

which have an altitude k and p terminal knots. To form a " Tree " we start

from a single point or knot, and from it draw any number cr^ of branches each

terminating in a knot : this would be a tree of altitude one and having o-j

terminal knots ; from each of these knots again we can draw branches in

a similar manner and arrive at trees of altitude two and having ao terminal

knots and so on. As an example take k = ]) = 3, and further take as symbols

the sign of addition, the blank space and the symbol of unspecified significa-

tion. The correspondence between the nine trees and the nine "condiinations

of order three " is shewn below :

A
A A

The process consists in writing down a unit for each terminal knot. The

p— 1 intervals between the units correspond to the p—l inter-terminal

knot spaces. If a space leads to a bifurcation in row C the symbol is + ;

if in row B it is a blank space; if in row A it is {.
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Thus fur thf Hfth tree above 1+1 I <>r '2 1 because the space a leads to

a bifurcation in row C and thr space b to one in r<>\v A.

On this principle a tn-e can be <h-ii\vn to represent any C(.nil)inali(»n of

onler k in respect of p units.

In the case of multipartite nunibei-s there is also an extension of the idea

(tf coiufKtsition. Let us take tripartite numbers Jis being represenUUive.

Anan>,'<- a mw of trijKirtite units of the three kinds, viz.

100 |0(» 100 ... 010 010 010 ... 001 001 001 ...,

in number />,, p^, p^ res|X'ctiv«']y. We assume that th(*s<- units are added

together in the manner

100+ 100 + 010 + 001 =211.

By using the two .symbols, the sign of additicm and the blank space, we

obtJiin a number of different compositions of the tripjirtite ip,p.,p^)\ we may

also permute the above succession of units in

V PuPi )

ways and using the ssime two symbols obtain other compositions, the whole

number including every composition of {p^Pips). For a given succession of

the units and a given placing of the two symbols in the />, + p^ +/>, - 1 spaces,

it is clear that we may permute the units which lie between adjacent blank

space symbols without altering the composition arrived at. Thence we see

that the nmuber (»f different expressions (in this case compositions) arrived

at is not

2p,+/',+Pj- nh-^p,-\-p.\

\ P^,P2 /

but .some lesser number. This arises from the circumstance that the symbol

+ is counnutative with respect to the units, whereas the blank space symbol

is not commutative in regard to units of different kinds.

If we were dealing with k different non-commutative symbols the nmnber

of combinations (»f ordei- /" would be

/',./'-

and the generating liinctiou iniglit l»e written

I 1

/>• 1 -A- (a, +03+ ... +a„)'

but th<' nnnilMT is less if one or uiore of the symbols be commutative.

154. The important cjuse for the present purpo.se is that in which one

symbol, the blank space, is non-commutative, and the remaining k—l
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symbt-tls commutative as between the units of different kinds. (Consider

the lattice of a bipartite number

o

A EC
A combination of order /• (of the nature under examination) is regarded

as having m parts when m — 1 blank space symbols occur in the combination.

In regard to any line of route a blank space node may be essential or

non-essential, but an essential node must be a blank space n(jde.

We will enquire into the number of combinations which possess only

a single part ; the line of route must not have an essential node, and there-

fore can only be ACB: the graphs of the one-part combinations must, all of

them, be along this line of route. Similarly in the lattice of the multi-

partite (pip-2 • Pn) the graphs of the one-part combinations must, all of

them, be along the line of route traced out in order by the p^ segments ctj,

the jt>2 segments a.^, etc., the pn segments a„. The k — I different symbols at

our disposal may be placed at pleasure at the jOj+^a + ••• +i>»i— 1 points

along this line of route. Hence

different one-part combinations are obtainable. This number depends only

upon the sum of the integers p^, p.,, ... p,^, which define the nmltipartite

number, and therefore

% (^. _ i)P&P.+-+P,-i af^a^. ... «/'»

is the generating function ; this is

h, + {k-l) h, + (k-iy h, + ... ad inf.,

hg denoting the homogeneous product sum, degree s, of the quantities

a,, a,, ... a^.

Next as to the combinations which have two parts. At any point D of

the lattice place a blank space node. This point mai/ be on the line of route

ACB, and then and then only will it not be an essential node. All two-

part combinations whose graphs pass through D must follow the line of

route AEDFB, for otherwise an additional essential (and blank space) node

would be introduced. The whole combination may be split up into a one-

part combination along the line of route AED followed by a blank space and
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a oiie-psut cuinbiiiatitJii along ilir lint; of route UFB. We luust associate

every one-part combination in the lattice Al) with every one-part combination

in thi' lattice l)Ji, an<l thus we se<' that the whole number of two-part

conibiiiatiitiis (of order k) of the multipartite number (pipo...p„) is

V(/^. _ i)P,^P,+ -l(^-_ l)P-"+P."+ -1,

where
( /j/yV ..., /'I'/V •••) •*< '^ bipartite composition (where composition

(icnoU's a combination of (»nler 2) of (;j,/>2 •.)• Hence denoting jus before by

the number of bi])artite compositions of the multipartite
( y*, y>,. . . . ), we find

that the number of lwo-j)art combinations of the multipartite {pip,...) i^

/{l>,p,...: 2 )(/•- l)P.+^i+ -=,

and the svmiiittric tunction generating function will be

lf(p,p, ... ; 2) {k-lY'^"'^ -^{p,p, ...).

Mctreover D being any point in the reticidation and remaining unspecified

we have to jissociate one-part combinations in the lattice AD with (»ne-pjirt

combinations in the lattice I)B, and since eacli of these \v.xs the symmetric

funetion generating function

it is clear that, the two-j)art combinations must have the generating function

\l(k-l)">+"^-+--'{p,p,...)\^-

or
l/,^

+ 0>-\)I>, + {k-lYl,, + ...]"-.

This is ('(luivaient to

lf( /), /), . . . : 2) (/• - 1 ) p. +;'.+•• --•
( p^p., . . . ),

the sunnnation being for all partitions of all luunbers. but is in a handier

and more tractable form.

y>y precisely similar reasoning it is established that the generating function

of the ///-part combinations of the nndtipartite
( /),//.., ...) is

;//, + (/'- 1)//, + (^-- i)-//s + ...;'".

As a verification it is observ«'d that putting /• = 2 we reach the generating

liinction of the ///-part roinpnsifiims oi' \hi- multipartite.

155. Tlu" complete generating function for the enunu^ration of the

cond)inafions of order /.-, one symbol oidy being non-commutative, is con-

se(|uently

/',-}-(/•- \)/i,-\ (/•- l)^/»3+ ...

1 -//,-(/•- l)/,,-(A--l)^' A,-...'

but li,-{k - \)/i,+{k-]yl>.
ik-l)a,+{k-ira^- ...'
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SO that transfoniiin^ it and adding the fractional number it may b<

expressed as

and if we restrict ourselves to a finite value of 7i the denominator may be

considered as terminating with the term

The master theorem of Section III shews that this expression is derived

through the guiding determinant

k k k . . .

k /.-...
1 k /• . . .

k
1 /: . . .

k 1 1

k k 1

k k k

k k k

of order n; and thence a redundant generating function is

J (kcii 4 ka., + ...+ ka„)p> (a, + ka., + ... + kaj^'' ... {a^ + a.,+ ... + a„_, + ka^Y

or y (X-tti + a,, + . . . + a.„y>^ {koc, + ka., + ... + a,J^^-' . . . {ka, + ka., + . . . + ka,,)^'^.

The latter form may be written

kP^+p.+--+Pn-iL+l{a.,+...+an)Y'U + a.,+l(a, + ...+ a,^^^^^^^

and herein the coefficient of af' ai*-' ... a^» is

XG,k^p-'-\

where C^ is the coefficient of X^a'/'ulj- ... a\]" in the development of

{of, + \ (a, + . . . + a,,)} P^ {ttj + a, + \ (Oj + . . . + a„)} ^-'
. . . (a, + a., + . . . + or„)''».

The number of combinations of order /•, one symbol being non-com-

mutative, of the multipartite number {pipo ... p,,) i^ therefore

XCJ-^p-'-\

but if in the lattice of the multipartite number there be J),, lines of route

which possess exactly s essential nodes,

D,k-P-'-'

combinations of order /,• may be represented upon these lines, and hence the

whole number of combinations of order /.', one symbol being non-comnnitative,

is also

XD,k'''~'-\
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which leads us to the relation

whii-h, hein^' true for all integral values of/-, shews that

In other woi-ds the number of jierniutations of af'oi'- ... a^,- which exhibit

precisely 8 major contacts is equal to the coefficient of \'of '«/,'» ... of,'- in the

development of the product

!a, + \(o., + ... +a„)j^' ;a, + a, + \(a.,+ ... + aj\r> ...(a, +o,+ ... + aji\

(ir in the expansion of the alijehraic fraction

1

1 - ia, + ( 1 - \) Sa,a., - (1 - X)- 2o,ao7, + . . .

'

an important theorem in pennntations. Inter])reting the redundant product

we have the following:

Theorew. " The number of permutations of the letters in the ])nKluet

af'O?^ ... aP"

which posse.ss exactly s major contacts is equal to the number of permut^ations

for which

n+ i:j+ ... + /•„ = .9,

r, denoting the number of times that the letter o^ occurs in the first

/>, +]).,+ ...+ p,_,

places of the permutation."



CHAPTER IV

SIMON NEWCOMB'S PROBLEM

156. The question which we now take up involves much that is in-

teresting in the Theory of Distributions and its discussion is a convenient

way of introducing new methods and new points of view. The problem was

suggested to the late Professor Newcoinb by a game of " patience " played

with ordinary playing cards which he found to be a recreation in the few

hours that he could spare from astronomical work. It ma}^ be stated as

follows

:

"A pack of cards of any specification is taken—say there are p cards

marked 1, q cards 2, /• cards 3 and so on—and being shuffled is dealt out on

a table ; so long as the cards that appear have numbers that are in ascending

order of magnitude, equality of number counting as ascending order, they are

placed together in one pack, but directly the ascending order is broken a

fresh pack is commenced and so on until all the cards have been dealt. The

probability that there will result exactly 'in packs or at most m packs is

required."

The result of the deal will be m packs containing in order a, b, c, ... cards

respectively, where, n being the number of cards in the whole pack,

(abc.)

is some composition, of the number //, involving m paits.

We have then for discussion :

(i) the number of ways of arranging the cards so as to yield a given

composition {abc. ..);

(ii) the number of arrangements which lead to a distribution into

exactly m packs.

The solution of these questions depends only upon the numbei-s /», q, r, ...,

that is to say upon the specification of the pack and not at all upon the actual

numbers marked upon the cards. We will commence by considering the

case where the pack has a specification (1**)—that is to say the cards are all

dififerent—and it is convenient to suppose that the n different numbers are

in fact the first n natural numbers.



ISS DFRIVATION IM{(>M THK ZIC-ZAC <:R.\PH [sECT. IV

CoiisidiT till- |H-niiut<itioiis of \]u- fii.sl n iatf^ers and fur siinplicitv let

,t = 9. W^ritini,^ down ;i pennutatioii at random

S (17 -iM 5 4 13.

we can draw lirifs separating the innnlu-rs int<t conipartments in such wise

that in each compartment the niimb<'rs are in ascending order of magnitude.

We can then write down a succession of numbei-s which specify the sizes <»f

the compartments proceeding from left to right, and arrive at a composition

I221I2 of the number 9: we .say that the permutation under examination

has ail .uscending specific}iti<»n (122112) or (l2'-]'-2). Similarly from the

de.sceiiding character

86 72 95418,

we say that the descending specifittition is (2241) or (2-41) and it will be

remarked that. (12-1-2) and (2-41) an- eoiijugate eumpositious which the

/ig-zag graph

puts in evidence. If we invert the permutation the ascending specification

is the inverse of the conjugate composition; thus

3 11459 1 27
1 68,

and if we substitute for the number /> in the permutations the number

// — p + \ we obtain

24138il5G9i7,

79|6|5|18|34|2,

which ha\(' specifications (2241) and (211221), and thus from a single per-

mutation \\v derive three other permutjitions, and the four iissociated

compo.siti<»ns are those derivable from a single zig-zag graph by the four

modes of reading. If then we formulate the question : of the permutations

of the first II natural numbers how many have an jiscending s|K'cification

denoted by a given composition of the nutnber n ? it is clear that whatever

the answer, the same answer must in general be given for three other

compositions, viz. the three others derivable fnnii the /ig-zag graph. In

two cases the four compositions shrink to two, viz.

(i) when the composition is .self-inverse,

(ii) when the conjugate an<l the iii\ei-sc are identical.

Tht' compositions therefore may be groujied in lots of either 4 or 2, and

the reader will have no difficulty in establishing from the results reached in
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a previous chapter that, if ii is an even number 2//', the number of lots is

2»i.'-2 (2'*'"^ + 1 ) and that, if it is an uneven nuiiiliei- 2//'+ I, the number of

lots is
2'»'-i (2"'-' + 1 ). For // = 2, 8, 4, 5, (>, ... llic numbers (jf lots are

1, 2, ;i, 6, 10, ... respectively.

When the pack has a specification (jjqr...) we denote by

N'(abc...),jj,,r..,

the number of [Mrmutalions of the cards which have the specification (nhc..).

At present we are concerned with the numbers

where {ahc...} is some composition of the numl)er u, for the partition (1") is

the specification of n cards no two of which are alike, and therefore al.so of

the first n natural numbers. When there is no risk of misunderstanding we

shall write simply N {ahc...), the partition subsci-ipt being understood.

157. Obviously N {n) =N (a) = 1, for it is only when the numbers are in

ascending order that the associated composition is {a).

To determine N {ah), where a + b = n, we separate the n integers into two

groups, a left-hand group of a. numbers chosen at random and a right-hand

group comprising the remaining b numbers ; this can be done in
(

1 different

ways. We next arrange the numbers in each group in ascending orders

for each of the ( j separations and thus obtain each of the permutations

enumerated by N{a, b) and also the one permutation enumerated by X((i + b).

Hence

N(<,.b) + i\(a + b) =Q
.v(„6)=(;;)-A'(„+6,=(;;)

Again to find X {abc) where a + b + c — n, we separate the // integers

into three groups containing, in order from left to right, c. b and c integers

respectively ; this can be done in

n !

(/ ! 6 ! c !

different ways. Placing the numbers in each group in ascending oiiler we

obtain the permutations enumerated by

T {abc\ N {a + b, c), N (a, b + c), N {a + b + c),

because the right-hand number in a group is or is not greater than the

left-hand number of the group standing to its right. Hence

X (ahc) + N (>i + b, c) + X{(i, b + c) + X {a +b + c) = -^-tt—,

,
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leading to

Y I
w

!

?t

!

n'. II '.

(«^c) =
^^ , ^ 1^^ ^

- ( -:jr^^ , ^ .
- at(6 + c)|

"^

(a+6-»-c)! *

whrn-in now \\c retain ,'
. instead <>f its value unity, tin- iK-tter U>

{II + 0+0.
shew the law of t'oiinat ion.

Similarly we Hn<l

y(iibcd) + N{ii +L, c, d) + N ((t, I) + c, d) + N {a, b, c + d)

+ N{a+b, c+ d) + N{a+b + c, d) + N{a, b + c + d)+N(a + b + c + d) = -
., , ,,

leading to

("^c^O - „ , ^,c! rf!
-

((, + 6)! c' f/: ~ aT(b + cy.dl
~

a\ b\{c + d)':

II ' II ' II ' n'. ^

, +
(tt + 6)!(c-f-(/); {(i+b+c)ldl a\(b + c + d): (a + 6 + c + rf)!'

The general laws of the sinister of the tirst relation and of the dexter of

the second are (juite clear. Additions 2, 3, 4, ... at a time occur in all

possible ways between the numbers a, b, c, d, .... provided that the numbers

are always in the order a, b, c, d, ... ; the combinations are essentially

between adjacent numbers, and in the second relation the sign of a term

is determined by the number of factorial factors in its denonnnator. It is

convenient to have before us the simplest results so that formuhe may be

verified. Thus
Ncl) =N{,V) = 1 total o

iV(21) =iV(12) = 2

2

4

6 = 3:

iV(4) =N{V) = I

iV(31) = .V(l.S) = iV(2P) =i\^(r-'2) = .S

iV(22) =.V(121) = 5

12

10

24 = 4

ObstTvc tliat in (,'tMiiml A' (aU- ...) may be ^iveu the detoriuinant expression

;
1 1 1

a\ (a + b)'. (a + b+ c)\

1

' L

1 \
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N{o) =iV(P) = 1 total 2

iV^(41) = iV(14) = iV^(2P) =N(V2) = 4 „ 16

iV(32) = iY(2:3) = iV(121-) = iV(l-^21)= !) „ 36

iY{SP) =i\"(l23) = () „ 12

N{2n) =iV^(12-) -16 „ 32

iV(131) =iV^(212) - II „ 22

m = 5 :

158. Some simple summations are obtainable from elementary con-

siderations.

Let us find the number of arrangements which give a cards in the first

pack. We have to find the sum of the numbers N(abc ...) in which the first

part of the composition is a. Take any a + 1 of the numbers 1, 2, 3, ... /?
;

this can be done in
(

j
ways. Now take the highest of these numbers

and place any one of the others to its right and the remaining a — 1 numbers

in ascending order to its left ; this can be done in <( ways, so that the whole

operation can be carried out in « f
j
ways. It is thus certain that, these

numbers forming the left-hand part of the permutation, the first part in the

composition will be a. Now the remaining n — a—1 numbers can be placed

to the right of these to complete the permutation in (/; — (^ - 1) ! ways.

Hence

2.V(«...) = «(„;,)(«-«-i); =
„^„;j^,

Ex. gr. for n = 6,

.Y(2P) + i\^(24) + iV(21-2) + X('2n') + .Y (213) + .V (231) + iV(2121 ) + X (2')

= 5 + 14 + 19 + 35 + 26 + 40 + 40 +61

= 240 = 2.|;.

The conjugate of the composition {a ...) is of the form (1"~' ... ); hence

n '

SX d"-'
. . .) = a

the number following 1"""' being of course > 1.

Putting a= 1, we thus find that

the summation being for all values of a greater than unity. Thus exactly

half of thi" airangements of the n cards yield a first pack containing l»ut a

single card.
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Piittiiii; (1 = 2 wo find

li\ (l...)= \i>:

the miiiilMT following thr unit brint^ > I. Thus in i <>i' the whole <>f the

arrangciiifnts thr first pack has onr cai<l and llu- .second pack more than one

canl.

A tMndainental jnopeit y of the nuiiilieis .V(...) will now be cstiiblishwl.

In a .snb.scMpient chapter it will be ji^eneralized.

The MnltipUattion Theorem.

159. Let iV("i"-..."J be derived from the pennutations of jj ditfcrcnt

integers and iV ((/,+, «,+2...a,+t) from the jurmutations ol n — p different

integers. It is to be proved that

= .V(a,a,...(/^_,, «, + a,+,, a«+.,, ...«,+<)+ ^V(ai«^...a,+,),

where, on the dexter, the derivation is from n ditferent integers.

Otit of the u numbers 1, 2, ...//, we can select (ii + a.+ ... 4-", inimbei-s in

\a, + ii.,+ ... + (/,/
^^'^^''''

and we can arrange each selection, so as to have an ascending specification

(<ija.2...iig),

in iV('/,'/... ...a«) ways;

thi- remaiinng numbers can then be arranged, so a.s to have an iiscending

specification

in 7V^((/^+,a„4-.j...f/j,+^) ways;

placing the latter to tile right of the former there ajtpear

)
iN'' («,'/.-.. f'*)i\''(«,+,a^4^s...(/^+,) arrangements.

Now combining the two groups of numbers we find that then- is not or

there is a break in the ;i.scending order betweoti (/, and f/«^, ; hence the

number of arrangements is also

iV ((J, (/.,... (^_,. (/, + (!,+,, a,+2,...a,+,) + iV ((/,(/,...(/,+,). g.E.i).

Regarded as a numerical theon-m the multiplication is commutative, but

in reganl to form this is not. the case. Thus tlu- multiplication
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gives in form a different result and establishes the linear relation

iV ((/, rt, . . . o«_, , a, + a,+, , as+» . . . a,+t) + N (a, a., .

.

. a,+t)

Ex. gr.

'g).V(12).V(ll) = .Y(131) + iy(1211) = .V(122) + X(1112)

10 . 2 . 1 = 9 + 11 =4 +16
i\r(123) + iY(15) = .V(312) + .V(42)

35 + 5 = 26 + 14.

The fact that the multiplication is not formnlly commutative is of great

service in the theory of these numbers.

160. Extending the theorem to the product of three numbers

N(a,a.,...a,), N (b,b,...bf), N (c,c,...Cu),

= N (tti a., . . . a,._i , as + b^,b«... bt-i , bt + Cj , c.... Cy)

+ N{(iya.,...ag_^, a^ + bi, b....btCi...Cu)

+ N (ai«... . . «,.6i62 • • • ^<-i , 6j + Ci, c, . . . c„) + N {a^a. . . . i^b^b. ...btC^c.... c^),

and we may give the dexter 3 ! different forms corresponding to the 3 ! per-

mutations of the three numbers.

If we take the product of m numbers to form the dexter we combine

the last integer of a number N{...) with the first integer of the next

following number N{...) s times in
| |

ways; hence

..=() \ s J

numbers present themselves on the dexter. The dexter can be given as

many different forms as there are permutations of the in numbers, and

counting reversals of order of the compositions this number is further

multiplied by 2"*, subject to a diminution when one or more of the numbers

is self-inverse.

Applications of the Multiplication Theorem.

161. The theorems arrived at above are particular cases of multi-

plication.

Thus the formula^ of which

.V {abc) + N{a + b. r) + T (a, b + c) + X {a +b + c)= ,

'-!

} ,^ a\ b: c

.

M. A. 13
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is a type are equivalent to re.sults of which

aiTui ^^"^ '^^^^ ^^
^^^ " ^"^ ^"^'^^ "^ ^^ ^" + b,c) + X (a, b + c) + X (a + 6 + r)

i.s representative, .since X{(t)= X (h) = X{c)= 1.

Observe that

2l{Nil)]'=X{2) + X{V),

3 : {.V(l)|' = .V(3) + .V (21 ) + ,V ( 12) + .V(l'),

and that in general

«:{.V(i)j" = ^.V((/6c...),

the summation being for every composition of n. Since X(l )= 1, this merely

stiites that the sum of the numbers X(...) in respect of a pack of specification

(1") is n'..

162. Suppose that we require the sum of all numbers X{...) of given

weight which are such that each associated composition commences with a

given .series of numbers a,a2...am; or in other words suppose that we wish to

evaluate

lX{a,a^...am...);

the solution is at once given by

(-^^^^,^V(a,a,...a^l){A^(l)]"-^»-> = SA^((/,a,...^

for by the multiplication process the unit which terminates the composition

in X {a^a-i . . . o,„ 1 ) combined with

{.V(l)}"-^-

gives everj' composition of the number u — 'S.a. Hence since .V(l) = 1,

XX(a^a^...a,„ ...) = /^--ryr. iV(a,aj. ..«,„ 1),

and from this we verify the result of Art, 158 for A'(al) = (/ and thus

-''(">="(^m
163. Again

^^;^^^^N{l)]P-^X{\a,a.,..M,nl){X(l)]--^--P-^ = ^X(...a,a.^^

where on the dexter the sinnmation is for every composition of ;) before Oj

and for every composition of n —"^a —p after (i„. Thus

lX(...a,a,...a,„...) = -^^"-^-^^,X(\o,<t,...,i„\).
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and it is remarkable that the sum in (juestion is independent of ;;, p being

at least equal to unity.

Ex. gr, take u = (5, in= 1, (^j = 2, p = 2. We have

.Y(2-') + N (221-') + iV (1-22) + .V (P2P) =
|

; X (1 2 1 ),

verified by 61 + 85 + 35 + 19 = 30 . 5.

Also when n = 6, in = 0, ^j = 3, we have to take every composition of 3

with every composition of 3 and so

i\^(33) + i\^(321)+iY(312)+iV(3P)+iY(213)+A"(2121)+xV(2112) + .¥(2P)

+ i\^(123) + iV(1221) + iY(1212) + .V(12P) + iY(P3) + .Y(P21)

+ iV(P2) + .V(P)

= |j^(ll) = 360,

verified by
10 + 35 + 26 + 10 + 26 + 40 + 19 + 5

+ 35 + 61 + -10 + 14 + 10 + 1 4 + 5+1
= 360.

164. Again if n = ru,

^ {2i {a)]^ = XN {711,0., m.a,...),

where the summation is for every composition of ra into parts each (jf which

is a multiple of a. Thus

2A(mia, m.a, ...)=, ^-.

Ex. gr., for a = 2, r = 3,

iV(6) + .Y(42) + iY(24) + .Y(2^) = ^.y^ = 90

;

verified by 1 + 14 + 14 + 61 = 90.

165. As another example of the power of the theorem leL

SY^ (aiCio ...ap...bi b.j ...h,,)

denote a summation for all compositions of n — Srt — S6 placed between the

parts ap and h, ; Ave find

%N {aiaz...ap...h-^h«...hq),

=
(Sa + l)US/> + l) :

^^("^"= • • • "^ ^^ ;avi Vi"-^-^-^^' T(l 6,6,. . . 6,),

= (^. + l)!(S6+iy:^^'''^'-"^^^^^^^^''-'^^'

"(2a+l6 + 2y'^^^^'*'"-^-""^"^^^'-'"^'''"^'^ ^'''""•''''^

13-2
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166. Consider now the multiplication

(.<j, + 2)!(*,+ 2)!

therein S«' + S.s'=h. w, <t 1. w.jS;: 2, iVj-^ 1 and «,, .v.., are each «»f them zero

or any positive integer.

The result of the mult iplication con.si.sts of mimhei-s A'(...) such that

there is

(i) a coiiij)osition of w, followed hy -s^, units, succeeded by

(ii) a composition of ir.. followed by .9... units, succeeded by

(iii) a composition of w,.

Denoting this sum by

we rind that its value is

(,,; ^ 2)1(s, +W.
'

and in general

establishing that the sum depends merely upon the numbers Sj, .%, ...Sp and

not at all upon the numbers w,, lu.,, ...?t'^+,. Observe that w, and Wp+, must

not be less than unity; w.^, w^, ...lUj, must not be less than 2; and that no

restriction is placed upon s,, «2. ...«;,.

If ..f, =.9, = ... = .

9^,
= 0,

Kx. gr. take i\ = 6, /> = 2, ?t', = 1, w., = 2, lu^ = 8, leading t<>

.V(I28)4- .V(1^S)+ .V(1221)+ .V(11121)

+ .V(1212) + .V(P2) + .V(12r')+.V(r)= ,^^,;

verified by 35 + 10 + (il + 14

+ 40 + 5 + 14+ 1 = ISO.



CHAPTER V

GENERALIZATION OF THE FOREGOING THEORY

167. In the preceding pages we have had under view the permutations

of n different numbers. For the discussion of the general case it is convenient

to slightly alter the point of view.

Let Oj, a.2, Os, ... denote numbers in ascending order of magnitude and

supposing the number «« to occur ps times we consider the assemblage of

numbers which form the ascending product

this assemblage is specified by the composition (p^PiP:,...) of ??. As equalities

may occur between the numbers pi, jh, Jh, ••• we take for greater generality

the specifying composition

It will be seen later that the order of occurrence of the parts of this

composition is immaterial, so that we may regard the numbers pi, P2, Ps, ••

as being in descending order of magnitude and the specification of the

numbers to be denoted by a partition.

Ex. gr. we obtain the same results for each of the six assemblages

ccaoc/S^y, aaa^yy, aa/3f3^y,

aa/3yyy, a/3;3/3yy, a/3/3yyy,

the specification of each being (321).

Every permutation has an ascending specification ; ex. gr.

a^ aoiy /3

has the ascending specification (231).

In the case already considered the assemblage of numbers had the

specification (1") and the numbers A(...),i», were expressed in terms <»f

coefficients obtained from the multinomial expansion

(a, + a,+ ... + ...)" = //';.
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In the present general cjuse it will ajjpear that the auxiliary coefficients

are derived from the .luxiliciry generating function

//, being the homogeneous product, of order s, of the quantities a,, o,, a„ ....

It will be remembered that the number of ways of distributing numbei*s

specified by (p''P''P''---) into different compartments specified by {ubc.) is

the coefiicient of the symmetric function (abc...) in the development of the

symmetric function

let this coefficient be denoted by C(abc...) and let the number of arrange-

ments of the numbers, which have an ascending sjjecification {abc...), be

denoted by X(abc...)/pn,pn.,j,n, \ or by N(abc...) when there is no danger

of a misunderstanding.

By precisely the same train of reasoning as before we arrive at the

relations connecting the numbers N{...) with the numbers C{...), viz.:

iV(a) = C(a),

N{ab) = C(ab)-C(a + b),

N{abc) = C(abc)-C{a + b, c)-C{<i, 6 + r) + ^(a + 6+c),

N(abcd) = C(abcd) - du + b, c, d)-C{a, b + c,d)- C{ab, c + d)

+ C(a + b, c + d) + C(a + b + c, d)-\-C(n, b + c-\-d)

-C(a + b+ c + d),

etc.,

the numbers N(...) being all expressible in terras of the coefficients of the

auxiliary generating function.

Ex. gr. Take numbers ataiaia.,a.,7,, of specification (321); since

Ihfi-Jh = (G) + 3 (51 ) + 5 (42) + fS (41 •-•) + 6 (3-) + 1 2 (321)

+ 19(3P)+ 15(2')+24(2-'P) + 3.S(2P)+60(P),

we calculate from the above fonnuhi'

.V(6) = 1 ; iV(51) = 3-1 = 2; .¥(3^) = 6-1 = 5;

.V(32l)= 12 -3-0 + 1 =4
and so on.

Ex. gr. the five anangeinents enuiiu-rated by .V(3') are
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The complete results for numbers specified by (321) are

i\^(3P), .V(P3), .Y(21^), N(V2), iV(2112)]

N(12V), .V(P21), 7\r(l'-'21-=), iV(V)
I each

NUi), .V(4P), NilH), N(1SV), iY(P31),
each 1

^(2n% N(V2"-), i\r (2121), .¥(1212))

i\^(51), N(lo), ^Y(312X >Y(213) each 2... 8

.¥(141), iV(1221) each 3... 6

i^(42), i\r(24), .V(321), iV^(123) each 4. ..16

i\r(3-), iY(231), iV(132) each 5. ..15

N(2') G... 6

60

6!
60 = o

, 9 ;
1

;

being the whole number of permutations of the numbers.

The formulae themselves establish that the number .¥(...) is unchanged

by reversal of the order of the numbers in the composition. Also the fact

that we are dealing with symmetric functions shews that the results are only

dependent upon the magnitudes of the parts in the specification of the

assemblages and not upon the order of their occurrence. It will be observed

that conjugate compositions do not give the same result but they are con-

nected, as will be shewn later.

Investigation of a Oenerating Function.

168. We have seen how the value of N {ahc...)(pqr_) can be obtained

from the coefficients that appear when hph^Jir... is expanded into a linear

function of monomial symmetric functions. We are able to utilize the

differential operators of Section II for the further elucidation of the question.

Denoting by
C(tt6c...),^5,...,

the coefficient of (o6c...) in the development oi hphqhr... we have

C {abc. .){pqr...) = DaDbDc... hphqh,

Now in particular

iV (ahc) = C (abc) - C (a + b, c) - C (a, b + c) + C(a + b + c),

where the subscript (pqr...) is omitted for convenience. Thence

N (abc) = (DaD.D, - Da^iD, - DaD,^, + Z)„+6+c) hphqh^.. ..

and since from Section II

Dp,Dq^D,^...hphqh,...^DpL\D,...hpJlJi,,...,

we derive the result

N{abc) = DpDqJ)r...{llahbf'c - /'a + bllc - llallb+c + lia+b+d
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III wolds wr may suy that N (abc)ip^r...\ i« equal to the coefficient of

the symmetric function {/xjr...) in the development of

/'a/'ft/'r - fta+bfte — llahb-^e + ha+b+e,

or the expression hist written is the true generating function of the numbers

X (abc),,.,i,:.,>. This txpression follows the law by which the dexter of the

relation

X(abc) = Ciabc) - C (a + />, c) - C {a, b +c)+ C {a + b +c)

is formed.

We now write }i„ln,hr — K^bfic — lijti+c + lia^i^r = ti,ii.c,

and in general lialihK^id---

— ha+bllflld-- - llal'h^clld--- — h„hihc+ ,i... - ...

+ ha+b+ch •• + liJib+c+a ... + ...

+ ha+hK+d--- +h„+i,helld+o"- + •

(the law being similar to that which obtains in the expression of X((/6c(i...)„«,

in terms of factorials) is written liabej...-

f'nbcd... is then the true generating function of the numbers

N{abccl...)^p,,r...)

We have h„br,,... = IX (abed. ..)^,„,r..j {pqr. ..),

and the expansion of liaUed... '^^ ^ linear function of monomial symmetric

functions yields a complete account of the numbers X {abcd...)tp^,_).

The new function can be expressed elegantly in delerminant form.

For

and ill general

/'«.= ha /''a+b ,

1 K
ha^ = K K^i. ^n+b+c

1 h„ K..

1 h.

I

t'a fla + h K'-b^r ^'n^6fr+rf

I 1 lib hu^c llb^c-^-d

I

fir+d

lid

and there is no difticuUy in shewing that, if we write the determinants in

brackets {
to denote that on development multiplications hghth^... are to

be changed to li,t„ .
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hM= \K /'...l
*

IT K i

I

1

}i„hJt,Jia--- = f K K,. 'Ki+b+c ''a+h+c+d

1 K ih,+c 'hj+c+d

I K K^d

1 ha

deteri mts givesThus ex. gr. the second of these symboli

hahiJl,. = habc + lla,b^c + ha+h,c + f'a+b+c-

Before proceeding to an examination of the important symmetric function

hale... that has now presented itself, it is well to have the simpler results before

us, as verifications are thereby greatly assisted.

i (2) (12)

.V(2) 1 1

1

: specification

(3) (21) (13)

iy(3) 1 1 1

jvm — 1 2

JV{V) - - 1

n= 4

(4) (31) (22) (212) (14)

1.V(4) 1 1 1 1

N{^\) — 1 1 2 3

lY{2-^) — 1 2 3 5

iV(121) — — 1 2 5

iV^(2l2) — — — 1 3

JV{V) - — — 1

1 is written for negative unity.
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7J= 5

[sect. iV

(6) (41) (32) (31») (2«1) (21») (1»)

Ni5) 1 1 1 1 1 1

N(4\) — ' 1 2 2 3

A^(32) — 1 2 3 4 6

jr(131) — 1 2 3 6 11

i\^(2M) — 1 2 4 8 16

N{m — — — 1 1 3 6
,

N{2U) — — —
1 2 6 11

iV(121«) — — — — 1 3 9

N(2V) — — — — ' — I 4

.V(l') — — — —
!

- —

(6) (51) (42) (3'^) (412) (321) (2-^) (3P) (221«) (21*) (!•)

N{6) 1 1
!

1 1 1 1 1 1 1 1 1

.V(51) — 1 1 1 2 2 2 3 3 4 5

.V(42) — 1 2 2 3 4 5 6
-

10 14

.V(3«) — 1 2 3 3 5 6 7 9 13 19

;V(141) — — 1 1 2 3 4 6 7 12 19

^V(231) — — 1 2 2 5 7 9 13 23 40

iV^(312) — — — — 1 2 3 5 7 14 26

iV(321) — — 1 1 2 4 6 8 u 20 35

iV^(23) — — 1 2 2 6 10 H 18 33 61

.V(412) — — — — 1 1 1 a 3 6 10

.V(313) — — — — — — —
1 1 4 10

T(12n) — — — 1 — 3 6 6 13 28 61

.v(2n*) — — — — — 1 2 3 6 16 35

N{m^) — — — — 1 2 3 5 12 26

i\'(2121) — — — 1 3 3 7 17 40

iN^(21«2) — — — — — — 1 2 7 19

^V(l«21'«) — — — _ — — 1 _ 2 6 19

^'(121') — — — — _ — — 1 4 14

;\'(2l«) — — — — — — — — — 1 5

N{\') — — - — — — ~ — — '

To fxj)Iaiii, it will br t'oimd Imm mw 4 of the Table, for ti = 5,

/<„, = CA2) + 2 (.S1-) + :U2n ) + G (2P) + 1 1 (P).
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TJie Symmetric Functions f'p^p.yp.^
, a,,,

p.,p. •

169. The quantities a,, a.,, a.;, ... denote the elementary symmetric
functions.

It has been proved in Section I that the two series of elements h and a

arc connected in such wise that in any relation between the elements the

symbols a and h may be interchanged.

In the new function h
, (pip^Pi • •) is any composition of the

number n ; of the given weight there are 2"-^ such functions, one of which
is hn. The complete definition is given by the multiplication law

where the functions h
PiPi-ps' q\q

are, or are not, of the same weight.

170. A second new function ttp^p.,p^__, is similarly defined by the same

law ; viz.

^P\P-i--p,%xq'i...qt = ^^PiPi--p.-\,Ps+q\^ q-iqi-qt
"•"

^^P\P-2-p,q\qi-qt'

What follows applies generally to both of the new functions.

171. Since the multiplication is commutative we have the first property,

viz.

'^P\P-2-Ps-i, Ps+qi, q-iq?,---qt'^"'PiPi--p,q\q>--qt

'^'^qiq-2-qt-iqt+PiP2P3-.Ps'^^'qiq>...qtPiP2-P.-

Every product of the functions h is expressible in terms of the new

functions, ex. gr.

hphq=hpq + hp_^q,

lip flq hy = hpqy + itp
^q^ ,. + flp^

q ^r'' "p + q + r>

and in general, employing a symbol 6 to indicate the law,

hp^ hp_^ . . . hp^ = e^ [{p,) (p.;) . . . {ps)}.

These relations shew^ that /?„ „ p ~^p p - p •

Similarly hpq = hp hq -h^^q,

Kqr = f'jJ'q^'r " ^'p + q^^r " f^p^q + r + f'p + q + r'

and in general, employing a symbol (p,

W...i>, = <^A{(iJi)(p2)...(7?.)l.

If moreover we define the symbol 6 to mean in general that

6h[(pi...p,){q,...qt){r,...r„)...]

^ ''P\-Piq\-qt>-l-r„... + ''pi...p,-i,p, + qi,q> . qt'l .••'•«•• + •••'
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addition between elements in contact being taken 0, 1, 2. ... at a time, we

have

and, similarly, defining the s^'mbdl <^ to tnean that

4>h [iPip:! . . ./>J (7, . . . 7, ) ( /•, . . . r„) . . .
j

"^"Pi I'.'H-'li'rt.. r^ ~ '']>\-- P,-iP, + <li, q'..qt''r,...r,. ••• " >
addition between elements in contact being taken 0, 1, 2,.., at a time, but

the .sign changing ius the number of factors changes, we have

^'1 I'.'ii ••'/<'•, ...r,.--- = 4>i' [(]hPi--P^)('h 'I()(n ... r„) ... 1.

It is noteworthy that in regard to the symbol
(f>

the elements p, q,i\ ...

in the bracket
{

• may be bracketed in any manner. Thus the reader will

verify that

4>h[{p){q){->^], <f>h{iP'l)(r)], (f>,.[(p)(qry and <i>,.(pqr)

have each the same value

f'p f' ,,''r- f>i. - <i^>r- /'/> f'
,, f r + f'p^q + r'

which we denote by li.,,.^', the important point to notice is that however the

bracketing be effected the law of .symbols in contact obtains. This is not the

case with the symbol f>, but here we find that following that symbol the

bracketed ftictors can be permuted in any manner; thus

On {(p)Ol)(r)] = en \{q)(p)(r)] = ... = />,l>,jh,.

172. Important relations connect the new // and (/ functions.

We t)bserve that

a,, = a'f — '/... = /'a,

«iii = «i — 2«,ao + (/j = li-,,

a,,,, = a| — 3a, as + di-\- 2a, a^ — a^ = h^,

and, in general, the law of symbols in contact applied to the present case

shews that the numerical value of the coefficient of a{'>af>ajC> ... in the

expression of a,n is eijual to the number of permutations of which that

term is su.sceptible.

Hence a,.. = //„.

and by the known recii)rocity derived from Section 1,

Ai« = a„.

173. This is a very concise and illuminating expression of li„ in terms

of the elementary functions and vice versa. It will be noticed moreover that
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n and 1" are zig-zag conjugate compositions of n, and it will now be proved

that if (p(/r...) and (pqr...)' be zig-zag conjugate compositions

h{p,jr...\ = dlpqr...)'-

From the relation Opq = apU^ — cip+,j,

is now deduced a^„^ = hi„hiq — Ap+7 = ^ip-i 2 !''-> >

because clearly //p./' [q = /'p'-i 21'/ 1 + ^'ip+^'z-

It will be noted that (pq) and (1^^-'21''-') are zig-zag conjugates.

Hence writing (p-^2 l^^-i) = (pq)',

we obtain ctpq = h(pq)'-

To prove the general theorem observe that

^Pilh-lh ^ ^hhP-2-Ps-i^lh ~ ^hhP2 P>,--2,P,-i+P>,-

Assume that the law has been proved when the composition subscript of

a has at most s — 1 numbers ; then

^Pllh-P, "^ ^{PrPl-Ps-lY (PsY ~ ''^(plP2---P,-2^P>-l+Ps)''

and we have to shew that the dexter is equal to

^HPiPi-Ps)'-

It is best to write the composition in a more general form

j)i 1 ""'p., 1 "^^
. . . p,_i l^'^-^ps 1"",

where the numbers j)^, p.,,...p,_i, pg are, each of them, greater than unity

and the numbers ttj, tt.,, ... Tr^-i, tts may, each of them, be zero or any

positive integer.

First suppose tt.,. = 0.

Then

{p, l^'p,l^^ .

.

.p,_, I'^-i^;,)' = 1^''^'
. 77, + 2 .

1^^ --
. TT, -F 2 . .

..iv^-^-'
. 7r,_i + 2 . V'^-\

-|-2.P^*-i--.7r.,_, -Hi,

(p, l^'^p, l^^... p,._, 1 '^^-1-^
. 1 -I- p,y= l-"'-l

. TTi -f 2 .
1^^ --. TT., + 2 . . . .

V'--l--=. 7r,_i -I- 1 . 1^

as will be seen by actually forming the zig-zag graphs.

Now by the contact law

^'l"rl . TT, +2 . ...7r,_o r 2 . PAs-I-2 . TT,^ , + l/'l".

= f> l"r ' . TT, + 2 . . . . 7r,_2 + 2 . P.-i-^ . TT, _, + 2 .

1"»-

>

+ /'^'^ ' . TTi t- 2 . ...7r,_2 -r 2 . l"s-i--' . 7r,_i + 1 .
1"»-
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Hence

or (til the jussiiniption made

'rin- proof whfii 77^ > proceeds in ;i similar manner and the general

theorem is thus established.

This theorem is interesting because it makes easy thi- expression of

functions of quantities ft, which frequently are those which naturally present

themselves, in terms of the quantities a which are more ejvsy to handle

algebraicKilly.

There is a function lip,,r of given weight for every composition (pqr...) of

the weight, but since this function is not altered when the composition is

inverted, the number of different functions is equal to the number of self-

inverse compositions added to half the number of those which are not

self-inverse. A previous chapter shews that this number is 2'"-* + 2"*~'

when n = 2in and 2'"-' + 2-'"-' when n = '2/u + 1.

174. The reader will have little difficulty in proving that, .v„ being thi

one-part symmetric function of weight n,

s„ = (/,.. - an,M-j+ «3i"-:t - ... (-)"+'a„.

The generating function of X {abc...)tj,gr
i

is either h,abe..j or a,abe )••

We can determine the first symmetric function in dictionary order of the

parts that occure in the expression of Uiabe )'• we have merely to express

(abc...) as a partition and then take the conjugate; this will specify the

symmetric function.

Ex. gr. A5i2i = a,s., ; the partition (821) is self-conjugate so that the

symmetric function (321) is the first that presents itself in the expression

of A„2, (see Tables).

The differential operators of Section II can be used with effect upon

these functions; thus it is easy to prove that

l^lf'ab = fla-i,h + lla.h-i + l'(,+b-\ -

and thence

Niab)j,,r , = ^V ((/ - 1. b)p,,r + y (", b - 1 );.,, -I- S {a + b- 1)^, ;

and, in particular,

.V (42 )..«,. = .V (32).^, -H S (41 ),., + .V (5)^,

;

verifird In 7 = 4 -f 2 -I- 1.

Similarly it can he shewn that

DihaU = ''n-i.fc,c+ lln,b-\,e + f'a,b,r-i + ll„ + b-l,c + f'a,b+e-\y
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leading to

N{ahc)p^r I
= N{a-\, b, c\^r.. + N {a, 6-1, c)^;,, + N {a, b, c-l )p,jr .

+ N (a + 6-1, c)p,,
.
+N{a,b + c- l)p,, .

In these and in siniilai- formulae a modification is necessary when any of

the numbers a, b, c, ... are equal to unity. This fact arises from the circum-

stance that the formula hab = hahi, — ha+b is not applicable when either a or 6

is zero*.

* The reader will have no difficulty in establishing three fundamental formulae connected

with these functions. Thus of the order 8 we have

~ ^StS.2,S3+ti , t2"^UtU2"v " "S,«,«3"<, , to + lh , U.2^V ~ ^^8,8,83^ tit.̂ ^ U^ , «,-!"(•

""^«,S2. «3+ <I.<2+ "l. Ul+V'l

{^) ^S,Sj,S3+ti,tj+U>,Ut+V

= «S.«2S3"<,^2"«lM2"«

- ^S^S.^S^t^ti'^UyUi^'V
~ '^'SiS^S^'^tytiUAl^^V - "S,S^,^t,ti^llyUiV

+ ^S,S2«3^l'2 UiU2^V "*"
^«,S.,.T3 tyt^^UiU^V + '^ S yS-^S3*^ t yt.,U yU iV

~ ^SiSiS^tit.tlill.V

These formulae have to do with the ordered succession of integers

*'l ) S'i! *3i 'l. hi "li "2> ^

and they may be divided into sets, the order being preserved, in any manner. In the example

given the division is into the sets sis^s-^, (1^2, M1W2. v.

There is a division corresponding to every composition of n if the number of letters be u.

There are thus 2"-i different divisions possible.

In the formulas we may write h for a throughout or we may write h^' for a^ where 0, c' are

conjugate compositions.

As particular cases of the order 4 we have

(A) al =aim + a2ii + am + aii2+ a3i + a22 + «i3 + fl4,

(B) «iiii ="1-3020^ + 02 + 20301-04,

(C) «4 =«{-3aj,af + aj^j + 2aiiiai -onii.

Herein (B) may be also written

"u.i.i = "u"i-«i2<^i-«ii«2 + oi3.

oi . 11 .
1 = ''ii "1 ~ ^^ai^i - fll«12 + «22 >

oii.n =«n-«i2i.

"iii.i ="iuOi-an2.

and (C) may be also written

«2+l+l - 02^1 ~ "-'lOl - «2an + 0211

,

OI+2+I =02"! ~ "12O1 - Ol«21 + 0121

.

02+2 =al-a.,2,

O3+I =0301 -(J31.



208 OENERAMZATloN oF THE CONJUGATE LAW [.SECT. IV

The Cuhjugate Law.

175. It has been seen in Chapter IV, Art. 1.5<), of this Section that

{lib...), {(lb...)' l)eing conjugati- conipositions,

X{(ib...),,n, = iV((/6... )'„-,;

and we may cncjuire into the e.xistence of an analogous theorem when the

numbers permuted have any other specification.

Consider the expression

which is the generating function for the difference between N{ab...) and

Xiab...)' for all specifications of the numbei-s permuted. The generating

function may be writti-n

hah — f'ab

according to a theorem already proved (Art. 178).

The differential operator /), has the equivalent forms

r/ d (I d , (I , d

aai rfr/, da-^ dh, dli., dfij

so that D'^hab is the same function of //j, Ju, li,, ... that D^a„(, is of

a,, (L,, as, ...; it follows at once that D'i{hab — "ab ) = or

N{ab...),n = X{ab...)\n,

the result established in Art. 15U.

Ne.\t, considering the function

hiab ) + I'lah ,' or /lab + <'n6 ,

It is clear that D'{''-{/iab + dab ) Tuust be of the form

Ah,+ Bhi + A<i,+ liai.

where A and H an- iiumlicrs that it is not necessary to know : now this

expression is

(.4 +2^);(2) + 2(l-^);;

and, remembering from Art. 2(5 the manner of operation of /), and 1).^, it is

plain that

D'r'D,{/,^,, + a„f, ) = ^ O','
{/lab + (lab ) = />','/'./, :

that is to say. .V (at... ).,,»- ^ + N {ab...)\^n-i= N {nb...),u.

Ex. gr., from the Table for n = 6,

.V(:«i,4 + X(V'2V).„, = y(3.SV.,

veriti.d 1>\ 18 + G = 19.



CH. V] COMPOSITIONS CONTAINING A GIVEN NUMBER OF PARTS 209

176. Again, operating with D;'--' upon

I'ab
.

— (^ab . .

Ave obtain a result of the fonii

^ (^3 - as) + B (hJii - cucii),

«r (4 + 5) {(3) + (21)1;

whence Dm, (A„,
..
- «,,

.

) = i)'/-'A (/'.. - «„,.),

equivalent to

.V(a6...),„-3 - N (ah. ..)',,>-, = N (ah...).,.-, - N {ab...)\,n^...

Ex. gr. iY(321)3,3 - iV(2n%3 = iV(321),3,4 - .V(2n%4,

verified by 8 - 3 =20 - 15

177. Again, operating with D'r' upon //,,.-«„, and upon h^, +a«,
we obtain the new results

i\^(a6...).v-4-i7(a6...X.2,"-4 = .V(a6...)„»-3-.V(a&...y,n-3;

2i\r(a6...V-, + 2.Y(a6.../,«-, + X(a6...),„_2 + Ar(a6...)V-2

= 2iV(a6...V-3 + 2N{ab...y,,n., + .V(a6...),2,»-4 + N {ah...)'.^,n-,.

We might also make use of the operators

etc.,

but the results obtainable are more complicated and less interesting.

Enough has been said to shew the nature of the results that can be
reached.

Theory of the Compositions containing a given Number of Parts.

178. So far we have been considering Newcomb's card problem so as to
determine the probability that a distribution of the cards will give a number
of packs specified by a given composition of the number of cards. We have
found that the mathematical problem is concerned with the ascending (or
descending) specification of the permutations of objects of given type. We
have now to study the probability that a given number of packs will result
from the distribution. Mathematically we have to find the number of
permutations of objects of given type such that the ascending specification
IS denoted by a composition containing a given number m of parts. Let this
number be denoted by
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We havo shewn in Art. 17 that the number of ways of distributing

objects of type (pfjr...) into m different pircels is

or say for brevity

'"'[ p )[ q ]\ r 1

Fm=Om-i^j G,„-i + f 2 )
^''"'-- ~ • • • •

Consider on the one hand the arrangements enumerated by F,„ and on

the other those enumerated by iV„_,. In the F,„ arrangements place the

numbers in each parcel in ascending order and place the parcels in a row

from left to right. It may be possible to merge two or more a^ljacent parcels

or compartments into a single parcel or compartment and still preserve the

ascending order in the new compartments. We observe m — 1 dividing lines

between compartments that it may be possible to obliterate and still preserve

the ascending order. In the arrangements enumerated by iV,„_, there are

in — s—l dividing lines between compartments and in each compartment

there is ascending order, while it is not possible to obliterate any dividing

line without breaking the ascending order. There are moreover

{n-l)-(m-s-l)

paii-s of numbers between which it is possible to insert dividing lines so as to

obtain arningements enumerated by Fm-^+i, Fm-t+i, ••• Fm- If t)ut of these

n — 711 + s pairs of numbers we choose at random s, we can insert s additional

dividing lines and so obtain an F,„ arrangement. The choice can be made in

/n — in + 6'\

( . )
"'>"'

so that a |);irliciilar .V^-* arrangement can be nl)taiiit'd, by oblit^'ration of

1- ,• n — ui-\-s\ ,..„ „ -, , ^ „
s lines Irom ' 1 ditterent /„, arrangements. Hence the forms t^

inrJudi- the forms .V,„_, each (

'
) times. Therefore W(^ have the

relation

„ (u - m + 1 \ n-m + -l\ ( n-\\

leading, with little trouble, to the next relation

„ ,, fu - VI + 1\ „ (n - m + 2\ _, , f n-\\ „
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Substituting for F,^, F,,_„ ... their expressions in tenns of (?„ Q^ ,we find "" "*-" •••'

^"=T^-)'{(:>(:;::)r-T">(;;::!)C-r>---

and the term in
[ }

is seen to be the coefficient of ^ in

(1 - a;)-'«+«-i X (1 - ^;)-n+m-i
oj, ^j _ ^.)-„+.-2^

which is
r*

"^
^l

Hence

This formula was used to calcuhite the subjoined Tables of .V,„.

Summing each side of the relation, from m = 1 to m = m, we have

and, repeating the summation times,

so that, when 6 = n,

Again, taking differences

and, in general

^V,.,-V,.,_. = «.„_(-^),,„_.,(» +
2),,„_...,,_,„..^.2^^^^^

if,,. - ^) if„« +
(I)

.V,„_, - ... + (-)..V,„_,

('-r>»--r^r>™-=--H-)."^.(":!t>)
14—2
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These results arc given by the two fonnula', viz. the one just written and

.v,„+(';).v„,-,+("t').Y,„_......(":-7^)j..

=<.,„-rr ')""-- (""r>-—^-''"-(":/-t>.^
and these become the same wlvii p = 0.

The Generating Function of the Number N,n,{pqr...)-

179. The theory of these numbers is identical with that of the i)crmuta-

tions of the symbols in a,''a:]Q.^... which jxtssess exactly 7/i — 1 major contacts.

See Art. 155.'

For taking any permutation, a,, a..,, a^, ... being symbols in ascending

order of numerical magnitude,

. . . oroO, . . . cr:,a, . . . a.,ao . . . a,ci„ii ...,

which exhibits all of the major contacts and the vacant spaces are supposed

to be occupied by symbols in ascending order of numeric<il magnitude, it is

clear that we can separate the permutations into compartments by lims

drawn between every pair of symbols that are in major contact so that in

each compartment the symbols are in ascending order and that order is

broken between adjacent compartments

... a, ; a, ... Oa Of, ... a^ a.., . . . O;,
j

o.^ a,

The number of such compartments is one greater than the number of

major contacts. Hence iV',„_(p,p^...pj) is the coefficient of

\'«->of'a.i''...of

in the development of

(a, + \a.. + \a3 + . . . + XoikY^ (Oi + a, + Xa^ f . . . -I- Xat)'' . . . (ot, + fto + . . . + ot*)^*,

or of^ 1

1 -2a, + (l-X)Sa.a,-(l-\V 2)0,0,03+. .. + (-)*(l-X)*-' «.«,... a/

Introducing the elementary functions o,, a., rr,, ..., putting 1 - \ =6 and

sujiposing, for the present, k= x , this may be written

____ 1 _ _
I - a, + 6tta — t^a, + 6»(/4 - ...

*

Since the generating function is symmetrical in regard to o,, a,., a,. ...

the value of .V,„ is not affected by any permutation of the letters o,, a„ o,, ....

180. We ran sh<\v that
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for the coefficient of X.'""' (a, a. . . . a^-F in

{(tti + Xa., + ... + Xak) (or, + a, + Xa„ + . . . + Xct;,.) . . . ( Of, + Of, + . . . + 0^)]/'

is, by writing for X and Xcr,, \a.,, \a,.,... for Oi, a.., a,,, .,., equal to the co-

efficient of A,^v>-m+i
(^^^„^ o(^y. i,^

{(Xoi + a,+ ...+ak) (Xa, + Xa, + a, + . . . + a^) . . . (\a, + \a^ + . . . + \a^.);^,

or of X.
'^-" ^'-""^

' ( a, a, . . . a^. )'M n

[{\a, + a, + . . . + c(A-) (Xc<i + \a, + a, + . . . + o^) . . . (a, + a.-. + ... + at)j^

or, since we may permute the symbols a^, a.,, ...aj. at pleasure, in

{(ai + Xa, + . . . + Xcik) (oti + «» + Xa, + . . . + Xa^) . . . (ctj + a, + . . . + 0^.); ^^

Hence ^V„i^ ,^4, = N(k-i)p-m+2, (^i>

The numbers N,n range from N^ to N^k-\)p+^, and (/i'— 1)^>4-1 is the

maximum number of parts in an ascending specification.

181. We must now examine the generating function

\-A'

where A = a-^ - ha., -h h-a^ — h'hii +

Taking as in Section II the symmetric function operators

, d d d
ds= J—f- tt] J 1- ao -.

f- . . .,

dcig dcis+i das+-2

j^ I / d d d \* 1 /7-x

s : \dai dtto da-. J si

we find that, with the operand A, they are connected by special relations

For dsA = {-y-'b''-'(l - hA) = (-y-'b'-'d.A,

so that d, = {-by-^d,,

and thence, from the relations

ri = i)t-2A =(2)^,

d, = D'i - W,D, + W, = (3)^,

d, = D\-... ={s)i„

we derive the special relations

21A = A(A + Z>),

3!A-A(A + ^)(A + 26).

IDs ^D,{D, + b)... [A + (-» - 1 ) b]
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;ind, if.s>/,

s]D,^t:D,{I>,+tb)...[D, + {s-\)b].

Using the above we find

ipq)i) = idpd,,) = {(ly) (f/,) - dy+^,

= (_ b)''^f-'D- - (- 6)^+'?-A = (- b)P^f-*D, (A + b),

(pqrh = (dpd.dr) = (dp) (d,) (rf,) - (dp^,) (f/r) - (dp^r) (dg)

-{dg+r)(dp) + 2dp+g+r,

= (^-b)p+i+'-'^- 3(- b)P-^'i^'--Di + 2 (- ^K+V+r-i/)^

= (_6);'+9+r-3 3!/),;

and i n general {}hPi---Vk)o^ (-

^

)~^~* k'. D^.

Moreover since {pi'Po* •••)/>= —;—.— ^^'.^i- • • )•
TT, . TTj . . .

.

we have, still more generally,

or if lirp = n, -tt = ?',

(K.pJ....)„.(-6)"--^-,--Z),.

Hence if (7^7?-...) be of the same weight and degree as (/)f'j[).T' ... ), it

follows that

a relation which is free from b.

7l»3

(3) (21) (13)

71= 4

—

1

(4) (31) (2») (21») (1*)

A^i 1 1 1 1 1

^, — 3 4 7 11

^» — — 1 4 11

^4 "" — — — 1
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(5) (41) (32) (312) (221) (21--') {V')

^Vi 1 1 1 1 1 1 1

^^2 — 4 G 10 12 18 26

^^-3 — — 3 9 15 33 66

#4 — — — — 2 8 26

iV, — _. - — — — 1

'/i == 6

(6) (51) (42) (412) (32) (321) (313) (23) (2212) (21*) (!«)

.Vi 1 1 1 1 1 1 1 1 1 1 1

iV. - 5 8 13 9 17 25 20 29 41 57

iVs — 6 16 9 33 67 48 93 171 302

.Y, — 1 9 27 20 53 131 302

N, — — — — _ — — 1 4 16 57

N, - - - — — - — — — - — 1

To explain, observe that the number at the intersection of the row iV^

and the column (2^1-) shews that

^,,2...,= 93.

Applications of the Foregoing to the Generating Function.

182. It has been established that

1 - a^ + (l -X)a^-(l -\)'a, + ...

= ^-%i, (p,p,...p,)
^""'

iPiP2.--Pk) = ^N„,^
{p,p.,...p,) (1 - ^)'""' (P^}h---Pk)

= SiVr,«,
(1V2^..3V..) (1 - ^-'r'Hl'"2<^-^3<^3...).

We will, first of all, examine what results from the equivalence of

operators

2':D, = Di + {l~X)D, = D\ + 6A.

Recalling the mode of operation of Dg we clearly have

2
! Njn^ (ic. 2«:,+i3'=3 ...)

= ^m, (Pi+22'^23S ...) + (^^ '" ~ ^^m-i)(F.+i2'.3'3 ...)'

an interesting relation between these numbers. It will be observed that we

have above written

Nm, (...)
- N„,-i, (...)

in the abbreviated form {Nvi — Nm-\) {...)-

Ex. gr. put m = 3, Ci = 0, Ca = 2, c^ = c^ = . . . = 0, and we obtain

2!i\r3_,,,) = iV3,(,..) + {X, - .^^,)„.,.„

verified by 2.48= 93 +15- 12.
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Again, in the same furnmla, put c, = ;< — 2, Cj = c, = ... = 0, and we get

2i\^m. ,«--», = iV„,.„-, + (i\r„.- .V„._, )„«-!,.

In this write 7i — to + 1 for m, obtaining

2A„_„,+i_f2i»-".', = iV„_,„+jjii«) + (An-m+i ~ A„_,„)(i»-i)

;

from these, since

Am, (in) = A^n-m + i.d") • A„,,(in-i) = ^^ n-i/i, (i»~>) > A„,_jj,ii-I| = A„_,„^i^n»-i,

,

we find by addition and subtraction

-^w, (2i»-*) + -^^n-m+i, (2i»-«) = -^wi, (i»)

.

A^Fil, (21»-»» ~ A^n-(n+l,(21"-2) = AT^ „n-I) — A/„_„,4.i, (i»->i •

Tht'so are the relations connecting AT,,, and A'„_,„+, for the subscript

(21" -') analogous to that connecting the same numbers for the subscript (1").

Since 6'= (1 - X)'= 1 —
( j

\ + („ )
X* — ... we can immediately, from

any operator relation, foiin a relation between the numbt'i-s A',,, by substi-

tuting for

b'' L',' D'l . .

.

the expression
*

\n - C"] V + (''] A^ - 1
(

" \1 / \2/ "~" " j(l'.2''....«'.+" <<«+«...)

'

and this it is sometimes convenient to denote by

Thus corresponding to the relation

C)D, = D', + ^bDi + 2bW„
we obtain

^-'^^/^(1^2^3^+'...) = ^^;h.(1',+32'-.3',....) +3^;rt!(P,+-2',3^ . )
+ -^^m, (l',+>2',3', ...)

= ^^m,(l'-,+32',3«,...)

+ 3 (A^,„ - Ar„,_,)(ic,+2 2^3',...)

+ 2 (A^,„ - 2N,„_, + Ar^-,)(p.-M2^3', ...)•

From the symmetric function relation

(r^)(P) = (22) + 2(2P) + 6(P)

we fiiul D* = b^D.-QbD, + 6D^,

leading to

•^;h, (l'',2',+-3<'j4<'4...) = ^"^"< ~ 2A^,„_, + Ar„,_i,)(r,2'',+'3'-.4'4...)

- G (AT,,, - A^,„_,)(ie. 2'. 3',+' 4'. ...)

+ ^^^»;i.(l',2',3',4'4+>...)'

a relation which, for

7» =4, C, = 2, fa = Cj = ('4 = . . . = 0.

can be verified from the Tables.



SECTION y

DISTRIBUTIONS UPON A CHESS BOARD, TO WHICH IS

PREFIXED A CHAPTER ON PERFECT PARTITIONS

CHAPTER I

THEORY OF PERFECT PARTITIONS OF NUMBERS

183. Before discussing the general subject of Partitions of Numbers it

is appropriate to consider certain special partitions which have a notable and

remarkable application to the theory of the distributions of a certain nature.

The application will be found in the next chapter which deals with arrange-

ments on a chess board of given dimensions.

A "perfect " partition of a number is one which contains one and only one

partition of every lesser number.

Ex. gr. (41^) is a perfect partition of 7 because by using the parts we

can build up one and onl}- one partition of each of the numbers 1, 2, 3, 4, o, 6
;

thus (1), (1-), (1^, (4), (41), (41') are the partitions referred to.

Other partitions possess a very similar property. These are termed

" subperfect " and may be defined as follows

:

A " subperfect " partition of a number is one which contains one and only

one partition of every lesser number if it be permissible to regard the several

parts as affected with either the positive or negative sign.

These theories have an application to the theories of weights and

measures ; for perfect partitions solve the problem :

(1) to partition a weight of u lbs. so as to be able to weigh, in only one

manner, any weight of an integral number of lbs. from 1 to u inclusive, it

being only permissible to place the weights in one scale-pan.

Moreover subperfect partitions solve the problem:

(2) to solve the same problem as in (1) with this ditference, that the

weights may be placed in either the goods pan or the weight pan.
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Ex. gr. (.'H ) is ii jsubperfect partitiun uf 4 becxiuse there are the par-

titions of the iiuinber.s 1, 2, 3, viz. ( 1 ), (.'il), (3), where observe that I denotes

the part — 1.

184. Befon- proceeding' to the general case of enumeration we will study

the problem of perfect partitions in the case of numbei-s of the form

- 1,

where p is a prime number. It will become manifest that the enumeration

of the perfect partitions is identical with the enumeration of the comi)osition8

of the number a.

All numbers have clearly one perfect partition composed wholly of unit

parts. This fact is e.xhibited, in the civse of the numbers before us, by the

relation

1 — xv'^
= 1 4- X- -I- .-c^ + . . . -h .r""-!

;

1 — X

for it shews that the partition (P'"~') is such that every number from 1 to

yj"— 1 can be made up by selecting, from the partition, 1, 2, ...;?" — 1 imits.

This fact depends upon the circumstance that 1 — .r^'" is divisible by 1 — x.

It may happen that the fraction

may be put into the form

l-xi''" 1 - a'i 1 - .r-- 1 - X'

Y^'afi ' l-x'' ' \^^ ' '" T^x '

wherein q, r,s,...l are factors of /)", q, r,...v respectively. To each such

exhibition corresponds a perfect partition of the number p" — 1. For consider

the particular case

l-xP* l -xP
I -x^ ' l-x'

or (.1 + X'' + x-i' + ...+ .x-J"-^) (1 +x + x'' + ...+ x^-')
;

the identity

( 1 + ./•'' + x^'f' + ...+ xf>*-J')
( 1 4- .r -I- .r- + . . . + .r''"' ) = 1 + ;r + .r' + . . . + .r^*-'

shews, by nniltiplying out the left-hand side, that esich of the numbei-s

1, 2, ... yj* — 1 can be made up, in one way only, from the jmrts of the partition

(y,;**-'!/'-!) of the number //-I.

Let us denote the fraction

-xV
by <T — r,

\-xP' ^
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which, observe, is the difference of the exponents a and t of p in the

numerator and denominator; then we may denote

1 - xv* 1 - a-P

\-x^ ' 1-x
by 3,

where (31) is necessarily a composition of 4. There is also an exhibition

represented by

l-xP'- 1-x ~
' '

where the same numbers 3, 1 occur but in different order.

Whatever instance of factorization be exhibited we inevitably reach a

succession of numbers which constitutes a composition of 4.

The whole of the factorizations are shewn with the perfect partitions

which flow fi-om them.

1-XP*

1-x
1-xP* 1-xP
1-xP ' 1-x
l-xP* 1-xP'

1 - xP'
• 1-x

1-xP' 1 - XP'

1-xP^- 1-x
1-xP' 1-xP'

l-xP-'- 1-xP
1 - xP

' 1-x
1-xP' 1-XP' 1-xP
l-xP'' 1-xP'' 1-x
1-xP' 1-xP^ 1-xP'
1-xP'' l-xP'' 1-x

l-a^P* l_^i«3 ;^_^^2 1-xP

Composition Perfect partition

(4) (l/^*-i)

(31) (pl^-^-ilP-i)

(13) if IP'-^)

(22) (jf'\p-^-^)

(211)
(p^'"~''

pp-np-^)

(121) (f''~' pp'-np-')

(112) (p^ f- ip'-^)

(1111)
__p-\ _jO-l

if p-^ pp-^\p-^)
1-xP^' 1-xP^' 1-xP '

1

We have an instance of factorization and therefore of perfect partition

corresponding to every composition of the number 4.

Returning to the more general case of the factorization of

1 - xP^

1-x '

it is clear that

1-xP'' l-xP"' 1-xP'^ l-xP""

1-xP''' 1 - xP""' 1 - xP''' 1-x
will yield the composition « — «!, ctj — x,, a„ — a.^, ... a^ of the number a.
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Moreover any coin)MJ.sitii>ii (^i^,...^, .
,) of the number can be put into the

form

(a-(a-^,). a-0,-{a-8,-6,), a- 6, - 6,- (a - 0, - 0,- 0,)

a-0,-0,- ...-0,-{a-0,-0,-... -6^.+,)),

and will correspond to a liictorization

^.;.--e.
1 _.-r

?"-"'-"«
1
..^.po-*.-".-''.-"-

, _

Hence there is a one-to-one correspondence between the factorizations of

(1 — ar^")/(l -x) and the compositions of the number a. Hence the special

problem is solved in the form :

"A number of the form ;>" — 1, where p is a prime, possesses the same

miiiiber of perfect partitions as the number a has C(jmpositions and therefore

the number of such is 2"~'."

The number of different j)arts whicii apjiear in the partition is erjual to

the numbt'r of parts in the ciMuposition.

Corresponding to the composition (^,^0...^,+,) the perfect partition has,

altogether,

p6\ \. p^i + ... -f- jt)*"*' — s — 1 parts.

Thi' smallest value of this number is a(p — 1).

185. Every number is of the form p'^'ppp^'... — 1 where p,, p.,, p,, ... are

l)i'iiiu's.

We will now shew that the number of perfect partitions possessed by this

number is equal to the number of compositions of the multiimrtite number

(2, «.a.|...).

'i'he luimber of ])errect partitions depends upon the factorization of

r^
into factors of the form (1 —.if) /(I —.vJ') where /) is a divisor of 7.

Suppose such to be

l -xK'PPf'^- l-xPf'P^'P^'- l-.xP'i'P^Ps'-

1 - xPf'Pl'P^.'-
' 1 - xPVPi'lfS'-

"" l^ '

which, in analogy with what has gone before, we denote by

(a,-/^„a,-^„a,-^,...; A -71. )8,- 7,, /8, - 7, ... ; v„p„v,...\).

This may be regarded as a composition of the multipartite number

(a, 0,0(3... )•



CH. l] EXAMPLES OF PERFECT PARTITIONS 221

As before we see that there is a one-to-one correspondence between the

factorizations and the compositions, and we have the theorem :

"The nmnher jyf'Po'Pt' ••• — ^ possesses as many perfect partitions as the

multipartite number (aja.jas...) has compositions."

The number of parts in a perfect partition has the least vakie

Oi (Pi - 1) + ^2 (P2 - 1) + a. (p, - 1) + ...

in correspondence with the composition

(100... -^'010... "^001... "'...).

In correspondence with the factorization above written the perfect par-

tition has

p'^~^'2)p~^'p^f'~^^'...
— 1 parts each equal to pf^pl^p^^ ...,

1 » » PJ'P^'P?---,

Pi'P^'P?----'^ „ „ 1.

186. The following examples of perfect partitions are given

:

Number 15 = 2*-1

Unipartite number 4

Group Composition Perfect partition

(4) (4) (1-)

(31)
(
(31) (2U)

1 (13) (8P)

(22) (22) (W)
(211) (4^21)

(211) (121) (82^1)

.(112) (84ro

(1111) (1111) (8421)

Number 244 = 7^ 5 -1

Multipartite number (21)

Group Composition Perfect partition

(21) (21) (1.44^

(20, 01)
((20,01)

1 (01, 20)

(5^M^)

(49M«)

(11, 10)
((11.10)

1(10,11) (35« . V*)

(10, 10,01) {So'.n'.V)

(10, 10, 01 ) 1 (10, 01,10) (So^.TM'')

1(01,10, 10) (49^7M«)
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It, will l)c n«)ted that, 244 l)oin^ equal to 7'.o — ], corresponding to a

pari (.'•//) in a composition, thi- jxrtcct partition invdlve.s a repetitional

number 7-^. .")"— 1.

187. The general t'orm of" a pcrfeel partition is

1-'.(1 +A)"[(\ ^A)(\+D)Y'{(l+A){\+n){l +C)l'\...

It is moreover clear that every perfect partition of every number gives

rise directly to an unlimited number of perfect partitions of higher numbers.

For this purpose the repetitional index of the highest part may be increased

to any extent, or a part equal to the sum of all the parts with unity added.

From this point of view let Ap denote the number of perfect partitions of the

number p so that a generating function (when expanded) is

Ao + A^x + A2X- + ... +ApX>'+ ....

The perfect partitions having a highest part equal to p-^-l are derivable

from the ])erfect partitions of the number p by prefixing to each of the latter

the part p + 1 any number of times repeated. Hence the generating function

of such is

Ap.T'-P^'

1 - a;P+i

'

and we are led to the algebraic identity

AqX A^af A^ar^ Ap.ifP^'

1-x "^ f^ ^^
"^ i^^ + ... + f^TpP+i + •••

= ^ ,.r + A.ai" + ^3.7-' + . . . + Apxv + ... + A^+,a>n>+^ + ....

Herein equating coefficients of like powers of .r we find

Ap = 1A,,

the suiiuiiation being for values of .«, which make a- + 1 a divisor le.ss than p+ 1

of y) + 1

.

Thus A^, = An + A^ + A., + Aa + Ai,

since 12 has ih(> divisors 1, 2, 3, 4, 6.

188. It can be .shewn that there is a one-to-one correspondence between

the perfect partitions (all numbers being in evidence) containing .f parts and

the compositions of the number .v. For wiite down the perfect partitions

having le.ss than 5 parts as follows:

(1)
(P) (21)

(1-^) (3P) (2^) (421)

(V) (4P) (.S'P) (6.SP) (2n) (02'n (4^21) (8421)
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It will be observed that in any line each perfect partition gives birth to

two perfect partitions in the line below

(a) by prefixing a part equal to the existing highest part,

(b) by prefixing a part which is greater by unity than the sum of all

the existing parts.

Write down next instead of the partitions themselves the repetitional

numbers of the parts of those partitions. The scheme follows :

1

2 11

3 12 21 111

4 13 22 112 31 121 211 1111

where the successive lines involve the compositions of the numbers 1, 2. 3, 4.

Each composition in a line gives rise to two compositions in the line below

by rules derived fi-ora (a) and (6) above. These are

:

(a) increase the first part by unity,

(6') prefix a part unity.

There are therefore 2*"^ perfect partitions involving s parts.

189. The theory of the subperfect partitions is derived at once from

what has been established above ; for if we put, for the number u,

k=n 2 ^-"''"^

k=-u X''{l-0C)

we have to consider the divisors of 2m + 1 instead of those of <i + l, and the

reader will have no difficulty in proving that if

the number of subperfect partitions of u is equal to the number of composi-

tions of the multipartite number (a^a.^:^...).



CHAPTER II

ARRANGEMENTS ON A CHESS BOARD

190. In this secticHi we have tor discussion arrangements of «tbjects or

niiinbcis in the compartments of square or rectanguhxr lattices. In previous

chapters the distributions have been essentially on a line or in one dimension.

We now come to two dimensions The numbers or objects themselves will as

usual be specified as to type while the distributions will be subject to con-

ditions depending upon the rows and columns of the lattice. The method

employed depends upon the dissection of certain operations (usually differ-

ential operations) upon certain functions. A very simple example will suffice

to lead up to the general idea. Consider the operation of ,- upon a;" where

n is a positive integer. If we write x^ as the product of n factors each

equal to cc

XCCOOH' • • •

it is clear that wo can pick out an x in n different ways ; for example we

can substitute unity for a factor x in n different ways; if we do so and then

add the results together we arrive at 7?.r"-i, viz. the result of performing the

operation , upon the operand a:". Thus

-r .x" = 1 . XXX ... -\- x\xx ... + xx\ x ... -\- xxx\ ... + ... = /?;r"~'.
dx

Observe that here we have dissected the operation of -3- into n separate

operations of substitution. Moreover we can represent these n minor opera-

tions by means of// diagrams

1"

the unit indicating that particular x which is subjected to substitution.
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If upon each of the terms 1 . ^^^ ... ^-l^^ ..., etc., we operate again in a
similar manner, by substituting unity for x in all possible ways, we arrive atn{n-\) terms and, adding these, we obtain n (n - 1) ^-'-^ which is the result

of the operation^ upon x\ In correspondence therewith we have n {n-l)
diagrams each consisting of two rows of a lattice of order n. One of these
diagrams is

1

1

\.

Proceeding in this manner we find that the operation of^ upon x- can

be dissected into n I minor operations or processes which are in correspon-
dence with ,^! diagrams, each of which involves a distribution of n units in
the compartments of a square lattice of order n of the nature

The diagrams enumerated are such that there is a distribution of n units
in the cells of a square lattice of order n subject to the conditions that one
single unit appears in each row and in each column. The problem of
enumeration is solved by

^x-
n being, by definition, an integer.

191. This result is quite as suggestive as it is trivial. We have on the
one hand an operation and on the other a function such that the result of the
operation on the function is an integer v ; we find it possible to exhibit the
operation as the result of v distinct processes and to represent each process
by a two-dimensional diagram. These diagrams in their construction obey
certain laws or satisfy certain conditions which enable us to define or specify
the diagrams and they are enumerated by the number u; that is to say the
enumeration is given by the conjunction of the operator and function which
leads naturally to the diagi-ams.

If we are given a system of diagi-ams, with compartments numbered or
lettered according to given laws and conditions, are we able to jissign an
operator and a function the conjunction of which will enumerate the diagrams i
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Two methods of research an- clearly open to us. We may be given the

diagrams formed according to certain laws ancl then seek to design the

operator and the function or we may commence by designing operators and

functions with the object of discovering the laws of frtrmation of the systems

of diagrams to which they naturally lead. Both methods an- useful and will

be freely employed in what follows.

We shaH frequently write ^- in the notation ?,,.

Let us adopt the second method and take

as operator (9x,9z,9xa)'. ''is function {x^x^x^.

Leibnitz' theorem in the diflferential calculus gives us

(9a:,9;r,9a:,)(a;i^2^»)'= (?z,9xj?x,) (^i^j^.-.) • (a^ia^a^^s) • (^i^-aar,) + 2 similar terms

+ (9«,9«j) {xiX^^z) • 9x8 i^i^i^'s) • (^1 a^aa:.,) + 5

+ (9xj9x,) (a^ia^aa^s) . 9,, (x^x^x,) . {x.x^x,) +5

+ (9x39a;,) (XiX^Xa) . 9«j {x^X^Xs) . (x\ X^X^) +

+ dxi (a:,^;.,^:,) . dx^ (x^XiXa) . d^^ {x^x^x^) + 5

On the right there are 3' terms corresponding to the 27 permuted partitions

of x^x^x^ into exactly 3 parts, zero being reckoned as a part. Selecting any

one of the 27 terms, say

9x,9xj {x^X^Xi) . 9;b8 (XiXiXa) . (XyX^Xs),

we have before us one of 27 minor operations into which the operation of

(9x,9x,9x3) upon (x^XoXsY can be broken up or dissected. We denote this

diagrammatically by

12 3

The selected term is equal to

( • • ^3) {XiX^ • ) {X,X.X3),

and the diagram either denotes that x^.v^ has been erased from the first factor

and j-j from the second or that 9x,?x, has been performed upon the first factor

and 9xg upon the second.

Keeping to the selected term we now again (operate with 9x,9x,9x,. Of
the whole number of 27 minor operations which we again have before us only

a certain number will be effective in producing a term which is not zero; for

clearly the first operator factor must not contain 9a;, or 9*, and the second

must not contain 9x,. However some of the minor operations survive and

one of them is

( • • ^s).(9x,9x,)(JVa • ).9x,(J^i^2'r3).

resulting in ( . . j-,) ( . . .
)
(.r,.r2 • ).
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The two successive operations we have now performed are diagram

-

matically

12 3

12 3

Again, operating with dxidx.^dx.^, only one of the 27 minor operations is

effective ; this is

^xsi • • •'•!) ( • • • ) (^x^dx-i) (a'iA'o • ),

resulting in unity.

The three successive minor operations have n<nv produced the diagram

12

3

3

12 3

and it is clear that we can select three successive minor operations in

(dxidg^dx^y (x^x^XsY ways since for each such selection unity is the result, and

the result for all combinations of three selections must be (92;,9x.,3a;3)' (.'1.5^2^3)'.

We obtain therefore in this manner

diagrams, and to obtain a theorem we have to

(1) Define the diagrams,

(2) Evaluate the expression.

The diagrams are easily defined. It is clear that in each row the numbers

1, 2, 3 must appear and that they must also appear in each column, but there

is no restriction as to how many numbers may appear in each cell of the

lattice.

The enumerating expression has the value (3 !)'.

Generally for the order n the enumeration of the diagrams is given by

{dxfix^ • dx„Y {x^x^ . . . Xn)" = {n !)"

;

the numbers 1, 2, 3, ...n present themselves in each row and in each column,

and none, some or all may appear in any cell of the lattice. For ?i = 2, the

four arrangements are

1

2

2

1

2

1

1

2

12

12 12

12

192. Next consider

as operator {^x^^x.i 9x„)"S J^s function {xi.v. . . . XnY

where m=^n.

15—2
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We are clearly led to lattices of m rows and jh columns ; the number of

rows is m because we consider the operator in m successive operations ; the

number of columns is 7/1 because we consider the function or operand as a

product of m factors. The diagrams are such that in the square of tn*

compartments the numbers 1, 2, 3, ...n each present themselves once in

each row and in each column while the number of them that may appear

in each cell is unrestricted. The enumerating integer is

Ox,9x,--.?'xJ"*(^.^2...^nr or (m!)".

193. It is of great importance to notice that the nature of the diagrams

produced depends not only upon the operator and operand but also upon

the modus operandi. Consider for a moment the operator (3z,9x,9x,)' and

the operand (x^x^oc^^f. In the example above given the operator and operand

when factorized are shewn by the method in which they were written; but

we might also have written them in the forms

(9«,9x,) (9x,9x3) (cixs^xg) and {x^x^) (a:, j,) {x,x^),

the operator factors being performed in the order (3x,9x3). (^xi^xa). (9x,9x,).

Here it is seen that the performance of (^x^Bxa) does not give the number 1

in the first row of a diagram of 3 rows and 3 columns; for we associate

the number 1 with the deletion of a-, from a factor of the operand ; further

the subsequent operation of (9x,9xs) cannot lead to the number 2 in the

second row, and lastly the final operation of (9a;,9xj) cannot lend to a number 3

in the third or last row. Moreover from the way in which the operand has

been factorized the numbers 1, 2, 3 cannot find places in the first, second and

third columns of a diagram respectively. Hence the diagrams possess the

properties

:

(i) the first row and first column each contain the two numbers 2, 3,

(ii) the second „ second „ „ „ „ 3, 1,

(iii) the third „ third „ ., „ „ 1,2.

The system of eight diagrams to which we are led is

:

3 2 3 2 3
1

2 2 3

' 1 3 1
1

^
1 3 1

2 1 2 1 M'- 1 2

32 3 2 • 2 3 32

3

1

1

2

31

•

3 1

21

31

212 _J



DERIVED FROM DIFFERENTIATION 229CH. Il]

equi-numeruus with those derived from the modus opei'andi

which possess the property that in a diagraiii of two rows and two columns

the numbers 1, 2, 3 appear once in each row and once in each cobimn without

any restriction. These eight diagrams are :

21 3

21

3

21

21

3

31

2

2

31

2 31

3 31 2

32

1

1

32

1

32

32

1

321

321 321

321

The fact that the two sets comprise the same number of diagrams is at

once evident from the method employed ; it might be otherwise troublesome

to establish.

194. Again keeping to the same operator and operand we may take the

modus operandi to be

{^xfix^) (dccsdx,) i^x^d^^) (^i^-2^iT>

and be led to the same number of diagrams, viz. 8. These diagrams possess

the properties

:

(i) they have 3 rows and 2 columns,

(ii) each column exhibits the numbers 1, 2, 3,

(iii) the sth row does not exhibit the number s where s has the values

1, 2, 3.

The eight diagrams are :

2 3 3 2 3 3 ^

3 1 1 3 31 31

1 2 2 1 21 21

32

1 3

21

32

3

21

32

1

If the modus operandi had been

{dxfix^'^Xi^- (-i'a^a) C-^'i^a) (-^'i-'a)

31

32
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the di;i(;niiiis would have Ih-oii those last written rotated counter-clockwise

throiiLjh a rij^dit aiij^lr.

This does not exhaust the sets of diagrams obtainable from this oj)erator

and operand which are enumerated by the number 8.

It will be evident that a very large number of theorems concerning

distributions in the cells of rectangular lattices are obtainable from a con-

sideration of the operator and operand

and the innumerable modi operandi. These theorems all refer to equi-

numerous sets of diagrams.

195. We next introduce the differential operators (/,, D^ which we

studied in Section II. Suitable operands will clearly be the associated

symmetric functions expressed in the notation of partitions. If a,, a«, o,, ...

be the elementary symmetric functions of the quantities a^, a,, a.^, ... a„,

d» = da, + "i 9a.+, + "j^a.+s + • • •

.

where {d\) is an operator of order .v obtained by symbolical multiplication.

Taking as operator /);' and as operand (1)" and remembering the law of

operation of Dg upon a product of symmetric functions expressed in the

partition notation we see that the effect of D, upcm (1)" or upon

(1)(1)(1)(1)...

is to obliterate one of the factors in all possible ways and by sunnuation to

obtain n (1)""'. This shews that we proceed to the same system of diagrams

as in the case of the operator 9" taken with the operand x^.

This is an example of what one frequently finds in this subject; that

many pairs of operator and operand may be designed which lead to the same

set of diagrams. As a set-off against this however we have already met with

the remarkable circumstance that one pair, operator and operand, may lead

to a large number of different sets of diagrams,

196. We will now suppose that we have to enumerate the permutations

of the (juantities in al^-a.T^ ... a;;». We are at once led to design

as operator />„, /)„^ . . . D„^ and as operand (1)",

where ^Ltt = ».
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n i

Since (1)" = ... + —,—r^
-, 2 a^' o?^ • • • a^T" + . .

.

TTi ! TTa ! . . . TTn !

= ... + ;- r , ("^iT^'J ••• 7r,i)+ ...

TT, ! TTa : . . . 7r„ !

and Z)„, D„,,

.

. . D„^ (tTj tt.^ . . . 7r„) = 1

,

it is cleai- that D„, D„., ... D„„(1Y= ——^ ,

,

giving the number of diagrams to which we must be led.

Suppose for convenience that the operators D are performed in the order

Dn^, l>no_, •••D„„. The operation of D„^ upon (1)" is performed by striking

out TTi factors in all possible ways from the product (of n factors)

(1)(1)(1)...

and then adding. We thus get

and in obtaining this we have broken up the operation of Z)„, into f

j

minor operations. These may be represented by the first rows of diagrams

and we thus obtain
[ j

different first rows, one of which may be

(number of units = tt,)-

The term considered is now

(.)(.)(1)(.)(1)(.)(.)(1)(1)...,

as it appears when the ttj factors have been obliterated in the particular

manner under view.

The operation of D„^ is performed upon each of the (
j
terms, each of

which has n — tti factors, by striking out tt, factors in all the ways possible.

This can be done in each case in ( M ways and therefore in each case

can be broken up into f M minor operations. Altogether IK^D^,^ has

/ n \ /n — ttA n\
been broken up mto or —; mmor operations.

XirJ \ TTi J TTi ! TTa ! {n — TTj — TTg)
'

Suppose that one of the
(

M minor operations associated with I)^^ is

performed upon the particular term

(•)(-)(l)(-)(l)(-)(-)(l)(l)....
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the result nicay be the striking out <»t the factoi-s in the thiixl, eighth, ninth

.mfl other places (tt. in number). This would yield a diagram of tw(» rows

(number of units = 7r,),

(iiuiiilx'r of units = 7ri),

1 ^

1

' 1 I

1
1

1

-

which is one of the
. ., ' x, diagrams of two rows which corre-

TTi ! TT.j ! (n — TT, — TT.i) !

spond to the like number of minor operations into which the double operation

D^^D„^ has been broken up.

Proceeding in this manner we finally arrive at a diagram of n rows and

;/ columns such that there is one and only one unit in each column while the

numbers of units in the 1st, 2nd, ... /;th rows are 7r,, tt.,, tt^, ... tt,, respectively.

We thus obtain

TT, 1 TTj ! . . . 7r„

!

diagrams of this nature corresponding to the like number of pennutations of

the quantities in a^'a^ ... a^".

197. Let us now consider the problem of placing units in the compart-

ments of a lattice of m rows and / columns, not more than one unit in each,

in such wise that we can count /a,, yLtj, ... /a,„ units in the succes.sive rows and

\,\i, ...Xi units in the successive columns.

Clearly l/x = XI. We take

as operator D^^D^.^

.

. . i)^„,, as operand (P') (P') . . . (l-^*).

It will be gathered from Section II that if

(P.)(PO-..(l'')=--- + ^(/^/^---/^n)+--.

then D,^D^...D,„{l^')(V^)...{V') = A,

and we shall shew that A enumerates the lattices under consideration.

Since the operand involves only units

that is to .say when D^^ operates upon the operand it does so by selecting

fi, units in all possible ways from the operand, taking care to select one unit

only from each factor of the operand. We may jvssume fi^, fi,, ... to be in

descending order of magnitude and then /u., must be equal to or less than /;

otherwi.se there will be no diagrams, as A will be zero.

Commencing with />^, we pick out the ^, units in each of the
[ ]

possible ways and select one of thi'ui for thi- first imw of a diagram; we
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follow with i)^2 '^nd operate with it on the selected term, picking out another

fjL.i units, and so on until finally we have completed one diagram which

naturally possesses the desired properties. Each of the A diagrams can be

similarly formed and thus the diagi-ams in question are enumerated by

Ex. gr. Take

X, = 3, X, = 2, \3=1, /^i = 2, fi^ = % fi, = \, ti,= \,

finding (1^) (I'') (1) = a^a^a, = ... + 8(2211) + ...

because DlD'ia^a^a^ = 8.

The eight diagrams are

1 1

1 1

1

1

1

1 1

1

1

1

1

1

1

1

1

1

I

1

1 1

1

1
.,

1

'!'

1

1

1

1

^ 1

1

1

1

1

1

1

There are 2, 2, 1, 1 units in the successiva rows and 3, 2, 1 units in the

successive columns. No others possess the desired property.

198. We can now apply the method so as to be an instrument of

reciprocation in algebra. If we rotate the diagrams through a right angle

so that they read by rows as they formerly did by columns, the effect is to

interchange the set of numbers Xj, Xg. ••• ^i with the set /Zi, yti.^, ... ^„, and the

number of diagrams is not altered. Hence the reciprocal theorem :

" If (P.) (P.) ... (1^0 = ... + ^ (/^iM..../.,„) + ...,

then (If^.) (1**^) . . . (l*^") =^ ...+A (\X., ...Xi) +...,"

a well-known theorem of symmetry which has been established in a previous

section ; but notice that when we first met with it the number A was

associated with the number of distributions of objects of type (\i\.2...\i) into

parcels of type (f^iiJh---H'Tn), no two objects of a kind being in any one parcel.

Here it is associated with the distribution of units in the cells of a given

lattice under prescribed conditions. The easy intuitive nature of this proof

of the theorem is quite remarkable.
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199. In the above the magnitude of the numbers, appearing in the cells

of the lattice, has been restricted so as not to exceed unity.

This restriction is removed in the following manner:

Consider the homogeneous product sums of the quantities a,, a.,, a,, ...,

viz. hi, h^, A,, ... and recall the result of Section III, Art. Gl,

and also /),Aa,Aaj.../ia, = "Ehxi-e^hx^-c^ ... h,^_„,,

where (o-, o-j . . . a/) is a partition of s and the sum is taken for all such par-

titions and for a particular partition for all ways of operating upon the

suffixes with the parts f)f the partition.

We take

as operator D^^ D^^ . . . D^,,, , as operand h^Ju^--- fu„

and commencing by operating with Z)^, we operate with every ptirtition of /t,

upon the suffixes of the operand as above explained. We thus obtain the

first row of a diagram

<ri 0-2 «^3 (Ti 'H /-,).

The particular term associated with this first row is then the subject of

operation by D^ and, selecting one of the resulting terms, we derive a second

row of the diagi-am

O-j 0-3 0-3 0-4

...

0-J

Ti T2 T3 U 'j

Proceeding similarly till we have completed a lattice of m rows and

I columns we reach one of the diagrams possessing the property that the

sums of the numbers in the successive rows are fi^, fju^, ... fim and in the

succes.sive columns \,, X.^, ... \/, no restriction being placed upon the mag-

nitude of the numbers.

Now if //A,/u,...Ax, = ... + ^(/i./A2.../i,n)+...,

>^e have •

D,^D,,...D,^(h,^h,^...hj,) = B.

H enumerates the diagrams in (juestion.

We can of coui-se rotate the diagram and establish that

hJi^...h^^=... + B{W,...\{)-^...,

another law of symmetry being evolved. This has been previously

established in another manner in Section II.
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Ex. gr. We havi;

235

DlD\hh.Ji, = 18,

/*,/<,/*, = ... + 18(2-1-') + ...,

hlhl = ... + lS(S21) + ...,

we have therefore 18 diagrams; eight of these in which the compartment
numbers do not exceed unity have been depicted above ; the remaining ten

2

2

2

2

2

1 1

2

1 1

2

1 1

1 1 1 1 1

1 1 1 1 1

2

1

1

1

2

1

'

1 2

1

2

2

2

1

1

1

2

1

1 1 1 1 1

200. We may consider the same problem with a restriction k upon the

magnitude of the compartment numbers; k is to be an upper limit.

Let kg denote the homogeneous product sum of order s in which none of

the quantities otj, ofo, a^, ... is raised to a higher power than k.

Ex.gr. if k = 2; k, = (21) +m and not (3) +(21) + (P).

We have

I^\ks = kg^f, where \ is equal to or less than both k and s,

D^h = Oif\>koY> s.

Take

as operator D^^ D^^ . . . D^^ , as operand A:^, k^^... A'a, .

We shall obtain a number of diagi-ams of m rows and I columns which

possess the property that the sums of the numbers in the successive rows are

/il, /ig, ... fim and in the successive columns \i, X„, ... X;. the magnitude of the

compartment numbers not exceeding k.

The number of such diagrams is

D^i D^.^ . . Df^^^k^^k,,^ . . . kx, = C,

where k.^k;,^ ...k\, = ... + C (/x,^,... fi,„) + ....

By rotating the lattices we thence find that

k^,^k^^ . . . k^^^ = . . . + (7 (\iX._, . . . X;) + . .
.

,

establishing another law of symmetry in symmetrical algebra.
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201. It is clear that any specification of restrictions in regard to the

magnitude of the compartment numbers must similarly lead to a law of

algebraic symmetry, provided that the operator is suitably adapted to the

operand. Thus suppose that unity is not to be present. We may take 6,

equal to the sum of the monomial symmetric functions whose partitions are

free from unity and then of ccnirse we must omit Z), from the operator, and

tiiking

as operator 7)^, D^, . . . /)^„, , jvs operand ^a, ^a, • • • 6a, ,

we readily find the law of symmetry shewn by the relations

wherein unity does not appear in the partitions.

202. It may be gathered from what has been said that every case of

symmetric function multiplication is connected with a theory of distribution

in the cells of a lattice.

In some cases we are led to but a single diagram. For example take

as operator DiD^^D^, as operand (1*)(1')(1),

(32*1) and (431) being conjugate partitions.

Operating with D^ by picking out unity fi-om each factor of the operand

we obtain (P)(l') with a first row of a diagram, viz. :

The operation of D.^ now gives (P)(l) and a second row

and proceeding we finally obtain the single diagram

1

1

1

1

1

1

which is none other than the graph of the pjirtition (32*1) or of (431)

according as it is read by rows or by columns. We might also have operated

with D^DiD, upon (P)(P)'(1); and in general if (TTiTTaTrj...), (piPsPs--)

be conjugate partitions we obtain their graphs either by op)erating with

D,D,D„,... upon (l''')(l'')(l'^)...or with D^D^D^^... upon (P')(P')(1''0"-
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203. We will now consider a general question. Take

as operator Dp D,^Dr...,

as operand (X,/i,i^i • ..){\2H'-2^2---){'^2H-^v:,...). ..(\/J'sVs • • •)•

where 7; + ^ + r + ... = 2X + S/x. + Sr + ....

We have

DpDqDr...{\/^lVi...) {KlJ"iV., ...).. .{X^IXgVg .. .) = A,
where

i^^hVx- ..) (S.2H^v., ...).. .{\^isv,. ..) = ... + A (pqr...) + ....

If the partition (pqr...) contains t parts we are led to lattices of s columns

and t rows. The operator Dp acts through its various partitions upon the

product of monomial functions and any mode of picking out a partition of p
from the factors, one part from each factor, constitutes a minor operation, of

the major operation Dp, which yields the row of a diagi'am. D^ is similarly

responsible for all the second rows of the diagrams and so forth ; finally every

diagram which results possesses properties which are defined in the following

manner

:

(i) the numbers in the diagram are the whole assemblage

Xi, ytii, u^, ... Xa, /i,, v„, ... \^, fig, Vg, ...
;

(ii) the numbers in the successive rows are compositions of the numbers

p, q,r, ... respectively
;

(iii) the numbers in the successive columns are

Xi, /Ui, i/j, ... ; \.,, /jL.y, V2, . . . : ...Xg,/x,,,Pg,...;

respectively.

Ex. gr. Take

as operator Dj^D,,D,y, as operand (987) (654) (321),

where (987) (654) (321) = ... + 6 (17 . 15 . 13) + ....

The six diagrams are

7 b 1 7 5 1 4 ' 2

8 4 3 9 4 2 8 6 1

9 6 2 ' 6 3 9 5 3

7

9

8

4

5

6

2

1

3

8

7

9

4 1

5 3

6 2

In the first, second and third rows there are partitions of 13, 15 and 17

respectively, whije in the successive columns are numbers 7, 8, 9 ; 4, 5, 6

;
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1, 2, 3 rt'spectivc'ly. Thr numlxr fi may he dotcrininod algebraically by

expressing both operator and ojx'rand in t«'rn»s of the elementary functirms

and actiially performing th<' differentiati<ins.

The reader must now notice that a theorem of symmetry does n«»t result

from the mere rotation of the lattices, because such rotation does not exhibit

the same collections of numbers in the respective columns. For example

after rotation in the first euluinn \vc find three collections, viz. 7, 5, 1 ; 7, 4, 2
;

8,4, 1.

There is however a beautiful symmetrical theorem which a close examina-

tion of a particuiai- case will lead us to.

Write X,+fi, + i', + ...=X,

\ 4- /X.J + v.. + . . . = fi,

\l + /^ + ''.T + . . . = V,

and consider diagrams satisfying the conditions :

(i) the numbers in the compartments are the assemblage

X,, /i,, r,, ... ; X.,, fi.„ vj, ... ; ... X,, /x,, v,, ...
;

(ii) the numbers X, /x, v, ... appertaining to the columns and the numbers

;), q, r, ... appertaining to the rows are unaltered.

These conditions do not define the lattices under examination above

because other lattices comply with them, viz. those in which the whole

assemblage of compartment numbers remaining unchanged the column

numbers while satisfying the condition (ii) are other than

X,, /i,,, I/,,... : X..., fju,, V.J, ...; ... X«, fx,, v,, ....

We may have other collections of numbers drawn from the given

assemblage such that

X,' + /i,' + i^i' + ... = X,

X./ + fi./ + v.f + . . . = fi.,

^3 + /J^' + v-^' + ... = V,

the assemblage of dashed letters being in s(mie order identical with the

assemblage of undjvshed letters.

The new conditions include lattices enumerated by

/),, A, Dr.. ( \,'/i,'/',' . .
. ) ( X.//i./j/./ ...)... (X//x/j'^'. .

. ),

and the totality of lattices ini|)lied by them is enumerated by

i)„ 1), ij, ...^ ( X,v/i','. .
. ) ( x,>;''.;. ..)... (x,>;i//. .

. ),
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the summation being for every separation of the assemblage of numbers

\ia^v^...\,ji^V2 XgfigVg...

into partitions (Xi'/i,V,'...), (X2V2V...), ... (X,//i/i//...),

such that X/ + fi^' + v^' + ... =X,

X2' + fJ^i + Vo + . . . = fl,

^/ + /J'S + v-I -]-... = v..

or, as it is convenient to say and moreover consistent with the previous

nomenclature, for every separation of the given assemblage of numbers which

has the specification (Xfiv...).

We may now assert that the successive row numbers have a specification

(pqr...) and the successive column numbers a specification (Xfiv...) and we

may now define lattices as follows

:

(i) The numbers occurring in the compartments of a lattice of s columns

and t rows are those of the assemblage

\l, /ij, I/,, ... X2, /io, Vo, Xg, fMg, Vg, ....

(ii) The successive row and successive column numbers have the sums

p, q, r, ... ; \, /x, v, ... respectively.

We will now consider a particular case in order to find the condition for

a symmetrical theorem due to rotation of lattices.

Let the assemblage of numbers be 2, 2, 1, 1 and consider the two results

(2)H1)— ... + 6(20 + ...; C2f(V) = ... + 2{r-r-) + ...

derived from m{2y{iy = Q, DW\{2y(V) = 2 respectively.

In the first case the row and column specifications are (222), (2211), and

in the second case (2211), (222) respectively.

The first yields the six diagrams

2

2

1 1

2

2

1 1

2

2

1 1

1 1 1

2

2
1
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and tho socond the two diagnirus

[sect. V

2

2

1

2

2

1

1

If wo rotato the six lattices wc obtain f<M:r in addition to these two, viz.

2 iH 2 s

2 2 2 2

1 , . 1

1 . 1

""~
1

The first pair of these would be derived from DfDf (2)(P)(2) and the

second pair from DID] {If (2) (2). Hence it appears that to obtain identity

of enumeration wc must multiply (2)-(P) by a number equal to the number

of ways of permuting its fixctors; in the present case the whole of the

permutations are involved, but reflexion shews that we have only to consider

the permutations amongst factors which have the same specification (compare

also Section II, Art. 4()). Thus for a symmetrical theorem we must use

(2)M1)''' 'infl (2)-'(P) with the multipliers 1 and 8 respectively.

Let then an oj)erand be

(/>,)'.(/>.>. ..(.l^.V'M^l^.)'"'

(I,), (Za), ... on the one hand and (if,), {M.^}, ... on the other denoting par-

titions of the same weight. We attach a coefficient

(^, + /,+ ...)! (7/ti+ 771, + ...) !

/,! /._.!... ' mi'in.j!...

Let any operand so multiplied be denoted by the operand with the prefix

Co. The law of symmetry is then :

" From a given finite iissemblage of nunibers c(»nstruct all the products

(X,/i, I', ...) (Xo^l/; ...) (\,/i3J'3 •••)•• •

which have a given specification (\/i.v...), and further all the products

( ;>i 7i '• •• • ) ( Pz^h '«•••)( lh<h '':.•••)•••

which havi' a giv»'n sprcitieation (/)'//-...): tlitii if

i! Co (\,/x, ;-,... )(Xj,;iot;.,...)(\3/Ll3l's...).., = ,,. +*l (j>qr...)+ ...
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we have also

S Co (piry.r,

.

..){p.,q.,r.,...) (p:,(/,r, ...)... = ...+ A (\fiv...) + ...,

and the number A is represented by a set of A diagrams constructed

according to definite laws."

204. So far the operations have been those of the infinitesimal calculus,

and the numbers involved in the partitions of the functions have been positive

integers, excluding zero. If we admit zero as a part in the partitions we have

to do with the operations of the calculus of finite differences.

At the commencement of this section it was shewn that d^ is a selective

symbol of operation, for when the operand is a power of x, the said power

being positive and integi-al, it has the effect of summing the results obtained

by substituting unity for os in all possible ways in the product of x's. The

corresponding operator of the calculus of finite differences, viz. A, has the

effect of substituting unity for one x, two xs, three x's, etc. in all possible

ways and then summing the results. Thus

Ax^ =l.x.x + x.l.x + w.x.l + l.l.x+l.x.l+x.\.l + \.}A

= 8./;= + 3a,' + 1.

This simple tact indicates that we may expect a corresponding theory of

diagrams whose compartments are lettered or numbered according to definite

laws. Moreover directly we introduce zero as a part into the partitions of

our symmetric functions we find that our differential operators become

effectively equivalent to those of the calculus of finite differences ; for remark

the result derived from Section II, Art. 53,

A (oy

=

(.) (0) (0) + (0) (.) (0) + (0) (0) ( .) + (.) (.) (0) + (.) (0) (.)

+ (0)(.)(-) + (-)(-)(-)

= 3(0)"- + 3(0) + l,

and compare it with

Aar* = Sx^ + 3a; -h 1.

In fact we recall that if the symmetric functions are formed from n quantities,

d, = dn, A = e*» - 1,

so that the operations D,,, d^, 1 + A
of Section II correspond to the operations

A, dn, t:

of the calculus of finite differences.

If we consider partitions which only involve zero parts, we have only to

deal with finite difference operations ; if we have other integers, we have to do

with mixed operations drawn both from the finite and jErom the infinitesimal

M. A. 16
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calculus. The imfK)rtaiit |x>int to notice is that the importation into sjmi-

metric function theory of the zero part and of the corresponding zero oj)erator

relieves us from the necessity of making any direct reference to the ciilculus

of finite differences or of making use of its special operative symbols.

The reader should make a few comparisons like the following

:

n^"*^ = ti (n - l)(n-2)V.(7i - m + 1) = m ' (0'")„,

u""-'>=(m-l)!(0'"-')„.

DoH*'"' = D„m ! (0"')„ = m ! (0"-')„ = m« '"•-",

to be compared with the well-known formula

An'"" = 7nn*"»~",

and also satisfy himself of the equivalence of the relations

r/„=log(l + A).

a» = log(l + A).

205. Consider the lattice theory reached by taking

as operator Z>;, as operand (0*) (0**) (0") ....

The operand when multiplied out will appear in the form of a linear function

of (0^), (0*"^'), ... (0^+'*"^''+-), the coefficients being all positive integers (cf.

Section II, Art. 53) ; the numbers X, fi, v, ... are supixtsed to be in descending

order of magnitude and s clearly is limited to be one of the numbers

X, X+ 1, ... \ + fi + v + ....

To find therein the coefficient of (0*) we operate with Z); and the number in

question is the resulting numerical term. If the factors (0*), (0**), (O"), ... be

t in number we are concerned with lattices of s rows and t columns. The
first operation of Do results in a first row whose compartments contain t or

fewer zeros placed in any manner, so that not more than one zero is in each

compartment. In fiict the first row is specified by a composition of zero

into exactly t parts, a zero denoted by w being permissible as a part

(cf Section II, Art. 55).

The first row of t compartments will therefore be of the form

the zero appearing at least once, and (wOOwOO...) being a composition of

zero into ea:actly t parts jvs defined. The number of such com|)ositions is

2'-l (cf Section II, Art. 55).

Eivch succeeding row will involve a composition of zero similarly defined

and the complete diagnim will be subject to the condition that the successive
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columns must involve \,fi,v,... zeros respectively. The number of such

diagrams must be

{i;f,(o^)(0'^)(0'')...|„„„,

i<--'KD(:)(:)-L'

or symbolically ^^^ "" ^-^^ ( -x ) ( ) ( )
" "

'

'

n of course being the number of (juantities appertaining to the symmetric

functions.

Ex.gr. (0^)(0)^'

and the eight diagrams are

+ cS(0^) + ...,

0) 0) 0) 0) 0) &> 0) CO 0)

^ 0) 6) a>

<d CD 0)

a>0, 0) CO a> 6) CO a> 0)

As a theorem of enumeration the symbols 0, to may have any significance
;

the only essential is that they shall be different. Thus we may put 0, w
equal to 1, respectively and then we see that the first of the diagrams may
be represented by the composition (1000, 1111) of the multipartite number

(2111). The other seven diagrams will be denoted by (1100, 1011),

(1010, 1101), (1001, 1110), (1110, 1001), (1101, 1010), (1011, 1100),

(1111, 1000) respectively, and these constitute the complete set of com-

positions of the multipartite number (2111) into exactly two parts, the

magnitudes of the constituents of the parts being limited so as not to

exceed unity. We may call such compositions " unitary^' and we clearly

are led to the general theorem

:

" The coefficient of (0*) in the development of the product

(0^)(0'^)(0'')...

is equal to the number of unitary compositions of the multipartite number

{\liv...)

into exactly s parts !

"

It will be noted that the word " exactly " appears in the theorem because

in the transformed diagrams the number unity must appear at least once in

each row. The theorem itself is a direct consequence of the " composition
"

definition of the operation of Do upon a product.

16—2
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206. It is very interesting to contrast the result just reached with that

which arisf'S from the process

/>;(P)(l-)(l'')....

the numbers X, /x, v, ... being / in number, and

\ + /x + 1/ + . . . = .s.

Recalling ante Art. I Of) it will be remembered that we had to iU with

lattices of .s rows and < columns; that the diagrams were such that one unit

only appeared in each row, while there were X, fi, v,... units in the successive

columns. Again the process

the numbers tt,, tt^, tt,, ... being s in number and the numbers \, fi, v, ... t in

number, led to lattices of s rows and t columns such that of identiwil symbols

the successive rows involved tt,, tt.,, tt,, ... respectively and the succeasive

columns X, fi, v, ... respectively.

In regard to the first of these it is clear that we may denote the diagrams

by the compositions of the multipartite number (Xfiv...) into exactly .s parts,

each part containing but a single unit ; we may call such compositions single-

unitary, and we have the theorem that the number of single-unitaiy com-

positions of the multipartite number (\fiv...) into exactly s parts is given by

the coefficient of (1") in the development of (1*)(1'*)(1'')....

Ex.gr. (in(P) = ...-l-10(P),

and it is clear that derived from the unitary partition (10, 10, 10, 01, 01) of

the multipartite (32) there are preci.sely ten compositions corresponding to

the ten permutations of the parts of the partition.

As to the second we are conducted to an interesting relationship between

the coefficients in the developments of (1*)(1'*)(1'')... and of (0*)(0'*) (0')...

respectively. For, as we have seen, in the diagrams connected with the

multiplication (0^)(0'') (0")... we may take the symbols to be 1 and 0, the

conditions being for the coefficient of (0*)

:

(i) that each row is to contain at least one unit,

(ii) that the successive columns are to contain \,fi,v,... units respectively.

Also for the multiplication (1*)(1'*) (!")... we may take the diagram .symbols

to be 1 and 0, the conditions being for the coefficient of (ttiTt.jTt.,...) :

(i) that the successive rows are to inv(»lve tt,
,

tt... . tt, , . . . units re.spectively,

( ii ) that the successive columns are to involve X, fi, v,... units respectively.

Ill both cases the* diagrams have s rows and t columns, and of course there

are s numbers tt,, tt.^, tt,
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If we take any partition of X + fM + v + ... into exactly s parts, viz.

(TTiTTaTTs...), and from it derive every composition of X + fM + v+ ... which

involves the parts v^, ir^, tts,..., we can proceed to a diagram of the zero

multiplication from every such composition ; for the rows of the unitary

diagi-ams can be permuted without going outside of the zero diagrams, and

this will be the case for every partition o\'\ + fM+ v + ... into exactly s parts.

Hence, if (0^) (0«) (0") ... = ... + B, (0') + . .
.

,

where (TTiTTa...), (tti'tt.,'...), ... are all partitions containing exactly s parts, we

must have

where Pn-,^,... denotes the number of compositions which involve the numbers
TT,, TTo, ..., or in other words the number of ways of permuting those numbei-s.

Ex. gr. we have the formula

(P) (1) (1) = (31) + 2 (2^) + 5 (2r0 + 12 {V),

and we can immediately deduce the con-esponding formula for (0-) (0) (0), for

write

(0^) (0) (0) = B, (00 + /is (0^ + B, m.
To find Pa we take the terms (31), 2 (2^, multiply each coefficient by the

number of ways of permuting the numbers in the partition to which each is

attached and then add ; therefore

P., = 2 X 1 + 1 X 2 = 4,

because (31) has two permutations and (2'^) one.

Also P3 = 3 X 5 because (21-) has three permutations,

and P4 = 12 because (1*) has one permutation.

Hence (0^ (0) (0) = 4 (0^ + 15 (0^ + 12 (0^



CHAPTER III

THE THEORY OF THE LATIN SQUARE

207. The applications of the method, which has been exphuned, to

problems of a chess-board character which will now be made are of a special

kind and possess considerable historical interest.

EidiT in 1782 in Verhandelingen uitge(jeven door het Zeemvsch Oenootschap

der Weteiischappeii te Vlissingen, vol. 9, has a paper entitled " Recherches sur

une noiivelle espece de Quarrds Magiques." He commences as follows

:

" Une question fort curieuse qui a exerc6 pendant quelque temps la

sagacity de bien du monde, m'a engag6 a faire les recherches suivantes, qui

somblent ouvrir une nouvelle carriere dans I'Analyse et en particulier dans

la doctrine des combinaisons. Cctte question rouloit sur une assembl^e de

3G officiei-s de six differens grades et tires de six Regimens differens, qu'il

s'agissoit de ranger dans un (piarre, de maniere que sur chiique ligne tant

horizontale que verticale il se trouva six otticiers tant de differens canvcteres

que de Regimens differens. Or apres toutes les peines qu'on s'est donn^

pour r^soudre ce Probl^me on a ete oblig^ de reconnoitre qu'un tel arrange-

ment est absolument impossible, (jnoi(ju'on ne puisse pas en donner de

dr^monstration rigoureuse."

He denotes the six regiments by the Latin letters a, b, r, d, e, f and the

six ranks or grades by the Greek letters o, /8, 7, 8, e, ^ and remarks that the

character of an officer is determined by two letters, the one Lsitin and the

other Greek, and that the problem consists in arranging the .SC combinations

aa. "^ ay (iS ae "?

hOL b/3 by bo be ^r

ca c^ cy c8 ce c^

da dfi dy dB de d^

ea e/3 ey I'B ee e^

/« f^ h ./^ .A A
in a s(juare in such manner that evciy row aiK 1 every column contains the

six Latin as well as the six (J reek letters.
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He finds no solution of this particular problem and gives his opinion that

none is obtainable when the order of the square is of the form 2 mod 4. He
observes that the first step is to arrange the Latin letters in a square so that

no letter is missing either from any row or from any column. Such a square

of the order 4 is for instance

a h c d

b d a c

c a d b

d c h a

the four different letters appearing in each row and in each column.

He and subsequent writers have called such squares " Latin Squares," and

we have the question as to their enumeration for a given order. In regard

to this matter he writes

:

" J'observe encore a cette occasion que le parfait d6nombrement de tous

les cas possibles de variations semblables seroit un objet digne de I'attention

des Geometres, d'autant plus que tous les principes connus dans la doctrine

des combinaisons n'y s(;auroient preter le moindre secours."

And again :

"J'avois observe ci-dessus, qu'un parfait denombrement de toutes les

variations possibles des quarres latins seroit une question tres importante,

mais qui me paroissoit extremement difficile et presque impossible des que

le nombre n surpassoit 5. Pour approcher de cette enumeration il faudroit

commencer par cette question : En combien de manieres difFerentes, la

premiere bande horizontale etant donn6e, peut-on varier la seconde bande

horizontale pour chaque nombre propose n i

"

Euler in fact gives a solution of the question proposed in the last part of

the extract quoted. It is the well-known problem of derangements, known

in France as the " Probleme des rencontres " ; it was first proposed by

Montmort, and many solutions have been given since Euler's time. The

complete solution of a problem in which it is included as a particular case

is given in Section III of this work. Yet another solution is given in the

present chapter.

Cayley in 1890 reviewed what had been written on the subject of the

Latin Square and remarked upon the difficulty, given two rows of a square,

of finding the number of arrangements possible for the third row and adds

" the difficulty of course increases for the next following lines."

The " Probleme des menages " involves to a limited degree the considera-

tion of the second and third lines of the square (see post Art. 214),

The method of operators with which we were concerned in the preceding

chapter is peculiarly adapted to the discussion of these and similar questions.
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Of the |)r(jbUMii of the I-^itin S(jiiare two distinct solutions will be found,

and there will be no difficulty in determining the number of arrangements of

the (.v+ l)th row of the s(juare when the first s rows are given.

It will be found possible to generalize the problem and also to give a

usL'fid discussion of thr far more difficult (juestion of (.'numeration connected

with the Gm'co-I^itin S<|uare of Euler.

208. Froin any given Latin Square we can form //!(/* — 1)! othei-s by

permuting the columns in u ! ways and the hvst ii—l rows in (n— 1)! ways.

The whole number *>\' Latin Squares will therefore be a multiple of nl(n — l)\.

We may write it «!(n — 1)I/J„, where Rn is the number of "reduced Liitin

Squares" of the order ??, and we may take these to be those squares in which

the first row is a, b,c,d,..., the lettei-s being in alphabetical order and in

which the first column also involves the letters in alphabetical onler.

Taking w = 4, for simplicity, we construct a symmetric function operand

(abed) (abed) (abed) (abed),

where of course (abed) = 'Ea"a2(4ci'l, and we must design an operator which

will have the effect of picking out the numbers a, b, c, d, one from each

factor of the operand. It is clear that Da+b+e+d will be such if (abed) is the

only partition of a + b + e + d into 4 or fewer parts, which involves the parts

a, b, c, d repeated or not. This would not be the case for example if there

existed the relation a = b + c for then, since a + b -i- c + d = 2b + 2c -^ d,

Da+b+c+d would operate not only through the medium of the partition

(abed) but also through the partition (b + e, b + c, d) or (a, a, d).

In order that Da+b+c+d "^''^y be effective for the purpose in hand we must
give a, b, c, d such numerical values that the coefficient of ic«+''+«+<* jn the

expansion of r-^(af -\-a^ ^af -^ccf^y may be e(pial to unity.

We are naturally brought to the consideration of the perfect partitions

of numbei-s and we observe that if (aicrf) = (8421), the number 15 can be

com|X)sed in only one way with the parts 8, 4, 2, 1 repeated or not, when the

number of parts is restricted to be 4 or less. (8421) is a perfect partition of

the number 15 and is the simplest solution of the problem. Many other sets

of nuMjbers woul<l do—for example 19, 8, 2, 1, since the number 30 can be

partitioned in only one way, into 4 or fewer parts, so sis to involve only the

numbers 19, 8, 2, 1 repeated or not.

We will suppose then that (abed) is such a partition of a +b ¥ c -\- d and

thi'ii

i>a+t+c+rf (abed) (abed) (abed) {abed)

= (•brd)(a»ed)(ab»d)(abe»)

+ 2S other terms,
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since we can arrange abed in 24 permutations and pick out the first letter

from the first factor, the second from the second, the third from the third and

the fourth from the fourth factor.

We have therefore broken up the operation Da^h^-c^-d into 4 : minor

operations and we may take for the first row of our diagram any one of

the 4 ! permutations of abed. We will select the minor operation which

gives the fii-st row

c a d h

the corresponding portion of the operand being

(ab»d) {»bcd) (abc») (a»cd).

Operating upon this portion with Da+b+c+d we can pick out the parts

a, b, c, d in a number of ways ; one of these gives a second roAv a, b, c, d and

a diagram of two rows

c a d h

" h c d

the corresponding portion of the operand being now

{•b*d){»*cd) (ah»») (a»c»).

Operating again we reach a third row b, d, a, c, leaving finally a fourth

row d, c, b, a and the complete diagram

c a d b

a h c d

h d a c

d c h a

which is a Latin Square.

It is thus clear that if the numbers a, b, c, d be suitably selected, and

Di+b+e+d{(ibcdy = Ii,

li enumerates the whole number of Latin Squares of the fourth order. It is

clear in fact from the construction of the operand that each column must

contain each of the letters a, b, c, d, and from the relation of the operand to

the operator due to a suitable selection of the numbers represented by the

letters that each row also must involve each of the letters.

This discussion is of general application and shews that if the ii letters

a, b, c, ... be suitably selected and

D:^t,+c+...{abc...Y = In,

In enumerates the whole of the Latin Squares of order n.

In
The number of reduced Latin Squares is

n\{n-l)\
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209. The simplest selection it is possible to make for the numbers

a, b, c, d, ... is the series of powers of two, 1, 2, 4, H, 16, ...2"~', and the

theorem then sUites that the whole immber of Latin Squares of order n is

/)'*.._, (124.S... 2"-' )" = /„.

For the first few orders

/.= 1,

/,= 12 = 3!2!,

/. = (4!)^

75=52. 5! 4!,

and if we denote by Rn the number of reduced Latin Squares of order n so

that

n\{n-iy.Rn = In,

we find R-,= \, R:,= \, R, = ^, R, = 52.

Fur the third oi'der the form is

a b c

b c a

cab
and fur the fourth order the forms are

abed abed abed abed
bade bade b e da b d a c

c d b a e d a b e d a b c a d b

d e a b d c b a d a b e deb a

it will be observed that all of these forms are self-conjugate in that they read

the same by columns as by rows. When we come to the order 5 we find that

only six of the forms are self-conjugate, the remainder consisting of twenty-

three conjugate pairs. The six forms are

abode a b e d e a b e d e

b c d e a. b c e a d b e a e d

c d e a b e e d b a c a d e b

d e a b c d a b e c d c e b a

e a b c d e d a c b e d b a c

abode abode abode
b e d a c b d a e c b d e c a

e d b e a c a e b d e e b a d

d a e c b d e b c a d c a e b

e c a b d e c d a b e a d b c
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210. To find the number /„ we may express both operator and operand

in terms of the elementary symmetric functions and actually carry out the

operation.

Some simplifications may be made. For suppose, for the third order,

(421)^=... +7,(777) + ...;

we may restrict the number of quantities «!,«„,«., ... to which the symmetric

functions refer to three and thus reduce the relation to

(3iy=... +73(444)+...,

and 7)4 (31)^ =6(1) (3) (31),

7>K31)^ = 6(31) + 12(3)(1),

7)^(31)^=12,

shewing that 7. = 12.

Similarly we reduce the relation

(8421)^=... + 7,(15, 15, 15, 15) + ...

to (731)*= ... +7^(11, 11, 11, 11) + ...,

and thence, without introducing the elementary functions but relying merely

upon the known properties of the operator, establish the result

/4 = (4!)^

The calculations for higher orders become impracticable, but we shall find

later in this work that there is a simpler solution of the question depending

upon the symmetric functions of several systems of quantities.

211. We may in general consider Latin Rectangles. A Latin Rectangle

is merely the first s rows of a Latin Square and would then have s rows and

n columns. Latin Rectangles may be reduced as regards columns by always

arranging the first row in alphabetical order. This reduced number is ob-

tained by dividing by nl. We 7tiay also reduce them as regards rows by

only considering those which have a first column arranged in alphabetical

order. To obtain this enumeration we must further divide by

(n - s)l'

Consider the Latin Rectangles of 2 rows and n columns which obviously

represent the solution of the " Probleme des rencontres " or the " derange-

ments " of a permutation. Denote the total number by

n](n — l)n2,

so that (n — l)w2, corresponding to rectangles reduced as to columns but

unreduced as regards rows, is the number required by the " Probleme des

rencontres."
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If a, b, c, d, ... be ii suitably selected numbers,

i>a+fc+c+ ... (ak...)" = " •(•bcd...)(a»cd...){ab*d)( )...

and /)„^6+c+... (•^f'^-)("«C'/...)(a6.rf)( )...

clearly results in a nuinbei- of" terms e(^ual to (/i — !)«,,, for in forming the

second row, the first being in alphabetical order, the letters a, b, c, ... clearly

cannot appear in the Hi-st, M'cond, third, etc. columns respectively.

Hence

?j!(« — 1 )/r. = number of terms resulting from the operation Da+b+e+...(iif^c...y\

Each term resulting from the operation is of the form

(cde...)(bde...)(ade...){ )...,

being a product of n functions each of which is denoted by a })artition

involving // — 2 different parts; and since when we put

a, = a. — Oa = . . . = 1

,

each term becomes equal to ^^j ,

it follows that the number of terms which result from the operation is

W
and thence we find

"'(2!J

where for brevity o = 1 is put for Oj = Og = • • • = 1-

This yields another solution of the problem considered.

The method and rcjisoning are quite general and lead to the result for

s rows

:

("-!)! [Z>f,.^6^.c^...(a6c...W,

'Gi)

(n-1)!
where , .,n,

(n-s)l

enumerates the solution of the " Probleme des rencontres" generalized to

s rows, and w, enumerates the number of ways of forming the fii-st .s- rows of

a Latin Sipiare reduced both as to columns and rows.

212. The reader will observe that /i„ is precisely what we have denoted

.ibove by /„, vi/.. the number of reduced Latin Squares.
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A Latin Square is exactly determined by its first n — 1 rows since n - 1

rows determine the nth. row. Hence we must have n^-, = n-a and to prove

that this does in fact result from the formula, note that

" ' n'{n- I) In''

^ i);;+&+c+... («6c...)"
^'"

a\{)i-l)l

and that in the expression of rz,i it is superfluous to put a = l because the

numerator is a mere number and does not involve the quantities a.

Now if nn_i = /^,l we should have

m+l+c+... (abc . . .)"]„=: = «'^Z):+,+e+... (abc . .

.

)".

The operation i);^+^+c+.„(a6c...y^ results in a number of terms of the form

(Ci)(C2)...(Cn).

This number is clearly

Z)»+6+,+...(a6c...)'S

and since, on putting a= 1, the term

(ci)(C:,)...(c,i) becomes n"-,

it follows that the left-hand side is equal to

213. The general solution of the Latin Square may be written

(2aia|5^...af"'f= ... + nl(n-l) ! nn'S.(a,a.fXs...an)'"-' + ....

Another solution will appear in Vol. II.

214. We will now consider the " Probleme des raenages,"

Lucas in his Theorie des Nomhres states the question in this manner

:

"Des femmes, en nombre n, sont rangees autour d'une table, dans un

ordre determine ; on demande quel est le nombre des manieres de placer

leurs maris respectifs, de telle sorte qu'un homme soit plac6 entre deux

femmes, sans se trouver a cot^ de la sienne ?

"

He then remarks that it is necessary to determine the number of

"permutations discordantes " with the two permutations

1, 2, 3, 4,...»-l, ,1,

2, 3, 4, 5, ...», L

He says " Nous ne connaissons aucune solution simple do cette question, dont

I'dnonce donne lieu a letude du nombre des permutations discordantes de

deux permutations deja discordantes et plus generalement, du nombre des

permutations discordantes de deux permutations quelconques."
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Solutions have bot'ii given by M. L;iisant and M. C. Moreaii, ut' which the

most convenient is represented by the difference equation

0' - \)K^i = ("— 1 ) ^. + (» + 1) X„_, + 4(-)''

with the initial vahies (X,, X,) = (l, 2).

215. The n-ader who has mastcn-d the foregoing s(»hition <>f th<- problem

of the Latin Square will have no diftieidty in applying the same methcxl here.

Construct for the operand the symmt'trie function of // factors

(cf/e...) (ade...) (abe...) ... (bcd...(t„_,),

where the .sth factor from the left is d<j)riv('d of the .sth and (s + 1 )th letters

of the alphabet, while the last factor is deprived of the nth and 1st letters.

Take as operator I)a+b+c+... ^nd ch(K)se a, b, c, ... to be appn)priate

numbers—most simply I, 2, 4, 8, ... 2'*~'.

The operator must clearly pick out permutations of a, 6, c, ... from the

factors which are discordant in Lucjis' meaning with each of the permutations

a, b, c, d, ... an-i, (',»,

6, c, d, e, ... On, a.

In fact I)a+b+e+... (cd^-'-)(f^^'-)U'^^ '•)•• -{bed... ILn.i)

= :£ /)p, (cde ...) Dr^ (ttde ...) 1\ (abe ...)... D„^ {bed . .

.

a,._,),

the summation being for every permutation

v„ lU, v.„... Vn

of the letters (i, b, c, ... a,,.

The number of products that survive is precisely the number of menoges

denoted, by Lucas, by the symbol X„.

Each fiictor of each product is denoted by a partition containing /< — 3

literal symbols and for Oj = etj = ... = 1 hiis the value

«_!

3!"

Hence
hi 'N"

[Z)a+6+c+.. {cde ...){ade...) {abe ...)... ].., = X„ k-j

j

and \,.= f^;j [Da+i^^.Acde...){ade...){abe...)...\.^.

For th<' <-al«-ulation we substitute the selected nund^ers for the letti^rs.

216. < >ii a Miiiilar priiici])le we enumerate the nun»ber of permutations

which are discordant with ainj number of given pennutations.
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Suppose that the m given permutations are

Vi, V.,, V-i, ... v„

Vi", V.,", v.", ... Vr,

v,'", V.!", v^", ... v„

t;<i"'', v'r\ v\^"\ ... v^;"\

which may be either mutually discordant or not.

Of the m letters v/, v/', v/", . . . v^"''^ let the different ones be

«/) w/', ••• "f/''\ ^s in number.

Take for the i-th factor of an operand

A^A,, Djk.)(abcd...an),

or in other words the factor (abed ...) after it has been deprived of the letters

Denote by P the operand thus formed ; then

^a+b+c+...P

must result in a number of terms exactly equal to the number of permuta-

tions which are discordant with the given permutations.

Proceeding as before the number in (piestion i?IS

(h + l)\) i(A:.,+ l)!j •p.+ l)

-Js

[Da+b~i-C+...P]a

where ji, j.,, ... jg, ... are numbers ascertainable from the given permutations

and ^j = n.

217. A more direct generalization of the " Probleme des menages " is

obtained by imposing the condition that no husband is to have less than

2m persons between himself and his wife.

In the problem considered above m = 1. If ??i = 2 we must enumerate

the permutations discordant with

«!, «2. <*3. «4) ••• dn-s, «n-2. Ctn-i> ««.

ttg, a,, at, ttj, ... a,i_2, cin-i, an, a^,

as, a^, a„ a^, ... a^-i, a„, a^, a^,

tti, a^, as, Oy, ... an, ^i, (f^z, ^s.

and we form the product

P4 = (tts . . . an) («! cf« . . . an) («i a.My ...On) ...

(di . . . an-i) (a.... ttn-s) («3 • • • (f,i-2) («4 • • • «n-i).
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the solution being given by

[sect. V

an(] in general
((2//i + 1) :j

L/>.«/^.-.]a-.

218. All <iiu'sti(»ns which depend n\>i>n the eminieration oi' ihe perniuUi-

tions which are discordant with a given number of pernmtjitions can be

better solved by having recourse to the Master Theorem of Section III.

Thus for the " Probleme des menages " for u = 3 we are led through the

determinant

to the generating function

1

1

1 (1

and for n = 4 through the determinant

11
10 1

110
110

to the generating function

A "^ tX-itZ'^^ ~~' vO^vCa "^
^^i**^*^^^

~"
**'i*'^**'j *Z']^3*^4 •*'2*''J*4

in which we have to evaluate the coefficients of x^x^x, and Xi.r.,x,x^ respec-

tively ; we thus obtiiin the numbei-s 1 and 2 corresponding to the arnuigements

of tables

W.

w,

H.

H,

H,

W
H, H,

H.

II..

W

W,
H,

Although the Master Theorem is <if much more general application the

particular numbers connected with the "Probleme des menages" are much

more e.isily obUiined from the difference equation quoted. The succession of

numbers is

\., K^ \, \, \; X. ...

1 2 \:i SO 570 4738...
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219. The notion of a Latin Rectangle may be generalized. Instead of
n different letters we may have s of one kind, t of another kind and so ..n ; so
that the letters are specified by the partition (st...) of the number ,>.

Let the letters be a^Vc^....

To obtain a Latin Rectangle of k rows we take k permutations of the
letters such that in no column does a occur more than s times, b more than
t times, c more than u times and so on.

The reduced rectangles have the first row and first column in the same
igned order and evidently we can obtain their number by dividing the

number of unreduced rectangles by

11^ (??-l)!

s\t\u\... •ls-\)\t\n\.:.

in the case when the rectangle is a square and by factors of similar forms in
the other cases.

Examples of such Latin Squares are

a a h c a a h h a a a b

« ^ c a a b a b a a b a

^ c a a b b a a a b a a

c a a b b a b a b a a a

220. We have Latin Squares and Rectangles associated with every
partition of n; the three, given above, correspond to the partitions (2P), (2^)
(31) of 4; we have already considered the case abed corresponding to (V) and
there remains the trivial case aaaa which corresponds to the partition (4).

• First take the simple case a->6 where (n-l)a + b = w. The numbers
a, b are to be selected in such wise that {a-^b) is the only partition of w
into n or fewer parts drawn fi-om the symbols a, b each any number of times
repeated. For, that being so, by the law of operation of D,,,

D,„{a^-'b)'' = n (a''-'b)»-^ (a»-i).

The appearance of the coefficient n indicates that for unreduced rectangles
and squares there are n possible first rows; these are obviously the » permu-
tations of a^-^b.

Also Bi (a'^-^br = ,,(,,_!) (a"-^6)'*--' (««-=)-,

the coefficient n(n-l) indicating that there are n(n-l) possible pairs of
two first rows in unreduced rectangles.

Further Di (a«-6)» = ^.-^, (a'-^-'i)'-* (a'.-i-)^

indicating /-^^ unreduced rectangles of k rows.
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Hence />r ' (a""' 6)" = «!(«)"-' (6),

Z)::.(a"-'6)» = /j!,

intimating to us (as is otherwise immediately evident) that the number of

unrofluocd rectangles of n—\ rows oi' of squares is n !.

221. We can enumerate the reduced recUvngles of k rows because an

examination of the square, based upon aaab figured above, shews that in

Row 1 we have in the reduced rectangle one place for 6 instead of /; places

in the unreduced rectangle ; in Row 2, n — 2 places instearl of //, — 1 ; etc.

and in Row h, n - k places instead of n — k + 1.

Therefore the unreduced rectangles are

» // — I // — 2 n — ^ + 1
-

.
. T ... , times

1 n - 2 n — 3 Ji — k

as numerous as the reduced rectangles. This number is

//
• (It -k- 1)1

{n - k) !
~~(7-2)! '

and so we find that the number of reduced rectangles is

/; ! // ! (» — k — 1)1

(n - k) !

" in-k)l ' ~(ii~-^2)Y
'

or —^—J

—

'-—-, where k< n.
{n — k-l)l

If ^•=/^ — 1 we find that the number of reduced rectangles of » — I rows

07' of squares is (;i, — 2) !,

In the formula we may not put k = n because, in that case, the last

fractional factor -.— of the divisor must be omitted and the divisor,
n — k

in t,hat case, is ii(ii-\) and this U-ads to the number

n\ -i- n {n — 1),

or (/I -2)!.

It is in fact sufficient to consider // — 1 idws because in that e.vsi" the

squjire is completely determined.

222. If we next proceed to enumerate the Latin Rectangles based upon

we find that the enumeration and the formation of the rectangle depend

upon

IK, {a^-^bY,
where w = {>i — 2) a + 2h.
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It will be found that

y ^ '){a"-'b-T-*(a''-^bA^

and it will be noticed that the ri^ht-hand siVIp nf fi. i . •.

The number of unreduced squares is

and, dividing this number b^
'^^'^ ^" ~ ^

+ 2

^i"-^

.2/ i 2 j '
^^ °^^^^n the number of reduced

.^to so choose „ and . .hat (.«.:) . fScT;" H Tc-; !! 2^" T;"

af a.f^ . .
.
a*t where S6-a = w, ^6- = n.

The number of reduced squares is

^«' (('f'a*-' . . . «^i-)« 4- "J i^zi)l___

''-''"='+''
'"-('+i)<^»+i).-''.=(^.+i)k.+i)...(,.., + i,

letted Ta^^Z'"''
™"' ^""^ ^''^'^ -'"-—

^
"^o .hole of the

Ex. gi-. If we evaluate l>H»'ly we readily find the number tH. (or the

17—2
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enumeration of thf Latin Scinarcs hawed u|)on a-h- and division by 1^^] ( j

or 18 gives 5 for the nunibtr of reduced squares. These an-

a (I b b a a b b u n b b a a b b ti a b b

„ a b h a b n b ,i b b „ „ b „ b a b b a

b b <i a b (I b (I b b a a b b n n b a a b

b b (I a b b a a b <t d b b a b a b b a a

224. The Latin Squares that have been conpidered involve the property

that one and only one letter appears in one cell of the lattice. We may have

under view squares which have the property that the letters all occur in each

row and in each column but which are divorced from the restriction sis to

the number of letters that may appear in a single cell or compartment.

'i^ike

as operator //('„,„,...„„). '^ operand (a,(f^ ... (f„)"

where the operator L(a,a,...a„) is that studied in Section II, Chapter III which

operates through the medium of the separations of the partition (a^iL,... a^).

For simplicity consider

Liabrdi (fibcd) (abed) (abed) (abed).

Liabcdi picks out from the operand every separation of (abed), one separate

only from each factor, in all possible ways. These separations are

(abed) {ab)(e)(d)

(a) (bed) (ae)(b)(d)

(b)(acd) (ad)(b)(c)

(c)(abd) {bc)(a)(d)

(d) (abe) (bd) (a) (c)

(ab) (cd) (cd) (a) (6)

(ac)(bd) (a){b)(e)(d)

(ad) (be)

fifteen in number. If we consider these separations in the jx^rmutjvtions of

their factors we arrive at the notion of the compositions of a partition which

are in the same relation to the separations of a partition as the compositions

of numbers are to the ])artitions of numbers.

The above fifteen separations of the partition (abed) yield 75 compositions

of the partition (abed). If however we include the zero separate (to) and

regard the separations as all being composed of exactly 4 separates, zero

being included fis a separate, the number of compositions to be considered

will be 4*. Hence the diagrams will have first rows of 4* different kinds. It

is easy to see d prion that this is .so becau.se the letters a, b, c, d must occur

once each in the first row, and as there is a choice of 4 compartments for

each of the 4 letters the number of first rows must be 4'*. Now consider the
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second rows and remember that the letters a, h, c, d must only occur once in

each column. Take a particular ftrst row and observe that for each letter

there is now only a choice of three compartments. This shews us that

associated with a particular first row there can be 3* second rows. Further

for a particular "first two rows" there can be 2* third rows. Finally the

whole number of diagrams is seen to be 4:* . 3* .
2-'

. I'' or

(4 !)^

In general the diagrams associated with

the operator L^^bcd )> the operand (abcd...)^,

the number of letters being equal to n, are (n !)" in number.

The enumeration of this particular generalization of the Latin Square

presents no difficulty whatever and the operator and operand are not necessary

for the discussion. It will be observed that the diagrams are the same as

those associated with the operator {dx^da^ ... 9a;
J" and the operand (xiXz-.-Xn)^

(vide Art. 191), and the enumerating number is at once evident from the

latter process.

The mode of operation of

Mabccl .)

is however worth a few words.

The number of separations of the partition (abed ...) is at once seen to be

equal to the number of partitions of the multipartite number (1"). One

is convinced of this directly one writes down the partitions of (1"), for a

one-to-one correspondence with the separations under view is evident.

It follows at once that the number of compositions of the partition

(abed ...) is equal to the number of compositions of the multipartite number

(1"). The special properties of these numbers are considered in other parts

of this book.

Next consider

as operator L^abcd...)> as operand (abed ...)'"

and it will be seen that we get the same (m l)" diagrams that in Art. 191

were enumerated by

We may now pass on to consider

as operator L"^a'''af^...a^.^)' ^.s operand (a1'a'^\

.

.
. af)",

a generalization of the case considered in the last Article.

We take 2s = n and the diagram will have /( rows and // cnhimns.
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'rh(^ jiaitition («*'«*... (f J*) has just a.s many separations and cumpositidns

as the miiltipartite number («,«.,... .9^.) has partitions and comjx.sitions. Wo
win find an expression for the number of dia^ams without making use of

the operator and operand. Consider the letters o,, Oo, ... at separately. The

letters r/f' must be distributed in the » compartments of the first row. The

problem is that of the distribution of *, similar objects into v different

parcels—in other woi-ds objcicts of type («,) into parcels of type (1"). Suppose

that the letters af' occupy exactly i compartments of the row and that in

these ?' compartments we notice the combinations

f/f', a"', ... a»,.

readincij the row from left to right. Thm la = s, and (o-jO-o ... cr,) is a

comjKKsition of the unipartite number .s, intd e.xactly i part.s. The number

of such compositions is
(

.'
^ ]

and the number of ways of selecting i of the

71 compartments is
(

.
]

. Hence for a given value of i there are

(•;:; )(;:)fi,.,t,-ows

and altogether the number of fii-st rows must be

IC-DC)

=(;')-r7')CM"i')a)-- (:;::)(:,)•

Treating a*s a*', ... t/jj* similarly and then combining the distributions we

see that the operation

""'\i:!:(ro(:)ii:!:(/:;)a-fi:(r;)G)i
one-row diagrams.

It is not easy similarly to obtain the number of two-row diagrams, but

there is no difficulty in enumerating the complete diagrams of n rows and

» columns. For having under view merely the letter a, and the aggregate

ri^' we can enter the .9, letters into the diagi-ams by remarking that the

exjxments that appear in the compartments must be sjich that in each row

and in each column the sum of the expnients must be .v,. Hence reference

to Art. inn shews that the number of such diagiams is

D;j>;„ ...

and thus the number of diagrams jvssociated with
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is Z>;!,A;:_ . Dix^ .... Dijc^,

for we are at liberty to combine all the diagrams appertaining to the letters

Oi, a2, ... a^ separately. These diagrams possess the property that the letters

af'a*'-"^^* occur in each row and in each column without restriction upon

the number of them that may appear in any one compartment. As a veri-

fication observe that if Si = Sj = • • • = ^t = 1» k= n the enumeration is given by

(D'/A'/)'' or (n \y\

We can clearly take as operand the product of n functions whose partitions

involve n given combinations of the letters a^, a,., ... a^, say

and as operator n separation operators

where A^, Ao, ... An are also given combinations and

A,A,...An = B,B,...B„.

The diagrams then reached are those in which the rows contain the

several combinations A^, A^, ... A^ and the columns the several combinations

i?i, 5o, ...Bn, and there is no reduction in the number of letters that may

appear in any one compartment.

If the successive row combinations be

fr't^'cT'..., if'-'h^-'c^K . .
, a"36^3cr3...,

and the successive column combinations be

the reasoning employed establishes a number of diagrams given by

and this can be evaluated by means of tables giving the li products in terms

of the single partition symmetric functions.

It will be gathered fi-om Art. 200 that any desired restriction can be

placed upon the magnitudes of the exponents of the letters which appear in

the diagrams.



SIXTION VI

THE EXl^MERATION OF THE PARTITIONS OF
MrLTIPARTITE NUMBERS

CHAPTER I

ENUMERATION OF THE PAT^TITIONS OF BIPARTITE NUMBERS

225. The enumeration of the partitions of multipartite numbers which

is sometimes called " compound denumeration " may be studied by a direct

application of the Theory of Distributions which was developed in Section I.

It will be shewn that the enumeration may be made to depend upon the

symmetric function of one or more single systems of quantities. One such

system being
a,, a.,, a.,, ...

we write as usual

1
( 1 - a, J-) ( 1 - a.,x) ... =^ 1 — a^x + a^_i ~

1 +/i,.r + A,a:*+ ...

'

and L-mploy the system of /) operators defined by the relations

(h = ^a, + f'i9„,,, + f'..9n,+2 + . . . ,

the outer bracket ( ) in which d\ is enclosed denoting as usual algebraic

multiplication which yields an operator of order s and not s successive

operations of the linear operator, which would be denoted by (rf,)*.

We first consider the partitions of a bipartite number (/j^) and refill that

the partitions are separable into groups which depend upm the partitions of

the unipartite numbers /), q respectively. Thus the partitions of the bi-

partite ntimber (22). nine in number, are seimrated into four groups

:

(;r {(2). (2); or 1(2), (l"^); r,r\{l-), (2)} Gr \(V^), (V)\

(22) (21,01) (12,10) (11,11)

(20,02) (20,01.01) (10,10.02) (11,10,01)

(10, 10, 01, 01)
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in fact if the numbers p, q possess P and Q partitions respectively there will

be PQ groups, for every partition of P can be associated with every partition

ofQ.

We now study the enumeration of the partitions which appertain to a

given group

Gr[(pl'pl^...), (7?'7.p...)},

the two partitions which define the group being partitions of the constituent

numbers p, q of the bipartite {pq).

In such a partition the first element of a bipart may be />« or 0, the

second element may be qg or 0. Hence the biparts have one of three forms

{p.qt), (psO), (Oqt).

If the first of these forms does not occur the number of biparts will be

+ Sx.

On the other hand if Svr ^ S^; and the form (0^^) does not present itself

the number of biparts will be Stt ; while if Stt < S;j^ and the form (^gO) is

absent there will be 'S^x biparts. Thus the maximum number of parts is

Stt + tx'

and the minimum number the greatest of the integers Stt, S%.

Suppose pi, jjo, ... to denote different objects and q^, q.,, ... different

parcels; then the collection of objects

iPi'Pl''--)

may be spoken of as objects of type

(tTiTT., ...),

and the collection of parcels (^f

>

q}-...)

as parcels of type (%i X^ • • •)•

If Stt were equal to S%, we could distribute the objects into the parcels,

one object into each parcel, in a number of ways which is given by the

expression

or by the expression D^, i)^„ . . . h„^ h„,,...,

where the symbol h has reference to the homogeneous product-sums of a

single system of quantities.

This is the distribution which evidently yields the partitions of the group

which involve exactly Stt (= 2^) parts. The enumeration of the distributions

gives also the enumeration of those special partitions appertaining to the

group.
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Hen- however ^tt is not in ^cnfnil equal to ^x '^"^ ^^^ parts of the

partitions vary in number between the ^eatest <>f the integers -tt. ^x "^"^

thi- integer Stt + "Hx-

Suppose that we add, to the objects ^X' objects of species /• and, to the

parcels Itt, parcels of species s; so that the objects and parcels are

(l);>pl'...r-^), iq}'(/^'...fi^')

respectively. Thc^y are now (tf types

(7r,7r,...i'x). (XiX^------^).

and the ninnber of dbjects is eijual to the number of parcels.

Observe that the types are denoted by two jmrtitions of the number

l-rr + lx-

We will n(tw distribute the objects into the }3arcels, one object into each

parcel. In this case the notion of the " jmrcel " is not essential. We may
consider two sets of objects of specifications

(7r,7r,...Sx), (XiX-i----^)'

and the problem is the enumeration of the sets of duads of objects that can

be formed by making ^Ltt + S^ pairs of objects, each pair consisting of an

object taken from Oivch set of objects.

This i)roblem is precisely the same as that of determining the number of

partitions of the bipartite number (pq) which appertain to the gi'oup

To explain this consider the partitions of the bipartite number (.S.S) which

apiXirtain to the group

{(21). (P)|.

Here tt, = 1, 7r,= l, :f:7r = 2. ^i = •^. -X = '^•

We tike yj, = 2, /^,= 1, /• = 0; 7,= ], s = 0,

so that the two sets of »»bjects are

2. 1. 0, 0, <),

1. 1, 1, 0. 0,

respectively.

The first set of objects 8up[)lies the left-hand (>lemcntR of the biparts and

the second set the right-hand elements. To exhibit this we write

the first set 2*, 1*, 0*, 0*. 0*

and the second set *1, *1, *1, *0. *().
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We have to associate the two sets in pairs in all possible ways, and since

however this is carried out we can always arrange the pairs so that the fii-st

set of objects is in the order

2, 1, 0, 0, 0,

we will keep this order fixed and permute the objects of the second set so

as to give all possible sets of pairs.

We find that the possible sets are

:

21, 11, 01, 00, 00,

21, 10, 01, 01, 00,

20, 11, 01, 01, 00,

20, 10, 01, 01, 01,

from which deleting the zero parts we are left with the four partitions

(21, 11, 01),

(21, 10, 01, 01),

(20, 11, 01, 01),

(20, 10, 01, 01, 01)

of the bipartite (88) which appertain to the group

{(21), (1%

Before deletion of the zero parts we have all the partitions into exactly

five parts, the bipartite zero being admissible as a part.

In general it is clear that we obtain all the partitions into exactly

Xtt + Ix parts, the bipartite zero being admissible as a part; and after

deletion of the zero parts we obtain the partitions appertaining to the

group, zero not being admissible as a part in a partition.

The Theory of Distributions shews that the numbei- we seek is the

coefficient of the S3'mmetric function

(7ri7r.,...Sx)

in the development of the symmetric function product

and equal to D„^ D„, . . . Dk^ h^^ h^, .

.

. fu„,

or to Z)^, Z)^, . . . D:^„h„^ h„^ ...h^^.

This is a very elegant solution of the problem, for it enables us to

enumerate the partitions in each group by a mere reference to the Tables

which express products of h functions as linear functions of the monomial

symmetric functions of the same weight.
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226. As ;ui example the method is applied t<j the piirtitions of the

bipartite (38).

We have

Group Tj » -X XI

(3, 3) 1 1 1

(3.21) 1 2 1

(3. P) 1 .3 3

(21, 3) I 1 1 I

(21,21) 1 1 *' 1

(21, V) 1 1 3 3

(P, 3) 3 1 1

(P, 21) 3 •)
1

(l'> !=) 3 3 3

Number of Partitions

1 Wi] = 2,

1 R/>,/,V = 3. 3

1 n,i\h.j>^ = ^. 2

2 i>]hj,, = '^, 3

2 lKl)\h,h\=l. 7

r)^D\Kh,, = \. 4

3 I),D,h,h, = 'l. 2

3 1)JU,J,\ = A. \

3 Z)^/,^=4. 4

Total 31

Hence the total number of partitions of the bipartite (33) is 31.

To explain the above calculation notice that for the group (21. 21) we

have

because the Tables shew that

Kk\= ... + 7(2P) + ....

ami thence D.,D\hJi\ = 7.

But, (( prioii, the calculation is rapid, for

D.Xh\ = /»? + //„ + 2h- = 3hi + h^,

B,D,hJ,i = A (3/*? + fh) = Qh, + A, = 7^1,

D,D-Xh:\=D,.7h, = 7.

The formula for the whole of the partitions is

iJih:i + D,D,h\ + D.DXfh + iy\Khx + D,Di/ai

and this expression, if we for the moment reganl Z),, D,. A J^*^ ."Symbols of

lunnerical magnitude, may be written

(/),/», + D,h\ + DX){D,h, + D'X + IKK)-

In the general case the formula for the whole of the partitions is

the double summation being in regard to the whole of the ji.irtitions of both

p BJid q.
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We at once see that this expression may be algebraically factorized and

be written

This is the generalization of the particular factorization met with in the

case of the bipartite (33).

The reader will remark particularly that this factorization is symbolic in

character and must be multiplied out and arranged in the original form

before calculation.

By the above method the following numbin-s have been calculated :

Number partitioned (11) (21) (31) (22) (41) (32) (51) (42) (33)

Number of partitions 2 4 7 9 12 16 19 29 31

Number partitioned (52) (43) (53) (44) (54) (55)

Number of partitions 47 57 97 109 189 336

These numbers agi-ee with those obtained by expanding the generating

function

1

{l-x){l-y){l-x'){l-xi/){l-f){l-a.^){l-x'y){l-a:f)(l-i/^)...-

227. The distribution of Stt 4- "^x objects into Stt + ^x parcels hjus

necessarily resulted in our obtaining the whole of the partitions of the

group under view ; because the maximum number of parts that such a

partition may have is precisely Sir + Sx-

If Stt is by hypothesis <j: S% we may if we please make a distribution of

^ir + s objects into Stt + s parcels, where s is any number included in the

series 0, 1, 2, ... Sx- The partitions in correspondence are those which

contain Stt + s or fewer parts. These are enumerated by

D„^D„,.. . Dg h^h^^ . . . ^2^_2x+s,

a number which also denotes the number of ways of distributing objects of

type (TTjTro ...s) into parcels of tyj^e (xiX-2 • •
'^''^ "" ^X "^ *^-

From this we leara that the number of partitions of the group

which contain exactly Stt + s parts is given by

or as it may be written

Ex. gr. Consider the partitions of the bipartite (44) which appertain to

the group {(211), (211)}. Here tt^ = 1, tt, = 2, Xi = 1,
X-.'
= 2, Stt = ^x = •^•

The whole of the partitions are enumerated by

D,D,DJ,,l>,l,„
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which liotn ihc Tables or othiTwisc in rapid tlushion is tound tn have the

value twelve.

The twelve pnrtitiuiis an
(2-J, 11,11)' ,

,. . , , , three parts,
(•21, 12. II)

)

'

(22, 1 1, 10, 01 )\

(21. 12, 10.01)

(21, 11, 10, 02) - four part.s,

(20, 12, 11, 01)

( 20, II. 1 1 , 02)

(22, 10, 10, 01,01)
I

(21, 10, 10,02, 01) I ^
(20,12,10,01,01);-^"'l^"^'^'

(20, 11, 10,02,01) )

(20, 10, 10, 02, 01, 01) six parts.

If we jjiit .v = 2, we tiiul that the partitions cuiitaining live or fewer parts

ai-e given by

F(ir fuur or fewer parts we put a-= 1 and then

while for three parts, and there eannot be fewer, we ])Ut .v = 0, giving

D.,DXK = 2.

These numbers are consequently verified.

For the whole of the partitions of the bipartite niunber (44) we enumerate

the partitions involving at most one part by

AA. = i;

at most two parts by

(2Z)f + i>.,)(2/ji + //,,)= 18;

at most three parts by

(Z>; + \W.,D,){h] + :ihJi,) = 42
;

at most f<»ur parts by

{2D,Di + Di + DJ), + l),)c2fU,\ + l,i + hj,, + h,) = 74

;

at most five parts by

(/)?.A + AA + AA + '2DM{h\h, + hji\ + hji, + '2h,h,) = 95
;

at most six parts by

(AA^. + AA + ^AA + A A) {KKi>^ + i>M + 2//,/,., + i,j,,)= io5

;

at most sevi'n parts by
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at most eight parts by

{D\+D,D,D,+D,D{+D,D,+D,D,) {h\ + hJ,J,, + hj,\ + hj,, + //,/,,) = 101»

;

so that the whole number of partitions is 109 and the enumerations of those

containing exactly 1, 2, 3, 4, 5, 6, 7, 8 parts respectively are given by the

numbers
1, 12, 29, 32, 21, 10, 3, 1.

228. It will be noted that the above expressions break up in every c;ise

into an operator and an operand. This is invariably the case, but the

symmetry between operator and operand is due to the equality of the

numbers which compose the bipart under consideration.

For the bipart (32) the expressions arc

A/'. = 1,

2Di(hi + h.^ = 6,

2(Dl + D,D,^D,)hJ>, =12,

(D,Dl + 2D,D,){hl+hA) =15,

(D,Di + D,D, + D,D,) {h,h, + hj,,) = 16,

wherein the symmetry does not exist.

That the operator can always be separated from the operand can be seen

by studying the expression

for if we consider Stt + s parts, the two groups

ipX'Pl'---, q^'q¥---\ (prp^'---> ??'#•••).

yield respectively

A,A, -Ds hx,' h^,' • • • hi„ - 2x'+s >

which added together become

I)„^D„^ ...A (Ax,^X.> • • • ^'27.-2x+* + K'K,' • • • ^2,r-2x'+*)-

Also the two groups

{pi'P?---> q^'qr----)> (pr'>?'--M ^f''#-.-X

yield respectively

A,.A; . . . D2.-2.V. ^'x.^X. • • •^2:.-2x + *.

D„^D„^' . . . D^„-s„-+s ^x.'^X..' • • • ^27r-2x'+«'

which added together become

D„^'D„^' . . . i)2„_2.'+« (^x.^X. • • • ^2rr-2x+^ + ^'x.'^'x/ " " " '''2.-2x'+*)-

Combining this result with the former we find for the four groups a sum

of two operators separated from a sum of two // functions: and evidently the

reasoning is general.
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229. In tho iitxt place let us examine the effect of employing the

elementary functions r/,, «.,, «3, ... instead n\' th<- homogeneous pHwluct-sums

h„h,,h,

The distributions tnunirnitid by

are those oi objects ot tyix-

(7r,7r.,...Sx),

into parcels of ty[)('

iXiX^- ••-'"''>' *'""' ••I'ject in each jKircel,

subject to the restriction that no two similar (ibjccts an- to be placed in

similar jwrcel.s.

The corresponding partitions of the bipartite number (y;f/) are those which

appertain to the group

KK'K'--). (7?'9?'--M-

In these partitions the zero bipart (00) is admissible and no identical

biparts occur. The number of parts in the partitions is lir + ^x-

Taking as an illustration the bipartite number (83) the calculation may

proceed !is follows*:

Enumerating Nunibt-r of Number
Group Expression Partitions of Parts

1(3), (3)} Diai 2 2

1(3), (21)1 D,D,a\ 3 3

1(3), (P)} D,D,a,a, —
1(21). (3)} I>]a,a, 3 3

1(21). (21)} B-DM-a, .1 4

{(21),(1')1 DiDsU-M, —
1(1=-). (3)1 D,D,a,a, —
Kn (21)} D.Dsala, —
1(1'). (i')i Dial —

Th(^ pirtitions eimmerated by the numbers 2. 3, 3, 5 respectively .are

(33.00) (32.01,00) (23.10.00) (21,10.02,00)

(30,03) (31,02,00) (13,20,00) (22,10,01,00)

(30, 02, 01 ) (03, 20, 10) (20, 02, 10, 01)

(12,01, 20,00)

(20. 11,02,00)

• Observe, in llie ciilculation, tbiit Da operating upon a product of less tban <r elementary

syminetric functions necessarily produces zero.
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The complete enumerating expression may be placed in the symb(jlic form

(A«i + A«i + B,a,) (A«. + D'ici, + Atts),

and has the value 13.

In general the symbolic form of

230. Again the distributions, enumerated by the expression

A, A, • • • D^a^a^^ . . . «2»r-2x+6-'

are those of objects of type

(7ri7r,...6-),

into parcels of typo

(XiX-i • • • ^T'T — %x + *)' ^^'^ object in each parcel,

subject to the restriction that no two similar objects are to be placed in

similar parcels.

The corresponding partitions of the bipartite pq are those which appertain

to the gi'oup

and contain exactly Xtt + s parts, the zero bipart 00 not being excluded

as a possible part, and no particular part (including the part 00) occurs

more than once. In the case of the bipartite number (33) the calculation

is as follows

:

Group

{(3), (3)} 6 =

{(3), (3)} 6- = l

1(3), (21)1 . = 1

{(21), (3)} . =

{(21), (21)1 ,9 =

One Part.
Partition

D,a, = 1 (33)

Two Parts.

D\a\ = 2 (33, 00)

(30, 03)

D\a\ = 2 (32, 01)

(31, 02)

D\d\ = 2 (23, 10)

(13, 20)

D\a\ = 2 (21. 12)

(22, 11)

18
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Three Parts.
Group Partition

{(3), (3)1 5=2 D,D,a,a,= l (30, 03, 00)

{(3), (21)} 5=2 D,D,al = S (32, 01, 00)

(31, 02, 00)

(30,02,01)

1(21). (3)} 5=1 I>]a,a., = 3 (23, 10,00)

(13, 20,00)

(03, 20, 10)

1(21), (21)} 5=1 D]a\ = 6 (21, 12, 00)

(22, 11,00)

(21. 10, 02)

(22, 10, 01)

(20, 11, 02)

(20, 12, 01)

{(21), (P)l 5=1 i)?a,= l (21, 11,01)

an (21)} 5 =

Four Parts.

(12, 11, 10)

{(3). (21)1 5=3 D,D,a\a^^\ (30,02,01,00)

{(21), (3)1 5=2 D\D,a,a,= l (03, 20, 10, 00)

{(21), (21)} 5 = 2 D-D^a-a. = 5 (21, 10. 02, 00)

(22, 10,01,00)

(20, 11, 02, 00)

(20, 12,01,00)

(20, 10, 01. 02)

{(21), (P)l 5 = 2 J)lD,a,a,= l (21. 11, 01, 00)

an (21)1 5=1 AA«'lfla=l

Five Parts.

(12, 11, 10, 00)

{(21), (21)1 5 = 3 D\D,a\a, = 1 (20, 10, 01, 02, 00

It will be seen that for

one two three four five parts,

we have 1 8 15 !) 1 partitions.

The partitions possessing r parts, one of which is a zero part, are

derivable from those possessing r — 1 parts no one of which is a zero part.
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Bearing this in mind we see that the partitions into difterent parts, no one

of which is zero, are enumerated in the manner

:

one part, number is 1,

two parts, „ 8 — 1=7,

three „ „ 15-7 = 8,

four „ „ 9-8 = 1,

five „ „ 1-1=0,

so that altogether there are 1 +7+8 + 1 = 17 such partitions.

Otherwise, the matter may be viewed in the following maninir.

Denote by F^ (a) the enumerating expression in regard to / parts so that

in the present case

F,(a)=D,a, ; F.,{a)=4>Did- ; F^ia) =Dl (al + a,a.,+ as)+D,R, (a^a^ + «•;)+A«?

;

Fi{a) = D\ D2 {al a^ + 2a^a^ + W^ D^d\ a.2 ; F^ (a) = D\A d\ a.^

.

The enumerating expressions for the numbers of partitions which involve

1, 2, 3, 4, 5 different parts, the zero part not being admissible as a part, are

F,{a)-FAa),

F,{a)-F,{a) + F,{a),

F,{a)-F,{a)-rF,{a)-F,{a),

F, (a) - F, (a) + F, (a) - F, (a) + F, (a),

respectively ; so that the expression which enumerates the whole of such

partitions is by addition

F,{a)^F,{a) + F,{a).

In fact we verify in respect of the numbers

1, 8, 15, 9. 1

that the number is 1 + 15 + 1 = 17.

But it is clear also that the expression

F,{a) - F,(a) + F,(a) - F,ia) + F,{a) - F,(a)

is zero. Observe that both F^ (a) and F^ (a) - F^ (a) + F3 (a) - F., (a) + F^ (a)

are zero.

Hence also adding this expression we find that the required number is

F,(a) + F,{a).

We thus see in general that if we have obtained the numbers

F, (a), F., (a), F, (a), F, (a), etc. . .
.

,

18—2
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the partitions into difforont parts, the zero not admissible, arc onmneratcd by

eit/i&i' of the expressions

FAa)+F, («) + F, («) + . . . + iV+, (a) + . .
.

,

F,{a) + FAa) + ... + F^{a) + ....

The number is in fact exactly half of that which enumerates the par-

titions in which the zero part is admissible.

We can verify this result a pj-iuii because every partition \vithout a zero

part has con-esponding to it a partition obtained by adding a zero part to it.

The number of them without a zero part must therefore be equal to the

number with a zero part.

Instead of employing the functions /i and a wv might use functions

derived from the functions h by deleting all partitions which contain num-

bers higher than any given integer. The reader will have no difficulty,

recollecting Section I, in using such functions to obtain further information

concerning the partitions appertaining to any given group.



CHAPTER II

ENUMERATION OF THE PARTITIONS OF TRIPARTITE AND
OTHER MULTIPARTITE NUMBERS

231. In the case of the tripartite number pqr we examine the partitions

appertaining to the group

Kkt.----)> i^rq^---), Ot'n?-..)i-

The partitions involve parts which cannot be less in number than the

greatest of the integers Stt, S%, %p nor greater in number than Xtt + Sx + Sp.

Here we are concerned with three assemblages of objects of types

(ttiTTs...), (%i%2".). (Pip2"-). respectively.

In order to arrive, from these, at assemblages which contain equal numbers
of objects we proceed to the assemblages of types

{77^770... tx + tp), (xiX-.-Stt + Xp), {pip2...t'Tr + tx)

and, reasoning as in the bipartite case, we can assert that the partitions

under examination are equi-numerous with the different sets of Sir + S;^ + S/a

triads of objects that can be formed by taking one object from each assemblage

to form a triad until the objects are exhausted.

In the bipartite case we employed an auxiliary set of letters cc^, a,, 03, ...

and connected therewith the homogeneous product sums h^, k>, kg, ... and the

elementary functions a^, tio, a^, Here we require two auxiliary sets of

letters ttj, a^, a,, ... ; /3i, /S.,, ^., ... and therewith homogeneous product sums

K,<x, ^2,a, h,a, •••', h^,p, h,^, Kp, •••

and elementary functions

0^1, a, 0,2,0.) O-ia, ..,; ttj^^, ao,^, ffl;i,^, ...

associated with the sets of letters respectively.

Partitions in brackets ( )„, ( )0 will refer to the sets respectively.

Section I shews that from the relations

Ih,a = (3)„ + (21). + {1%, h,_^ = (3V + (21)^ + {1%,



278 THE AXALVTICAL SOUTloN [SECT. VI

we define other functions in the manner

fh,aP = {^h Ka + (21 h f>-2,a /',,a + ( 1 '

)^ /'V.a,

/'4.a0 = (4)^ ll,,a + (31 )0 //..a /',,<. + {2')^ /'!» + (21-')^ Ih,a /'"f.a + (1*)^ /*!.«,

It will be gathered from Sections I and II that the right-hand sides of

these relations are such that in them the symbols a, ^ may be interchanged.

Therefore we may also write

/',a^ = (l)a/^^,

fh,aP = (3)« h,,p + (21)„ h,,, /*,,^ + (1 % I>U,

We now form the product

and develop it by means of the relations above written until it is entirely

composed of terms of the form

K{ )-( h,

where K is a numerical coefficient.

Amongst these terms will be one

C (tt, TTo . .
. Sx + S/3)a (xi X2 • • •

^"^ + ^P)^

•

That being so, the Theory of Distributions of Section I jusserts that the

different sets of triads and therefore also the partitions under examination

are enumerated by the number C.

Let Dm,a,Dm,fi be obliterating operators in respect of aymnu'tric functions

of the sets of letters a, yS respectively.

Then writing

/'p...P tlp,,aft . . hK„+ :^^^aP = . . . + C (tT, TT. . . . SX + -p)a (XlX-" • • • -TT + ^P)^ + >
we see from the knt)wn properties of the operators that

-Dfr,.a '^iTj.a--- A^2x + 2p,« ^Xi.^ ^\t,» • ' • ^"S-n+ S-p,? ''p,. a^ ''p;.a^ • •
• /'Sir+ 2x.«^

~ ^•

This is the analytical solution of the problem.

It must be noted that in this result the symbols tt, x- P ii1'\V b^' permuted

in auv maimer so that there are six (in general n '.) forms of solution. This
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multiplicity of solution supplies an important means for the verification of

results.

We proceed to consider the evaluation of the expression.

We must find out how to operate upon

with Dg,^ and i),.^.

Since hp, ^p = t (p^^j)^^ . .
.
). h;i p h;i p...,

Dp,, a hp^ a^ = {S {p'l'-'pl^ ...)a hl\'l Ifj^^ ^ . . . } hp^^ p = /jp,, ^ Ap_p.. „0 .

Hence i),^, A,„ ,8 = h,^^ hm-s,ap

.

Again since hp^^p = % (p-^p^^ . . .)p h^^^ h^^ ...,

Hence D, ^ /?,„_„^ = h,^„.hm-B,a^-

These important relations are a direct consequence of the law

Dp^{pJ'Pl'---Pli'---) = {Pi'P2'---Pl>^"---)-

Before exhibiting particular examples it will be useful to further consider

the operations of Ds,a, Dg^^ upon a product

"mi, ap hm-i, aP "ms, aP

Referring back to Art. 29 of Section I it wall be seen that Ds,a must

operate upon such a product in a manner which depends upon the com-

positions of the number 5. Thus suppose that we have to operate with D^a

upon

''l,a^ «2,a^ hi^aP-

The compositions of 3 are 3, 21, 12, 111. The parts of these compositions

must be associated with the product in the ways following

:

^],a0 ^2,o^ /'4,a^, /'l,a^ ^2, o^ ^4, a^, ^l.a^ ^2,a^ '^4,00, "l,o^ «2,o0 "4, a0,

3 2 112 1 2

hi, a^ fl'>, a^ «4, o^, 'h,aP «2, a^ "4, a^

12 111
and then A,a/'l,a^ /'2,a^/'4,o^

= KaP h^,aP (A.« K-^^) + K-^P (A,a K.ap) (A,a A4,a/j) + (A,a Al,a^) (A,a ^'s.a^) /*4,a0

+ (A.a hi^ap) h,a? (Dg.a ^4,*^) + ^l.a^ (A,a ^2,ap) ( A, a /i4,ap)

+ (A,a K.^) (A,a /'2.a^) ( A.a K^^p),

= ^l.ap ^2,a^ ^3,^ K,afi + ^'l.a^ ^2,0 ^1,^ ^3,a^ + /il,^ ^i2,^ K,ap

+ ^1,^ ^2,ap /«2,P ^2,a^ + /ij.a^ ^1,^ ^l,o^ K,? ^2,aP + ^1,^ ^'l.^ K.a.? ^i.P '''s.a^,

= (/'3,0 + Kp Kp) K<^P Kc^P + hi,P Kp H,aP

+ (hl^ + Ai,^ h^^a) ^l.a^ '''j,a^ + h,^p //2,^ ^^.a^.
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If, instefid, we are operating with iV.,,^ we have merely to interchange

a and yS in the result just reached, such interchange of coui-se leaving h,„a»

unaltered.

In this way the operators gnuJually reduce the product until it is a

function of functions li^^, fi^,» only. These functions are then similarly dealt

with according to the laws

Ds, a fl m. « = llm->,a, A, (S /' m, ^ = /' ,,,-t, fi
',

and as above thiough the comp)sitions of s upon a product of functions.

232. We will n<»\\ take as an example the tripartite number (322).

We have

Number of I'artitions

A.„A,.A,3A.p/4a^ )

D„aA.aA.^A,^/^2..^/^>..^ = 9,

i)I,aA.aA.^A.^/^.^/'a.-^,

Dla Ds^a A.^ D*,fi K<^ K'^fi \

A.aA.aA.^A,^/'l.a^A4..^^

/>:;,a A.a A,^ A,0 /'l.afl /'4.a^,

A,a A.^A.^/'-..^/'«.a^|

A,aA,aA.^A.^/^..a^/^a^=19.

It must be noted that the bracketed expressions have necessarily the

same value. Inspection of the con-esponding gioups proves this. It is

otherwise evident because from the theory of symmetric function symmttry

the expression

admits of all permutations of the symbols ir, x^ P-

The calculation is given for the case of the group {(8), (1-), (P)}:

A.aA.aA.flA.3/'..a^/'..a0

= A.a A,a A.^ {''2.«^ /'.•.,« + fl2,a /'l.a /'« a^ + /'
,

, „0 /',,» /'l.a^ /^J.«),

= A.. A.. A.3 [(h.,a + /'..«/*,.») /'.. a^ + h,.a /',, a /'I.a^!,

= D,., A.a [(/'3.a +//... A,..) /»..a + //..a A,.« /'?..).

= A.. A.a {A,.. /*-. . + /»!. A,.. + /(->, /'?.,!,

= A., (H.. + fh.Jh.. + 2/»,.. hl„ + hu + I'ln + %. /ii.,).

= 0.

Group Ti n.. 2n XI 2X pi 2/'

{(3), (2), (2)1 1 1 1 1 1

an (2). (P)} 1 1 1 2 2

((3), (P), (2)) 1 2 2 1 1

{(3). (1^), (10) 1 2 2 2 2

{(21), (2), (2)j 1
.)

1 1 1 1

{(21). (2), (P)l 1 2 1 1 2 2

{(21), (P), (2)1 1 2 2 2 1 1

{(21), (P), m) 1 2 2 2 2 2

an (2). (2)1 8 3 1 1 1 1

{(1^. (2). (P)} 3 3 1 1 2 2

an (n (2)i 3 3 2 2 1 1

{in in in 3 3 2 2 2 2
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for the final operation by D^a consists merely in adding the numerical

coefficients.

The nine partitions that have been enumerated are found to be

(311, Oil)

{(311,
010, 001)

(310, Oil, 001)

(301, Oil, 010)

/(300, Oil, Oil)

1(310, 010, 001, 001)

1(301, 010, 010, 001)

1(300, Oil, 010, 001)

(300, 010, 010, 001, 001).

Similarly the reader may ascertain by calculation that the number of

partitions appertaining to the group {(1=')> (1^). 0-^)} ^^ nineteen and verify

that this is the correct number.

It is not possible to split up the complete enumerating expression for the

whole of the partitions into a symbolic product. Such expression is a special

feature of the bipartite theory.

233. We now deal with the partitions into a definite number of parts.

This number cannot be less than the greatest of the integers Stt, S^. —P> '^-nd

may be as large as Stt + S% + Sp.

Previous reasoning shews us that for partitions into Stt + s or fewer parts,

where
:^ s ^ S% + Sp,

we have to deal with three assemblages of objects of types

(ttiTTo-.-s), (xi%2.--S7r-Sx + .v), (pip.,...t'rr-tp + s),

where s can only have such values as make

Xir — Sx + s and Stt — Sp + s

non-negative integers.

We have to consider the number of ways of forming Svr 4- s triads of

objects by taking one object from each assemblage to foi-m a triad. The

Theory of Distributions tells us that this number is



282 CASE OF DIFFERENT FARTS [sECT. VI

Taking as an example the group '(3), (1-), (1-)| of the tripartite (322), the

calculation may be carried out in the following manner:

No. of Parts
Group s or fewer wi x\ I'l

Number of Partitions

K3).(1«).(P){ 1 2 12 2 DUD,,, A,..,

2 3 12 2 A.-J02,.^^^A.^/'..a^/'..a^

3 4 12 2 D,,,D,,.DU hU
4 o 12 2 A..A,-/>-.^A.3/«,..<./^..^

DUD,,,h,,^, = DUK^=\.

= A,a A, „(A,.„A,.„ + ;*?..), =/>,,« (/*I,a + ^'.,a + 3^U)' = ^

D,,aD,,.Di,pflU,

= A,a A,a D,p (/<2,. k,,^p + hi^a Ih.afi Ih.a ^l.a^ + K.af, K,»),

= A,« A.a A,, (2A,.. A,.,^ + hU hU),

= A.«A.«(2A:; „ + /*!..), =A.a(4/?,..^,.a + 4A?,„), =8.

A, a A,« A,^ A, 3 fii,aP fl3,afi

= A.« A.a A.3 (^2.a /',,a ^.,a3 + ''l.a Kafi K^a k^afi + K^a, h,a),

= A.a A,a (/'o.a ^l,a /'i.a + /'l,a /'-.a /'l.a + /'v-.a ^3.a),

= A.« (A?.« /^.a + A|,a + Ao.a ^I,a + 3/<.>,„ /<;,„ + A*,. + /j,.. /(,,. + A|,.), = 9.

We thus obtain the numbers 1, 5, 8, 9 and derive from them the numbers

1,

5-1=4.

8-5 = 3,

9-8 = 1,

which as shewn in the last Article enumerate the partitions of the group into

exactly 2, 3, 4, 5 parts respectively.

234. When the parts of the partitions are required to be different from

one another we adopt the notation and definitions

:

f/..- = (l)a. fi.,.. = (l«)., ... a,., = (l')a

and obtain

a^.<i = (2). CL^, + (l'), a'U = (2)^ a,., + (1«)^ a?..,

a,..fl = (3). «,.3 + (21), r/.,,^ ((,.^ + (P), a?.3 = (3)^ a,., + (21)^ r/,., a,., + (P)^ a^'..,

a^.afi = S (K'K' • • • >« ^l\.i> "p> . .
.
= S (/)7'/??' .

. .)0 (I'pU <'p..« • • • •
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The substitution of the symbol a for h ensures that in the distributions

considered no two triads of objects can be identical ; this in turn ensures

that no two parts of the corresponding partitions can be identical.

Previous reasoning shews that the number of these special partitions,

which appertain to the group

{(i>r';>2"---). (9?'#---)> {r','rp...)\,

To evaluate this expression we note that

^8,a. Ojin,afi = a«,^ ttin-S,afi,

results that enable us to reduce the operand to a function of the functions

Dsa and Dg^p then merely operate through the partition of .5 which is

composed wholly of units.

Ex. gr. A,a (h,a a,,, «3,. «4,a = A,a (l)a (1% (1% {1% ,

= (h,o. €02, a a4.a + «!,» f'!," + ^2,a "s.a + «?,» «2,a «3, a ,

the parts 1, 1, 1 of the partition (111) of the number 3 (the subscript of !):,,»)

being picked out in all possible ways from the factors of the operand.

In the partitions which are enumerated by the expression above written

it must be carefully noted that the bipartite zero 000 can only occur once as

a part.

Take again the particular case of the tripartite number (322).

Number of Partitions

A.a Do,a A,3 Do,pih,aP Cl^.afi = 4,

A.aA.aA,^A,P«l«^'

A,a-D3,aA,P fll.a^ rta. a^,

Di,a A,a D2,fi Al,3 U^.afi f'3,a^,

D'la D2,a Dl,P Di,P Cli^afi lh,afi,

D'la A, a Dl,fi A,^ (h,aP «3,a^.

D'la A, a A,0 A.^ (fl,aP a^,afi,

D'ia Di,a D-2,fi A,^ «2,a^ a4,aP,

A, a A, a A,^ A.P (ll.afi "4.a^,

D'ia A,0 A.^«-2,a0<t4,a^,

A, a A.0 A,^«l.a^«r,,<i0.

A.aA,a A,^A,3t^.,a^a,,„^= 0.

Group TT, TT-i Stt XI ^x pi 2p

{(3), (2), (2)1 1 1 1 1 1

{(3), (2), (P)| 1 1 1 2 2

{(3), (P), (2)1 1 2 2 1 ]

{(3), (1^), (r^)] 1 2 2 2 2

{(21), (2). (2)1 1 2 1 1 1 1

{(21), (2), (V)} 1 2 1 1 2 2

{(21), (P), (2)1 1 2 2 2 1 1

{(21), (P), (P)l 1 2 2 2 2 2

m, (2), (2)1 3 1 1 1 1

m. (2), in 3 1 1 2 2

{(P), (P), (2)1 3 2 2 1 1

{(P). (P). (P)l 3 2 2 2 2
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In each group thi- number of parts in the partitions is Stt + E^ + -P-

Thus in the case of the group |(3), (2), (2)| the partitions have three

parts. The number of them is found by calculation to be four. They are

(320, 002, 000),

(302, 020, 000),

(300. 022, 000),

(300, 020, 002).

On the other hand for the group |(P), (P), (1-)} the partitions would have

seven parts, but calculation shews that none exist.

235. The subject is better elucidated by considering, for each grou]), the

partitions which have a given definite number of parts.

Following the path of the bipartite case we find that the partitions into

Stt + .9 parts are given by the expression

D„^,aDn„<i •• A.a -Dxi.^-^Xj.^ •'• ^2'^" :ix+''.^ "pW^ ^'p...«^ •• ":iT-2p+(.,a0 .

and the scheme for a group is as follows :

(Jroiip K No. of Parts No. of Partitions Eviiliiation

{(3), (2). (2)} 1 IKaD,,p(t,,^^ 1

1 2 DlaD'ifiiiUp 4

2 3 A.a A.„/),,3/),,pf',,,0ff,.a0 3

3 4 i),.aA..a/>..3A,,0'',..^^':..-^

The partitions cnunieratcfl by the numbers 1, 4, 3 are

(322),

(322, 000), (320. 002), (302. 020), (300, 022),

(320 002, 000), (302, 020, 000), (300, 022, 000).

If the nnnd)er of the j)aititions which involve .v parts be denoted by P,,

we have

P.= l, P,= \ P3='i ^.= 0.

The number /\ evidently enumerates

(i) the partitions involving s different parts, the i)art 000 being

excluded

;

(ii) the partitions involving s-\ dirt'erenl parts, the part 000 being

excluded, together with one additional part 000.

Hence if Q„ denotes the number of the partitions which do not involve

one part 000, we have
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Thus Qi = Pi,

Q.= P.-P. + I\,

and Qi+ Q,+ Q, + ... = P, + Ps + P,+ ... = P, + P, + P,+ ..

In the above example Qi = i,

Q^ + Q,=^^=P, + P, = P, + P, = ^{P, + P, + P,^P,).

In general tQ = ^ tP.

Take as another example the group {(1'), (P), (I-)}.

Groui) s No. of Parts No. of Pai-titions E>raluatioii

an in m] 8 i>,,.,A.pA.0ft2.a0a,.„^ 1

„ 1 4 A..A,ai)|,^a^,., 4

„ 2 5 A,«A,aA.pA.P«2,apa3, a^ 4

„ 3 6 i>laA,^A,^ a,.„,a,. «^ 1

Here ^3 = 1, P.= 4, A = 4, Pe=l,

Q3=l. ^4 = 3, Q,= l.

The partitions enumerated by Q^, Q^ and Q^ are

(111, 110, 101),

(111,110,100,001), (111,101,100,010), (110,101,011,100),

(110,101, 100,010,001).

236. The theory in respect of multipartite numbers in general is now
clear. We add to the foregoing defining relations further sets. The first

one is

/'l,aPy = (l)Y/il.a^,

and we note that in these relations the symbols a, /3, 7 may be permuted in

any manner.

Also as before !),,,„ /i,„,apy = h^^^y 1hn_s,a^y,

Ds,fs /'m.a^y = /',s.,ay ll,n-.,afiy,

Dg, y hm, a^y = '«((, a^ hm-s, a^y
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We add further sets

and observe the fonnula' nf opiTatiini

/>*.<./'„., ,0V . = /'..fly Jlm-,.afiy...„,

.'tC.

Wc have then for thr ^mu))

{(;):7>.T'...),(7?'7?'---).---(^'4'---)j

of the multipartite number pry... ^, partitions enumerated by

The enumeration of the partitions with a definite number of parts

follows in the general case the procedure that has been set out at length

for bipartite and tripartite numbers.

237. The functions /'m.a^, li,n,npy,---

which present themselves in the investigation possess some elegant properties.

The relations f>uap — (^)pfii.n,

/,.,,, = (2)0 /r,„+(P)J,i.,,

etc.

are such that the series

1 +/«,,,0 + /'•.. «0 + •..

can be broken up into factors of the form

where y9i, yS.^, ySj, ... is the set of numerical quantities of which the |){irtiti«»ns

in brackets ( )p are symmetric functions. In fact introducing an arbitrary

quantity /a we may write

l+flhu.p + At'/'j.«fl + /ti'/':,.a0 + ...

= (1 + /x/?,/i,.„ + /x«/9?A,., + /i»/3?/i,., + ...)

X (1 +^y9, A,,, + ^«^2/,,_, + ^«^j /,,. + ...)( )....

Take logarithms of both sides, expand and equate coefficients of like

powers of fi and we obtain the relations

/t,.a0 = (l)0/',.a,

/'•l../J - '^Kafi /',..0 + ;y/,.a/i = (3)0 (/i?.. - 3A. „ A,.. + .S//,.,),
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relations which may be written

:

hla^ - 2fuap = - (/ii,p - 2/^,,^)(^f,a - 2/?,..),

etc.,

the signs on the dexter being alternately positive and negative and the

coefficients in the factors following the law which appears when the sums of

the powers of a set of numerical quantities are cxjjressed in terms of the

elementary symmetric functions.

Similarly /'i.a^v = /'i.v/'i.a^,

'ii,aPy — 'ifl2,aPyfh^aPy + '^''s.o^y

= + m,y - 3A,.y Al.y + 3A3,.,) {hl^p - 3/^,,,fl h.^^p + '^fh^ap),

etc.

and similarly also for the functions h„i^apys, fhn,apySe,

Combining results we find that

= {hla - Slua /'i,a + Sh,,,) (Aj,^ - S/u ^ h,,p + 8/^3,^) • • • (/'U " 3/(,. .. /<,,, + SA,, .),

etc.,

the signs being alternately positive and (-)'"^'.

Partitions into dissimilar parts are treated by the function

Ct'S,ati...v

and in the above formuUe for computation it is merely necessary to substitute

the symbol a for the symbol h.



TABLES

Products of liuiiwijeiicoiui I'rudiict Sa/n,s in tei'ma of Muuoniud

Symmetric Functions.

(»)

A.I 1

(2) {V)

1 1

21

(3) (21) (P)

A. 1

1

1

»
1

1

2
1
3

3|6

(4) (31) (2«) (21») (1*)

A. 1 1 1 1

A,A. 2 2 3 4

A| 2 3 4 6

h,h] 3 4 7 12

Af 4 6 12 24

(5) (41) (32)(3P)(2«1)(2P) (P)

hs 1 1 1 1 1 1 1 1

k,h, 1 ' 2 2 3 3 4 5

Kh, 1
1

2 3 4 5 7 101

A, A? 1 [3 4 7 8 13 20

A«A, 3 5 8 11 18 301

A,AJ 1 4 7 13 18 33 6o;

Af 5 10 20 30 60 T^

(6) (51) (42) (412) ^3--') (321) (313) (23)(2=*1-^ )(21«) (1«)

^6 1 1 1 1 1 1 1 1 1 1

fhK 2 2 3 2 3 4 3 4 5 6

AA 2 3 4 3 5 ^ 6 8 11 15

Kh\ 3 4 7 4 8 13 9 14 21 30

AS 2 3 4 4 6 » 7 10 14 20

/'«AjA, 3 6 8 6 12 19 15 24 38 60

A,A? 4 7 13 8 19 34 24 42 72 120

A| 3 6 9 7 15 24 21 33 54 90

AJA? 4 8 14 10 24 42 33 58 102 180

A,Af 5 11 21 14 38 72 54 102 192 360

A? 6 K) 30 20 60 120 90 180 360 720

Thus A^A, = (3) + 2(21)+3(13).
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Prodiicta of Eleineutarij Sij/nmetric Functions in ter/na uf Monuniiai

Si/Jtinietric Functions.

(l)

a, 1

(2) (1-^)

«2 1

«f 1 2

(3) (21) (P)

«21

1

.1.
3

1

3

6

(4) (31) (22) {2V) {V)

«4 1

«3«1 1 4

^ 1 1 2 6

a,a\ 1
!

2 5 12

a\ 1 4 6 12 24

(5) (41) (32)(3Fj(221; (21^) (1«)

«5 1

«H«i 1 5

agOa 1 3 10

a,a\ 1 2 7 20

ctlai 1 2 5 12 -30

02a? 1 3 7 12 27 60

«i 1 5 10 20 30 60 120

(6) (51) (42) (4P) (3^) (321) (313) (23) (2^2) (21*) (1«)

«6 1

"S*! 1 6

a^ttj 1 4 15

a,al 1 2 9 30

al 1 2 6 20

a-iO^ai 1 '' 3 8 22 60

«3«1 1 3 10 6 18 48 120

a| 1 3 ' 6 15 36 90

«!«! 1 2 2 8 18 15 34 78 180

Oaa} 1 4 9 6 22 48 36 78 168 360

af 1 6 15 30 20 60 120 90 180 360 720

Thi a,a-H(313) + 2(2n2) + 9(21<) + 30(l«).

19
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Monomial Symmetric Functions in terms of Products of Elementary

Symmetric Functions.

(1)m (2)

(1«)

2

1

1 (3)

(21)

•
(13)

a, 0,0, a«

3

3

1

3

1

1

a, ««". «.] «/'? "{

(4) 4 4 2 4 1 1

(31) 4 1 2 1

(2«) 2 2 1

(21«) 4 1

0*) '

a« a^Oi "n'h "a''

I

«3«i a^al «-J

(5) 6 5 5 5 5 5 I

(41) 5 1 5 T 3 1

(32) 5 5 T 2 1

(31«) 5 T 2 1

(2«1) 5 3 1

(213) 5 1

(P) 1

"8 a.rt, "*(h a,a? "2 igo^a, Ogtr oij a|a? a,at «?

(6) 6 6 6 6 3 T2 6 2 9 6 1

(51) 6 T 6 1 3 7 T 2 4
I

1

(42) 6 6 2 2 1 3 4 2 2 1 '

(412) 6 1 2 1
I

3 3 1
1

1

(3») 3 3 3 3
1
3 3 1

(321) 12 7 4 3 3 1
1

1

(313) 6 T 2 1

(23) 2 2 2 1
1

(2n») 9 4 1

(21*) 6 1

(!•) 1
i

Thus (2*l«) = 9«,-4a40, + a40,.
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The simplest cases of Distribution Functions.

Number of Number of Type of
Objects Parcels Parcels Distribution Function

1 1 (1) h,

2 1 (1) h.

2 (2) h.

2 (P) ki

;i 1 (1) Ih

2 (2) h,h.

2 (1-) 2h.,h,

3 (3) Ih

3 (21) h,h.

3 (13) h\

4 1 (1) K
2 (2) K+hi
2 (12) 2h,h,-^hl

3 (3) hi

3 (21) hi+h^hi

3 (13) u,h\
4 (4) K
4 (31) KK
4 (2=^) h\

4 (212) Kh\
4 (14) h\

5 1 (1) K
2 (2) h^k^-^h^h.^

2 (12) UJi, + -2h,h,

3 (3) h,h,+ h^/u,-/i,/tl + /ilhi

3 (21) h,h^ + hsh.2 + 2/4hi

3 (13) 3ksh\+ Z/4h,

4 (4) Kh,
4 (31) h,K+hik,

4 (22) 2hlh,

4 (212) 2hl/ii+k^/i;l

„ 4 (1*) 4.h^h\

G 1 (1) K
J) 2 (2) he+ 2h^k.

2 (12) 2h,/>, + 2/<Ji., + hi

3 (3) he-hhy + h,fL, + hJ4+ hl-/>,Ui, + /4

3 (21) 2h,k,+/iJrl+ 2k,/i.,k,+/4

3 (13) •U,ht+ ii/i^/i.,hi + /4

4 (4) hJu,+/4-h^h.,h, + h»

4 (31) /u A? + />l+ hjL^h ,
- h^ h\+ h^ + III h\

4 (22) 2h,h., + 2/4+ /iihl

» 4 (212) h,h] + 2hsk,k^ + h^ + 3hlh^,

„ 4 (1*) 4k,kl + 6klhi

„ 5 (5) hji.

5 (41) /iji.2 + h^hi/ii

„ 5 (32) /isAjAi + A:]

,, ^ (312) •2hju,h,+kl/ii

)» •^'
(221) /4+mk-i

5) ^ (213) 3l,p,i + h.,/ii

5 (T) b/iJit
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Si^m metrical Tables of Hiuomial Coejicients. (0)

(0; (()«)

(0)»

(0*)

2(0»)(0)

(0»)

(0) (0«) (0»)

1 6 6

4 6

(0) (02) (03) (0*)

(0)« 1 14
{
36 24

3 (02) (0)2 12 45 36

(02)2 + 2 (03) (0) l|l2 14

(0*)
1

1

(0)«

4 (02) (0)3

3 (02)2(0) + 3 (03) (0)2

2(0*)(0) + 2(03)(02)

(O^O

(0)«

5(02)(0)«

6 (02)2 (0)2+ 4 (0"») (0)3

(02)3+ 6 (03) (02) (0) + 3 (0«) (0)2

(03)2 + 2(0*) (02) + 2 (06) (0)

(0»)

g n
^
h X,

(0) 1 -k 2 -4

(02) ^ -A 2

(03) -A ^ -J

(0*) 1

(0) (02) (03) (0«) (0^)

1 30 i 150
,
240 120

32 228 432 240

6
1
90 ! 228 150

6 32 30

'

(0) (02) (03) (0*) m (0«)

1
1

62 540 1560 1800 720

j

80 975 3300 4200 1800

' 24
1

522 2248 3300 1560

!

> 78 522 975 540

1

1 24 80 6.,

1

t

1

Those t.iMivs niny l>n roverMwl. A si)ecinien is given uIkivp for the onlcr 4.

TliUH 2 (02) (0)= 4 (02)+ 6 (03)
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Enumeration of Compositions of Multipartite Ntuuber.

No. 1 part Total

No. 1 part.s

2

1

1

1

1

2

Total

2

3

No.

3

21

TTT

2 3 parts Total

4

8

13

1

1

1

2

4

6

1

3

6

No.

4

31

22

2TT

TTTT

3

6

7

10

14

3

9

u'

21

36

1

4

6

12

24

3 4 parts Total

8

20

26

44

75

No.

5

41

32

3TT

22T

2111

TlTTT

o parts

4 6 4 1

8 18 16 5

10 27 28 10

14 45 52 20

16 57 72 30

22 93 132 60

30 150 240 120

Total

16

48

76

132

176

308

541

Thus the multipartite number 22 possesses 7 compositions into two parts, \-iz.

(20, 02), (02, 20), (21, 01), (01, 21), (12, 10), (10, 12), (11, 11).

19—3
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No.

fi

51

42

4n

33

321

liUl

222

22TT

21111

nnn

2 3 4 5 6

5 10 10 5 1

10 30 40 25 6

13 48 76 55 15

18 78 136 105 30

14 55 92 70 20

22 HI 220 190 60

1 30 177 388 360 120

1

25 138 294 270 90

1 34 219 516 510 180

46 345 900 960 360

62 540 1560 1800 720

T..U1

32

112

208

368

252

604

1076

818

1460

2612

4683

No.

7

6T

52

6TT

43

42T

InT

33T

322

321

T

31TT1

2S§T

§207

2TTrTl

TTTTTTT

7 iwrU

1

6 1 15
!

20 15 6 1

1 1 12 45 80 75 36 7

16 75 160 175 96 21

22 120 280 325 186 42

18 93 216 255 150 35

28 183 496 655 420 105

38 288 856 1205 810 210

30 207 588 810 540 140

34 255 772 1120 780 210

46 399 1324 2050 1500 420

62 621 2260 3740 2880 840

1
1

52 489 1728 2820 2160 6:iO

I

1 70
;

759 2940 5130 4140 1260

1
1

94 , 1173 4980 93<X) 7920 2520

1
1

126
i

1806 8400 16800 15120| 5040

Total

64

256

544

976

768

1H88

;i4(>H

2316

3172

5740

10404

7880

14300

25988

47293
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Tables of the values of ap^,._ and hpq,-...- (N.B. a^^
5 '^pqr... — i^...r>ip-)

(2) (1'^)

ail or Ih

a.^ or /ji,

1 1

1

(3) (21) (13)

«iii or /i3 1 1 1

t<2i <Jr li-n 1 2

"i "1" /'ill 1

"nil "1" /'\

«211 or /!3,

aj2i or 7*22

a22 or Ai2i

«3i or A211

a^ or A,

(4) (31) (2'^) (21-^) (1*)

1 1 1 1 1

1 1 2 3

1 2 3 5

1 2

1

5 i

3

1

(5) (41) (32) (312) (221) (2F) ^5)

"uui oi" llh

«2iu or ^41

«i2ii or /«32

«212 or Ai3i

a22i or /«22i

«3ii or /«3i,

«131 or /i2i2

a32 or Aj.jn

«4i or ^2111

«5 or Aiiiii

1

I 1

1

1

1

1

2

1

1

1

2

3

2

2

1

1

2

4

3

1

2

1

1

3

6

6

8

3

5

3

1

4

9

16

6

11

9

4

1 '

«U1111 o^ '*«

021111 or ^51

ai2iu oi' /*42

aii2ii or A33

02112 or hxii

(Hm or A231

«i3U or A^i2

02211 or /i321

01221 or A222

03111 or A411

0411 or A3111

O222 or 7*1221

O321 or A2211

0312 or A 1311

0031 or /i2l21

ai4i or ^2112

«33 or Aii2n

042 or A12111

«5i or A21111

o^ or Aiuiii

(6) (51) (42) (3^) (4P) (321) (23) (313) (2^12) (21^) (p)

1 1 1 1 1 1 1 1 1 1 1

1 1 1 2 2 2 3 3 4 5

1 2 2 3 4 5 6 7 10 14

1 2 3 •3 5 6 7 9 13 19

1 1 2 3 4 6 7 12 19

1 2 2 5 7 9 13 23 40

1 2 3 5 7 14 26

1 1 2 4 6 8 11 20 35

1 2 2 6 10 11 18 33 61

1 1 1 3 3 6

4

10

10

1 3 6 6 13 28 61

1 2 3 6 15 35

1 2 3 5 12 26

1 3 3 7 17 40

1 2 7 19

1

1 2 6 19

1

1 4

1

14

5

1
i

1

Thus. (^,„ = a„2=A3i = Ai3=(31) + (22) + 2(2l2)+3(l*).
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Exaiaplea of Syinuietric Tables imsociated vrith every Purtitiun

of every Nuiuber.

Weight 8. Partition (21).

(3) (21) (21)(2)(1)

(3)

(21)

Weight 4. Partition (21-).

(4) (31)2(2»)(21=')

T

1

1

m 0« 04 M

1

1

2

1

1

1

2

1

2

(21>)

(21) (1)

(2) (1«)

(2) (1)^

Weight 4. Partition (2-').

(4) (2-^) (2-^) (2)-^

(4) 2
j

1

(22) ~T:

(4)! 1
j

T
1

T
]

1
1

(31) I

2(2*) T 1 ! T

:

(21«)| 1 ! 1

1 1

(2-^)

(2)2 '

1

2

Weight 4. Partition (31).

(4) (31) (31)(3)(1)

(4)
I

(31)

(31)

(3) (I) 1

1

1

I

1

1

Weight 5. Partition (21').

S- s « S- (N J2^

(2P) 1 !

(21'^)(1) 1 I 3

21) (1»)

+ (13) (2)
1 3 1 4

(21) (1)2 1 3
1
4 3 6

(2)(1*)(1) 1 1 ' 3
1

1 3

(2)(iy 1 3 4!a 3 6

Weitrht

(5) (41) (32) (2n)

(2»1)

(2«)(1)

(21) (2)

(2)2(1)

'

1

2

2

2

1 1

21

S- 2- S- (N 2, 2-

(5) 5 5 5 5 10 5

(41) 5 5
i

^ 1

(32) 5 5 1 2 5|

(312) 5 2 1
1 1

1

2(2n) 10 5 2 1 ^!

(21») 5

Divide coefficients by ^.

Partition (2'!).

<N ^
& &

(6)

(41)

(32)

(221)

1

T

T

1

T

1

1

T

1

Thu.s (3r-')=iJ-5(2P) + 2(21)(l'')-»-2(l-'')(2)-(21)(l)2+ (2)(12)(l)},
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Weight G. Partition (21^).

CD iC -f

O^^ -N X-

(21*)
-

1

(2P)(1) i 1 1 4

(21^) (l--!)
1 A 1 9

„

+ (14) (2) t

(21) (13) 1 3 1 4

(212) (1)2 1 3 6 2 5 12

(21)(12)(1)

+ (1')(2)(1)
1 1 3 6 13 2 6 16

(21) (1)3 14 3 6 13 18 6 12 24

(2) (12)2
: 1

j

2 2 6 2 6

(2) (12) (1)2 1 2 1 5 6 12 2 5 12

(2) (ly 1 4
1

7 4 12 16 24 6 12 24

CN 2i CM 2- 2. b^ '

S- ^ 2- 3^

(6) 30 30 30 30 30 60 30 30 90 30

(51) 30 30 30 30 30 30

(42) 30 30 TO 30 TO 20 10 30 TO

2(32) 30 30 30 60 30 30 30

(412) 30 To 30 5 10 5 5

(321) 60 30 20 30
"¥'

4 2 2

(313)

3 (23)

30

30 30

10

30 30

5 2 I 1

2 (2212) 90 30 TO 5 2 1 T

(21*) 30
1 i

Divide coefficients by 30.
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\V(M.i<hf, 0. Partition (-I'l').

(G) (51) (42) (32) (412)(321)3(23)(2212)

(2n2) 1

(2*1) (1) 1 1 2

(212) /2) 1

+ (2^) (12)
1 J 2 3

(21)2 1 2 2 2 2 4

(22) (1)2 1 2 2 1 2

(21) (2) (1) 1 2 2 2 3 2 4

(2)2(12) 1 2 1 2 2

(2)2 (1)2 1 2 3 " 2 4 2 4

<M CN !M Si «N (M

(6)

(51)

(42)

(32)

(412)

(321)

3 (23)

(2212)

TO

10

10

5

TO

20

TO

15

10

5

To

5

5

5

10

10

TO

2

5

4

8

8

5

5

5

5

5

5

5

To

5

4

5

7

T

20

5

8

5

1

2

~¥

To

10

8

5

T

2

2

15

Divide coefficients by 15.

Weight 6. Partition (2=').

(6) (42) (23) (23) (22) (2) (2^3

(23)
I

1~
(6)

(22) (2) 1 3 (42)

(2)3 1 3 6 (23)

3

3

3

1

1
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Weight 0. Partition (81').

(6) (51) 2 (32) (42) (4P) (321) (3P

(313)

(312) (1)

(3)(13)

(31) (P)

(31) (1)2

(3)(12)(1)

(3) (1)3 1

1

1

3

1

1

1

2

1

3

1

1

2

4

3

6

1

1

3

1

3

1

3

6

3

6

(6)

(51)

2(32)

(42)

(412)

(321)

(313)

2

1

1

T

T

1

1

T

2

T

1

T

1

T

T

1

T

1

2

1

T

>

Weight 6. Partition (321).

(6) (51) (42) 2(32) (321)

(321) I j

(32) (1) ! 1 1

(31) (2)
' 1 1

(3) (21) 1 1 >

(3) (2) (1) 1
i

1 1

1

1
i

1

e E ^ S ^
(6) 1 T 1 I 2

(51) r T 1 ^ '

(42) T 1 1 1

2(32) T 1 1 I
, !

(321) 2
j

Divide coefficients by 2.
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Weight G. Partition (3-).

(6) (3») (3») (3)«

(3»)|
|J_!

(6)

(3)«, 1
I

2 (3«)

2 1

;

•

Weight 6. Partition (41=).

(6) (51) (42) (41«)

(41»)

(41) (1)

(4) (1«)

(4) (1)'

1

1

1

2

1

1

2

1

21 1

(6) 1 T T 1

(51) T 1

(42) T 1 I

(41*) 1

Weight 6. Partition (42).

(6) (42) (42)(4)(2)

(42)

(4) (2)

(51)

(5) (1)

1 (6) i 1

1 1 (42) 1

Weigh t G. Partition (51 ).

(6) (51) (51)(5)(l)

1
1 (6) T 1

1 1 (61) 1
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